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Abstract: This study proposes a new approach for controlling COVID-19 through vaccination, where an adequately
descriptive mathematical model is created for COVID-19 using the susceptible exposed infectious recovered (SEIR)
model of epidemic diseases. The presented control approach is synthesized using a combination of feedback
linearization and H,, control, and incorporates model reference control to achieve optimal time responses with the
aid of the black hole optimization (BHO) algorithm. The effectiveness of the designed control law is evaluated using
data from the lombardy region of Italy. The results of the simulation show that the proposed control approach is able
to effectively control the COVID-19 outbreak by accurately implementing the desirable vaccination, while
effectively addressing nonlinearity and uncertainty in the COVID-19 system with a desirable control action. The
control method has achieved the required immunity of 6.6 million individuals after approximately 25 days with a
transmission rate reduced to zero in a short time, and a vaccination rate of 170 thousand people per day.
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1. Introduction

The coronavirus disease (COVID-19) pandemic
was originally reported in Wuhan, China, in late
2019, and has subsequently expanded worldwide.
The disease causal organism has been recognized as
the severe acute respiratory syndrome coronavirus 2
(SARS-CoV-2). The virus has the capability to
transmit efficiently in population-dense settings and
congregate environments, where individuals tend to
congregate for extended periods of time [1]. Hence,
the virus has rapidly disseminated across the globe,
resulting in an epidemic crisis and exerting a
negative influence on human social activities [2].

Prior to the development of vaccines, various
public health strategies like mitigation, suppression,
and herd immunity have been discussed as means of
controlling COVID-19 [3-5]. These strategies have
been implemented in various countries, with varying
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levels of efficacy dependent on the population’s
adherence to the prescribed policies. However, these
measures are considered as temporary solutions to
slow the progression of the outbreak until vaccines
are developed. Lately, numerous vaccines including
AstraZeneca-Oxford, Sinopharm, Moderna, and
Pfizer-BioNTech have been produced and approved
for use in several countries. These vaccines were
demonstrated to be effective in avoiding COVID-
19-related infection [6]. To efficiently manage the
vaccination, governments have adopted automation
systems that help in administering and monitoring
the vaccination plan. In addition, several vaccination
strategies have been studied in the literature [7-9] to
combat the COVID-19 outbreak. For all vaccines,
research studies indicate that the primary objective
of vaccination is to reduce the transmission rate of
the virus by increasing the immunity of individuals
through vaccination and reducing the number of
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susceptible individuals in the total population.

Control engineering has played an important role
in the investigation of the COVID-19 communicable
virus, providing a variety of mathematical models to
analytically characterize the conduct of the COVID-
19 system based on epidemic modelling, and many
effective tactics to tackle it [10]. Various control
methods were developed in the field, such as robust
sliding mode control [11], Lyapunov analysis-based
nonlinear robust control [12], robust optimal model
predictive feedback control [13], state estimation-
based nonlinear robust control [14], and nonlinear
adaptive control [15]. The previous control methods
primarily focused on the mitigation and suppression
measures and assumed constant parameter values
during the study period, despite the fact that these
values may vary in reality.

Previous works have shown that using modern
control theory can aid in the exploration of a control
methods that efficiently lowers virus propagation by
increasing immunization. In addition, robust control
is a crucial aspect that addresses the challenges of
controlling the COVID-19 outbreak and improves
upon previously proposed methods by considering
for variations in system parameters. The H,, control
is a widely used approach for robust control, and it
is effective in tackling system uncertainty. However,
it may not meet the desired transient response on its
own. To address this, the model reference control
can be used, which imposes the desired response on
the closed-loop system. To counteract the effects of
system nonlinearity, feedback linearization can be
used to cancel its impact globally. Thus, developing
a nonlinear robust control strategy is desirable in
order to achieve better vaccination results.

This paper poses a novel approach for
controlling the COVID-19 system via vaccination
by addressing all the nonlinearity and uncertainty in
the system, achieving satisfactory stability and
performance, and utilizing the black hole
optimization to improve the approach effectiveness.
A modified SEIR model, having the characteristics
of COVID-19, is used to formulate a dynamic model
for the system. Then, the effectiveness of the
proposed control method is assessed based on the
national vaccination campaign of lombardy, Italy, as
a case study.

