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Abstract 

The real data of cumulative citations ln of selected nth paper of individual N papers published by some highly- and 

moderately-cited individual authors are analyzed to compare Hirsch and Hirsch-type indices h, h1, hf and hm, and cita-

tion radii R and Rf from consideration of: (1) the number An of coauthors of the paper, (2) the normalization of citations 

ln and cumulative fraction lnf of citation of the nth paper by mean and median citations of the citations ln of all Nc cited 

papers, and (3) the determination of effective rank neff of the lnf citations. Analysis of the ln(n), lnf(n) and lnf(neff) data 

was also carried out by using a Langmuir-type function l = l0[1−Kn/(1+Kn)], where l denotes the citations ln and lnf of 

all cited Nc papers arranged in the decreasing order,  is an effectiveness parameter, K is the so-called Langmuir con-

stant, n denotes the rank n or neff of citations and l0 is the value of l when n or neff approaches zero. For a comparison of 

the publication output of different authors it was found that the hm index is more consistent than other indices, and it can 

be normalized to account for the publication career of different authors. However, Langmuir-type function is not ade-

quate for comparison of the publication output of different authors because it describes the rank-order distribution pat-

terns satisfactorily in terms of two parameters. To compare the publication output of different authors independent of 

their career length t, it is suggested to use scaling parameters h/t, hf/t and hm/t. 
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Streszczenie 

Przeanalizowano dane liczby cytowań kumulacyjnych ln wybranego n-tego artykułu spośród N indywidualnych artyku-

łów opublikowanych przez niektórych wysoko i umiarkowanie cytowanych pojedynczych autorów. Do porównania 
użyto wskaźników Hirscha h i Hirscha-podobnych h1, hf i hm, oraz promienia cytowań R i Rf pod względem: 1) liczby 

An współautorów artykułów, 2) normalizacji liczby cytowań ln i ułamka kumulacyjnego lnf cytowania n-tego artykułu 
średnimi i środkowymi cytowaniami ln wszystkich cytowań Nc artykułów, 3) określenia efektywnego rzędu neff cytowań 
lnf. Analiza danych ln(n), lnf(n) i lnf(neff) była prowadzona również wedle funkcji typu Langmuira l = l0[1−Kn/(1+Kn)], 

gdzie: l oznacza ln i lnf cytowania wszystkich cytowanych Nc artykułów umieszczonych w malejącym porządku,  pa-

rametr efektywności, K to tak zwana stała Langmuira, n oznacza rząd n lub neff cytowań oraz l0 to wartość l, gdy n lub 

neff dąży do zera. Do porównania dorobku publikacyjnego różnych autorów stwierdzono, że wskaźnik hm jest bardziej 

miarodajny od pozostałych oraz, że można je znormalizować w celu uwzględnienia kariery publikacyjnej różnych auto-

rów. Funkcja typu Langmuira nie jest właściwa jednak do porównania dorobku publikacyjnego różnych autorów po-

nieważ opisuje ona w sposób zadowalający rozkład kolejności rzędu ich artykułów przy pomocy dwóch parametrów. 

Do porównania dorobku publikacyjnego różnych autorów, niezależnego od długości ich kariery t, zaproponowano sto-

sowanie parametrów skalowania h/t, hf/t and hm/t.  
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1. Introduction 

For promotion/recruitment of faculty/research positions 

and award of research grants it is desired to compare the 

research output of candidates working in a scientific 

field. A commonly used measure for this purpose is the 

h index, proposed by Hirsch [1], which is defined as the 

number of papers of nth rank with citations ln  h. A 

convenient way to determine the h index of an author is 

to look for the value of the rank n of the paper when n  

ln from the plot of the decreasing number ln of citations 

received by the nth paper against all of his/her Nc cited 

papers (rank−size distribution plots). The main ad-

vantages of the h index are that it is a single number 

characterizing publications and citations of an author 

and it is insensitive to uncited or relatively poorly cited 

papers. However, the citation distribution of an author is 

frequently skewed either with a few highly cited papers 

or a large number of papers with few citations. Conse-

quently, since an n-ranked paper enters in the counting 

of the h index of an author, citations outside the h-core 

(i.e. citations ln > h received by papers n < h and ln < h 

received by papers n > h  Nc) are not used anywhere. 
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In order to overcome the above disadvantage of the h 

index its several variants, simultaneously retaining its 

advantages, have been widely proposed and discussed 

(for example, see: refs. [2-13]).  