The paper is organized as follows. Section 2
describes the methodologies of the study, including
the mathematical representation of the COVID-19
system, the black hole optimization, and the control
approach design. Section 3 presents the simulation
results and their discussion, along with a comparison
to previous works. Section 4 draws conclusion based
on the results obtained.
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2. Materials and methods

In this section, a mathematical model suitable
for controlling the propagation of COVID-19
through  vaccination is  established using
mathematical norms of epidemiology. The control
strategy is then fully described, along with the
methods and algorithms adopted to support the
design of the control strategy.

2.1 Mathematical representation of COVID-19

The mathematical representation of the COVID-
19 system is divided into two phases. The initial
phase involves selecting an appropriate epidemic
model, which is then modified by applying certain
investigations and hypotheses to reflect the dynamic
model of COVID-19 suited for vaccination control.
The subsequent phase is to allocate the control input
of vaccination in the chosen model. In this work, the
following SEIR model is used for constructing the
mathematical model of COVID-19 [10-12]:

S(t) — _ﬂS(t)I(t)

N
E®t) = —35(21(0 —€E(t) (1)
1(t) = €E(t) — al(t)
R(t) =gl (t)
where the variable N denotes the total

population being studied, while the variables S(t),
E(t), I(t) and R(t) represent the proportion of
susceptible, exposed, infectious and immune
individuals in the population at time t. The variables
B, €, and o are the rate of virus infection over time,
the reciprocal of the median latency timespan, and
the reciprocal of the average infective period of the
disease, respectively. The SEIR model splits the
population depending on their disease status into:
susceptible, exposed, infectious, and recovered (or
immune) [2]:

N=St)+E()+I(t)+R(t) 2
Therefore, the population evolves over time as:
N=St)+E@®)+I(t)+R(t) (3)
To emulate the dynamical behavior of the
COVID-19 outbreak, the following proposition are
made:
Proposition 1: A worst-case scenario approach

is adopted when studying the COVID-19 pandemic.
Given the virus’s highly contagious nature and the
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prolonged healing time, it is reasonable to presume
that the gross population is vulnerable, meaning that
S(t) = N [10].

Proposition 2: The death and birth rates are not
considered significant because the risk of infection
in neonates is considered negligible and the primary
function of vaccination is to provide immunity and
control, rather than treating an existing disease.

Proposition 3 With the advent of new rapid
testing methods for the virus [16], delays in
detecting and testing infected cases are no longer an
issue, so the delays are neglected.

Proposition 1 results in that S(t)/N = 1. Using
this value into Eq. (1) produces:

$(0) = —BI(®)

E(t) = pI(t) — €E(D)
[(t) = €E(t) — al(t)
R(t) = al(t)

(4)

Furthermore, proposition 2 argues that the
number of total people N remains constant [10, 12],
hence:

E@®) +i(t)+R(®) =-S5 (5)

The equation above illustrates that the evolutions
of S(t), E(t), I(t), and R(t) are interrelated. This
fact can be used to simplify the model by
concentrating on the states of immunity, exposure,
and infection:

R(t) = al(t)
[(t) = €eE(t) — al(t) (6)
E(t) = BI(t) — €E(t)

with S(t) = —R(t) — I(t) — E(t). Proposition 3
declares that the amount of registered and tested
instances of infection is equivalent (I;(t) = I,.(t)).
It is important to note that there may be a difference
between the number of actual infected I(t) and
registered (tested positive) I.(t) cases because some
individuals may have mild or no symptoms and thus
may not be tested, but still able to spread the virus
[10, 12]. Hence, a factor « is added to the model to
transform it in terms of the official registered cases
(the data used to develop the control strategy) [10]:

_ ®
a= 0 @)

Moreover, it is usually assumed that @ maintains
a consistent value for a specific country, however, it
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has been found to fluctuate significantly from one
country to another. Research has revealed that the
value of a varies from roughly 0.02 for Germany to
0.1 for Italy [10, 12]. It is important to take into
account that @ may not remain constant and may
vary according to country when studying outcomes.
Hence, it is accurate that:

R,.(t) = aR(t)

I.(t) = al(t) (8)
E () = aE(t)

Thus, Eqg. (6) can be re-written as:

Rr(t) = al.(t)
I,(t) = €E(t) — al,(t) )
E.(t) = BL.(t) — €E(t)

with S.(t) = —R.(t) = [.(t) —E.(t) . The
primary goal of vaccination is to boost R,(t) and
decrease I.(t), S,(t), and E.(t) which leads to a
remarkable decrease in the transmission rate of the
virus 8. In this context, § can be recognized in
relation to the vaccine control u(t) as g is directly
affected by vaccination [10]. Furthermore, the
model’s output y(t) is selected to be the number of
vaccinated (or immunized) individuals R,.(t). Hence,
the dynamics of the COVID-19 including
vaccination control in state-space representation can
be written as follows:

Rr(t) = ol,(t)

I(t) = €E.(t) — al,(t)

Er(t) = B(u(®)I(t) — €E.(t)
Y(t) = Rr (t)

(10)

and S,.(t) = —R,(t) —I.(t)—E.(t) . The
proposed control strategy addresses the fluctuation
between the real and declared (tested) number of
infectious individuals by considering the variables o
and € to be unknown, with finite unknown bounds.

2.2 Black hole optimization (BHO) technique

BHO is a technique for solving optimization
problems based on inspiration from the phenomenon
of black holes. It is a metaheuristic population-based
technique that begins by autonomously producing a
group of solutions (candidates) and determining a
specific optimization cost function for the problem
at hand. These candidates are dispersed at random
throughout the d-dimensional solution space, where
d denotes the number of variables getting optimized.
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Next, the cost of each candidate is calculated and the
best (optimum) one, having the lowest cost value, is
designated as the Black Hole (BH) while the other
candidates are rated as regular stars. The algorithm
is then updated based on the following convergence
equation to guide the stars forward to the BH:

x;(t+1) =x;(t) + rand % (xBH — xi(t)); (11)
IER=1,2,..,n

where x;(t + 1) and x;(t) are the position of i-
th star at iterations (t+ 1) and (t), xgy is the
position of the BH, rand is a real value that is
generated randomly within the range of 0 to 1
inclusive, and n is the stars number. When a star
achieves a lowest - cost placement than the current
BH, it is identified as new BH. Then, the process of
updating continues as the remaining stars come
closer to the newfound BH. As the stars enter the
range of the BH known as the event horizon, they
are absorbed by the BH and replaced by a newer
candidates supplied at random within the solution
space. This replacement process ensures that the
solution space is constantly updated, increasing the
chance of finding the global optimum solution. The
following relation is used to determine the event
horizon radius with respect to the i-th star:

C
R =5 (12)
i=

where Czy and C; are the BH and star cost
indices, respectively. The BHO continues to be
executed till the optimum values are realized after a
certain batch of iterations [17-19].

BHO is a promising optimization technique that
has several strong points over other optimization
techniques. One of its primary strengths is faster
convergence due to its ability to balance exploration
and exploitation of the search space. It is also robust
and less sensitive to noise, making it more reliable
in finding optimal solutions. Also, it is capable of
global optimization, making it suitable for a wide
range of optimization problems. BHO has few
parameters that require minimal tuning, making it
easy to implement. Finally, BHO is flexible and can
be applied to many optimization problems. Overall,
BHO is a unique approach, combined with its global
optimization capabilities, make it more efficient
optimization technique for complex optimization
problems [20].

2.3 Control approach design procedure

In this subsection, the proposed control method
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for COVID-19 is presented. The method uses the
linearizing via feedback and the H,, paradigms to
design a control law that can handle the nonlinearity
and uncertainty inherent in the COVID-19 dynamic.
Additionally, a model reference control is employed
to achieve desired time response, where the features
of a suitable reference model is designated as the
baseline of the control system. The control law aims
to provide robustness with proper tracking between
the system states (R,(t), I,.(t), and E.(t)) and the
reference states. Initially, the system model given in
Eq. (10) shows that incompatible perturbations exist
in the subsystem channels (R, (t) and I,-(t)), which
cannot be handled by control without first rewriting
the system equations into an analogous controllable
form, in which the nonlinearity and uncertainty of
the system are relaxed and located in the identical
effect span as ,[)’(u(t)). To achieve this, the ensuing
state transformation is introduced [12, 18, 19, 21]:

R.(t)
L@ || er? (13)
E.(t)

z(t)=T

This mapping is executed in the following
sequence:

Zl=RT
7, =2, =R, (14)
Z3:Z.2=Z.1=Rr

For simplicity, the time variable is omitted.
Hence, the system model in terms of z(t) becomes:

21 = Zz
Z.Z = 23
73 = —€0zy, — (€ +0)z3 + €z, (u) (15)
y=2z;

Alternatively, it can be formed in matrix notation
as:

z=Az+ Bz, (u)

y=Cz (16)
with:
0 1 0 A
A=10 0 1 ,z=[22 € R3,
0 —eoc —(e+o0) Z3
0
B = O], andC=1[1 0 0] (17)
€
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It is important to emphasize that the initial stage
of the proposed controller design strives to deal with
the system’s nonlinearity relying on linearization via
feedback approach. This approach achieves accurate
linearization, transforming the unknown nonlinear
COVID-19 dynamical model into a complementary
unknown linear description. The robust part is then
designed to tackle the system’s uncertainty [21]. As
a consequence, the following is correct:

BW =B ER (18)

where B,(u) is a supplementary virtual
controller. Thus, incorporating Eq. (18) into Eqg. (16)
renders:

z=Az+ BB,(w)
y=Cz (19)

where A € R3*3 and B € R® are uncertain due
to the presence of the parametric uncertainty of e
and o, which is indicated by variations in their
actual values compared to their reported (nominal)
values, due to the disparity between officially
declared and real instances of contagion. Then, the
robust section of the vaccination controller is
synthesized based on the H,, control [21]. In this
approach, the parametric uncertainties are excluded
from the nominal part of the system and a tailored
exogenous input is formed for them in the system
model, as follows:

€=¢€,+6, (20)
0 =0+ 0,4 (21)

where €, and g, are the nominal values and &,
6, are the uncertainties in the values of the
parameters. Therefore, the system model becomes:

z=A,z+ B6,(t,z,u) + BB, ()

y=Cz (22)

where 0a(t,z,u) = —8c52 — 8(crg)23 +
&, (1) denotes the system uncertainty, and:

0 1 0 0
Ar:[o 0 1 ,Blzol,and
0 —€.0, —(e+0,) 1

0
B, = [0] (23)
€r

In this work, the reference model is chosen as
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[22]:
Zd = Adzd + Bdr
Ya = Czq (24)
with:
0 1 0
Ag=1| 0 0 1 € R¥3 | and
—w3 -2150w? -1,75w,
0
delo € R3 (25)
wy
where:

z4(t) € R3 is the reference model’s state vector.
r(t) is the input command of vaccination.

yq(t) is the reference model output.

wy, is the natural frequency that is adjusted in order
to create an appropriate time response.

The control law design for asymptotic tracking
duty must comply with the criterion [18, 19, 21]:

lim|le(9)ll, = 0 (26)

where e(t) € R3 represents the tracking error
vector that is the deviation between the actual states
of the system and the desired states of the reference
model:

e=z—12y (27)
and:
6=2—12 (28)

Putting Egs. (22) and (24) into Eq. (28) yields:

Az +
é =| B16,(t,e,u) +
BB, (u)

— (Agzq + Bgr) (29)

Adding/subtracting A, z; to/from Eq. (29) gives:

Aye +
e = Bl5a(t: e, u) + |+ (AT - Ad)Zd - Bdr (30)
BBy (u)

Now, let:
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w3r —wizy +

Bo(w) = (2hswt)7e | o
\((Er+0r) _)Z
1.75w, )°®

where Br(u) is the robust section of the

controller that is used to boost the system’s
robustness. Then, the tracking error dynamics be as:
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é =A,e+ B6,(t,e,u) + B.Lr(u)
(32)
h = Cie + D1,Br(u)
where h(t) denotes the vector of system outputs
that are impacted by uncertainty. The magnitude of
these outputs is controlled by using the weights
defined in matrices C; and D;,. Essentially, the
values in these matrices determine how much
weight should be given to the elements of h(t) in
order to regulate the overall level of uncertainty in
the system.

Proposition 4 [18, 19, 21]:

1) (A,, B;) and (4,, B,) are controllable.

2) (C4,4,) is observable.

3) ¢I'D,, =0€R® and DI,D,, =el € R3*3
where ¢ is a weight associated with Sz (u).

The H, control technique is used to develop
controllers that are able to minimize the closed-loop
impact of uncertainty by minimizing the H,, norm
of the closed-loop transfer matrix G,s(s) between
the uncertainty input &, (t, e, u) and the output h(t)
to achieve a value less than or equal to a specified
threshold, denoted by y [18, 19, 21]:

IGrs (Ml < ¥ (33)

where y is a real positive number serves as an
indicator of the system’s robustness. This approach
is used to ensure that the system remains stable and
performs well in the existence of uncertainties. The
state feedback controller Bz (u) is used to adjust the
system’s behavior based on the error states and a
gain matrix Kz . Hence [18, 19, 21]:

Br(W) = Kg e; with Kz, = —e"'B[ P (34)

with P € R3*3 is a real symmetric positive
definite matrix signifies the optimal and unique
solution of the Riccati equation:
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e 1B.BI —

PA, +ATP—P
T [ y~2B,B]

]P+ClT61=O (35)

The calculation of the Riccati equation is
conducted based on the following Lyapunov
function:

V(e) =eTPe (36)

This means that if the Riccati equation is solved,
the stabilization of the COVID-19 system is ensured
asymptotically in the sense of Lyapunov [23]. Thus,
the complete vaccination-based control law be:

w3r —wlzy, +
Lu) = i Elr (2.15(»,21) Zaz T | _ e BT Pe
N\ )e) )

1.75w, )°®

The control approach proposed has the
advantage of assuming that the variables € and o
have known nominal values with unknown bounds.
This means that the uncertainty input §,(t, e, u) is
considered and analyzed in light of worst behavior
[18, 19, 21]:

(37)

5,(t, e,u) = Kse; with Kg = y~2BTP (38)

The BHO technigue is used to determine the
minimum value of y that results in the minimization
of ||G,s(s)lle as much as possible, along with the
optimum value of € and the optimum elements in
the matrix C;, using the following cost function for
guiding this optimization process:

Jero (v, € C1) = [|Grs () lleo (39)

In this sense, the design of the robust control
section is approached in reverse by applying firstly
the BHO algorithm. Then, the Riccati equation is
solved, and the control law B (w) is defined based
on matrix P.

3. Results and discussion

This section evaluates the effectiveness of the
proposed control approach to desirably control the
COVID-19 epidemic by vaccination. The simulation
results are analyzed and obtained with the aid of
Matlab/Simulink for the following nominal values
€, = 0, = 0.2day~ ! of the COVID-19 reports in
the Italian province of Lombardy during the most
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Figure. 1 Time responses of the open-loop COVID-19
system in terms of: (a) immune, (b) infectious, (c)
exposed, and (d) exposed versus infectious individuals
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severe stage of the virus spread, from February 23,
2020 to March 16, 2020 [24]. Firstly, Fig. 1 shows
the responses of the open-loop COVID-19 system,
which are depicted by the states of the immunized,
infected, and exposed cases. The figure shows how
the system is intrinsically unstable and how the
infection swiftly dispersed, leading to a substantial
rise in the count of persons who contract the disease.
As a result, a trustworthy vaccination-based control
approach is recommended to reduce the COVID-19
spread. The Italian ministry of health has adopted a
policy for developing the vaccination campaign with
the goal of ensuring immunity for a minimum of
70% of the total population of lombardy, with the
target of vaccinating 6.6 million individuals with a
daily average of approximately 170 thousand people
a day [25], leading to acquiring herd immunity [26],
where two of every three individuals be immune,
resulting in a gradual decrease of infection rates
until they reach zero. The input signal of vaccination
schedule is presented as shown in Fig. 2. In a
subsequent step, the BHO is applied to assess the
optimality of the control strategy. This algorithm is
executed for (400) iterations based on Eq. (32) and
the nominal values of the system parameters. The
outcome of this evaluation are the optimal values for
the parameters y, €, and C;, which are summarized
in Table 1. Then, the Riccati equation (expressed in
Eqg. (35)) is solved using the gained optimal values.
Then, the solution matrix P, gain matrix Kz, and
optimal cost are obtained as shown in Table 2. It is
shown that the solution matrix P is positive definite
and the cost value minimization has been effectively
reduced below the minimum threshold y. Hence, the
robustness criterion of Eq. (33) has been satisfied,
and the proposed control approach can realize better
robustness for the COVID-19 system with closed-
loop signals staying uniformly bounded. After that,
the overall control law defined in Eq. (37), has been
obtained for w,, = 50 rad/day and applied directly
to the main model of the COVID-19 system outlined
in Eq. (10), using all identified design parameters.
Fig. 3 displays the response of the COVID-19
control system in regards of nominal data, showing
how the trajectory of vaccinated people desirably
follows the reference response and input signal, and
the number of vaccinated individuals has increased
as a result of vaccination, leading to a decrease in
the number of infectious and exposed individuals
(shown in Fig. 4), as anticipated given the rise in
immunization. Thus, despite the nonlinear nature of
COVID-19, the closed-loop system gained adequate
stabilization and performancenominal data.
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Time (day)
Figure. 2 Input signal of the vaccination schedule

Table 1. Optimal values of the design optimized

parameters
Optimized Optimal Value
Parameter
y 0,6207
£ 0,0050
3,0381 7,2204 7,1474
c 4,3491 7,9234 6,2379
1 59375 4,3601 3,5643
0 0 0

Table 2. Values of the solution matrix P, gain matrix Kg_,
and optimal cost

P, Kg,, and
Optimal Value
cost
19.6009 14.9047 3.4250
P 149047 16.4561 5.4968
3.4250 5.4968 4.5132
Kgp [-137.0017 —219.8729 —180.5295]
1Grs () loo 0.4607
6
8*><10
6+ — — —Command
————— Reference
= System
<4
=
2 L
0 1 1 Il ]
0 20 40 60 80
Time (day)

Figure. 3 Vaccinated people trajectories (response) in
regards of nominal data

Fig. 5 shows that the deviation (or tracking
error) between the system and reference model
states tends to zero as time progresses, which
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Figure. 4 Trajectories of the: (a) infectious I.(t) and (b)
exposed E,.(t) states of the nominal closed-loop system
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Figure. 5 Tracking error norm of the closed-loop system
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Figure. 6 Activity of the control action
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Figure. 7 State dynamics of the COVID-19 control

system under all variations: (a) immune, (b) infectious,

(c) exposed, and (d) combined
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confirms that the tracking property specified in Eq.
(26) has been achieved. The role of the vaccination
control input is visualized in Fig. 6, where it can be
illustrated that the control action is effectively
proportioned given the large number of the
vaccinated individuals.

Earlier it has been previously stated that a factor
a is introduced to address the issue that arose as a
result of the difference between real and registered
disease cases, and it is assessed to be 0.1 for the
Italian people. Thus, to study the effectiveness of the
proposed control plan, variations of +10% from the
declared (nominal) values of the variables € and o
are taken into account. As a corollary of this, Fig. 7
shows the state dynamics of the variated COVID-19
closed-loop system, proving that the system under
control remains robust and stable with reasonable
performance despite perturbations and nonlinearity.

The stability criterion of the equilibrium point
(e = 0 € R3) is analyzed in Figs. 8 and 9 based on
the sense of the Lyapunov theory. These figures
show that the Lyapunov function is positive definite
(V(e) > 0 for all e € R3) and its time derivative is
negative definite (V(e) < 0 for all e € R?), which
indicates that the point is asymptotically stable.
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Figure 10. Phase plane analysis of the error states

Furthermore, the Lyapunov function candidate as
given in Eq. (36) is radially unbounded, i.e., V(e) —
o as |le||], = o, ensuring the global asymptotic
stability even under system perturbations.

The phase plane plot of the tracking error states
after control is shown in Fig. 10. It can be observed
that the error vector (e € R3) converges to zero for
all variations in the system parameters. Thus, the
control system exhibited global asymptotic tracking,
towards the steady-state point (R,-(o0) = 6.6 X 10°,
L.(0) = 0, E.(c0) = 0), as illustrated also in Fig. 7.

The previously described findings illustrate that
the proposed control law was efficient in controlling
the COVID-19 pandemic by the use of vaccination.
The control strategy has managed to decrease the
rate of virus transmission within a proper amount of
time. The control law was able to implement the
vaccination plan with an effective and satisfactory
control action, exhibiting desirable nominal stability
and robustness characteristics for the COVID-19
system. The control approach effectively mitigated
perturbations with high robustness, and achieved
desirable time responses by closely following the
necessary specs provided by the reference model. It
is crucial to ensure that all the considered values of
y should always satisfy the essential inequality:

e 'B.B —y~2B,B >0 ¢€ R3 (40)

If not, the Riccati equation cannot be solved or it
might not possess positive definiteness and the
control approach might be deemed unsuccessful.

The proposed control method, as well as the
previously posed approaches, provided solutions to
COVID-19 guided by control engineering theories,
through the adoption of specific tactics and policies
in government decision-making relying on accurate
analyses that estimate proper outcomes if these
methodologies are properly implemented. However,
the proposed approach has achieved better results by
managing the vaccination process as a means of
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controlling the pandemic, which differs from the
previous methods that relied solely on implementing
quarantine policies [10-15]. Also, the mathematical
model proposed here has depicted the sufficient and
impactful states of pandemic, offering a satisfactory
simulation of the COVID-19 system. This approach
is distinct from previous methods, where the system
models were formed with either exaggerated states,
asin [11, 13-15, 24], making the control method less
feasible, or with poor states, as in [10, 12], that may
fail to accurately reflect the pandemic behavior.
Furthermore, the performance of the proposed
controller was significantly superior to those of the
previous works that were presented in [12, 24]. In
[12], a robust nonlinear control law for COVID-19
has been posed. However, the method exhibited
notable drawback compared to the current proposed
work. The controller has exhibited discontinuous
characteristics due to the sign operator sgn(.)that
lead the system signals to chatter noisily with a
control action of (12 x 10° and 8 x 10°) at the start
of the response, which is regarded a very high
amount regarding to the greatest value of output,
which was approximately 4500 individuals to be
saved by quarantine. In contrast, the proposed
control law had continuous features resulting in
smooth signals with an adequate starting control
action comparing to the high value of the vaccinated
people, As shown in Fig. 6. In [24], a vaccination
control strategy was presented using metric temporal
logic for the same study period and data. However,
the number of immune individuals in this method
reached the value of 6.6 million after 49 days form
the start of vaccination response, while the proposed
controller has achieved the required immunity after
about 25 days with no overshoot and unwanted
behaviors. Besides, the infectious and exposed
actions are considered with zero initial conditions,
which is not actually accepted for the COVID-19
system. On the other hand, the proposed technique
started to compensate the system with initial
conditions of 6 x 10° and 3.6 x 10° for infectious
and exposed trajectories, respectively. In [24], the
vaccination control was assigned as an external
input in the mathematical model. In this case, the
derived model of the system may suffer from the
singularity issue. In a certain time, the system
dynamics will be equal with opposite signs, leading
to cancel each other. Consequently, dealing with the
vaccination control as an argument of the parameter
B in this work was more practical convincing action.

4. Conclusion

In this work, a new powerful control algorithm
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was proposed for COVID-19 through vaccination
based on feedback linearization and H,, control to
tackle the system perturbations (nonlinearities and
uncertainties). An adequate mathematical model for
COVID-19 has been formulated depending on the
SEIR epidemiological model and COVID-19 specs,
where the system variables were regarded as having
constrained variation and being unknown. Besides,
optimal control was achieved by compensating for
worst action of uncertainties and using the BHO
technique for parameter optimization. The results
have demonstrated successful control for COVID-19
through vaccination in Lombardy in a short length
of time with increased stability and performance,
allowing to proclaim the region as a safe (or white)
zone. Finally, future research might include the use
of the proposed control method to additional regions
or it may include adding extra classes of population
to handle more complexity with high precision.
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Notation list
Notation Description
N Study total population

State variables of susceptible,

S@®, E®, I(t)

664
n Stars of the black hole method
Cgy and C; Costs of the black hole and i-th star
z(t) New state vector of the system
R3 Three-dimensional space
() Operator of the d!ffeomorphism
mapping
B(uw) Control function
A, B,and C System matrices
B, (W) Supplementary virtual controller
€, and o, Nominal values of € and o
dc and 6, Uncertainties of € and o
o Overall system uncertainty
Zy State vector of the reference model
Ay, By, and Cy Matrices of the reference model
Wy, Natural frequency
r(t) Input command of vaccination
e(t) Tracking error vector
Br(u) Robust section of the controller
h Vector of system outputs impacted
(®) b :
Yy uncertainty
C,and D,, Weighting matrices
€ Weight associated with Bz (u)
Gy (5) closed-loop transfer matrix between
6,(t,e,u) and h(t)
y Robustness indicator
Kg, Gain matrix of Sz (u)
Ky Gain matrix of 6,(t, e, u)
p Solution matrix _of the Riccati
equation
V(e) Lyapunov function
[l 1] o Infinity norm
Jero () Cost function of BHO
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