It is well known that the Hirsch index h of an author 

increases with his/her publication duration t [1,5,14-17], 

typical h indices of researchers publishing in different 

research fields are different [1], and researchers publish-

ing in large collaborations usually have high values of 

their h index [1,18,19]. In fact, these factors make the 

comparison of scientific research output of authors of 

different academic career length working across various 

research disciplines difficult. In order to compare the 

research output of researchers publishing a constant 

number of papers per year of similar quality during their 

publication duration t, Hirsch [1] proposed the parame-

ter m = h/t as a useful measure. From an analysis of the 

behavior of h index as a function of academic age t of 

about 1400 Italian physicists, Mannela and Rossi [16] 

found that a time-scaled index h/t1/2 is related to the h 

index.  

All citation-related measures, including the h index 

and its different variants, for the publication output of 

an author assume that all papers receiving citations are 

written by him/her alone. However, in the case of mul-

tiple-authored papers, it is unfair to award full credit to 

each author because this method in reality penalizes 

authors who publish alone. Therefore, devising of a fair 

method of counting of contributions of individual au-

thors in multi-authored papers has drawn considerable 

attention for over four decades (for example, see: refs. 

[18,20-26]). The problem is also complicated because 

single-authored papers published in different journals 

with high impact factors usually earn the lowest number 

of citations and the number L of cumulative citations 

increases with increasing number A of coauthors, fol-

lowing approximately the relation: L = L0(0.2A)1/3 [27]. 

In this relation L0 is a normalizing factor related to the 

journal. 

The culture of authorship of papers in different dis-

ciplines is not the same. The following authorship pat-

terns are usually observed [24,28]: (1) junior researchers 

are the first authors and group leaders are the last au-

thors, (2) senior researchers are the first authors fol-

lowed by junior researchers, (3) authors in multi-

authored papers are listed in the order of decreasing 

contribution of coauthors involved their publication, and 

(4) all authors are arranged alphabetically, especially in 

large collaborations as in nuclear physics experiments. 

In case (2) it is not always possible to establish the con-

tributions of the first, senior, corresponding authors. 

However, in general, contributions of different authors 

in multi-authored papers frequently remain unknown 

and the information that one usually has to determine 

the credit of authors in different multi-authored papers 

is the authors’ list in the papers. Therefore, assigning 

due credit to the coauthors of papers in different disci-

plines is a problem in citation analysis.  

For publications involving a large number of coau-

thors, Hirsch [1] suggested to normalize individual au-

thors to normalize their h indices by a factor reflecting 

the average number of authors.  Counting of contribu-

tions according to the order of the authors has also been 

proposed [21,27,29-33]. In this approach the contribu-

tion of the first author is always dominant in a multi-

authored paper but equal contributions of the first and 

last (corresponding) author can also be considered [31].  

It is well known that the average number of citations 

per paper differs among various scientific disciplines 

due to their citation behavior (for example, see: refs. 

[1,4,34-38]). Using the total number of citations [35,36] 

or distributions of citations to the papers published in 

different fields [4,34,37-39] different scaling parameters 

have been proposed to compare the research output of 

researchers in various fields. The average number of 

citations in some studies [1,4,34,35,37,38] whereas me-

dian or geometric mean of citations in others [36] has 

also been proposed as an effective scaling parameter in 

different fields. 

To account for the effect of multiple coauthorship 

through the h index, Hirsch [40] proposed ħ (hbar) in-

dex as the number of an individual author’s papers that 
have citations greater than or equal to the ħ index of all 

coauthors of each paper. However, this approach con-

siders papers instead of authors. Following the idea ad-

vanced by Hirsch [1] of normalizing individual authors 

to normalize their h indices by a factor reflecting the 

average number of authors, Batista et al. [18] proposed 

to divide the h index of an individual author by the 

number of authors of the paper in the h-core. The result-

ing so-called h1 index is defined as: h1 = h2/Ah, where Ah 

is the total number of coauthors of a particular author in 

the h-core. The main problem with this h1 index is that 

its value is enormously changed for authors with some 

papers with a large number of coauthors. Egghe [41] 

proposed to count the contribution of multiple authors 

considering either fractions lnf of citations (i.e. lnf = 

ln/An, where An is the number of authors of a paper) or 

fractions neff of rankings of all n-ranked papers (i.e. neff 

= n/An). Arrangement of the fractions lnf of citations to 

all n-ranked papers of an author in decreasing order 

gives his/her new Hirsch-type index, namely the hf in-

dex, which is again an integer as the h index. Similarly, 

counting of the rank n of each paper fractionally as in-

verse of the number An of its authors results in the so-

called hm index, which is a noninteger number [42,43].  

Performance of multi-authorship indices for the 

ranking of authors has been discussed in the literature 

[26,44-46]. Abramo et al. [44] recommended to use 

indicators or evaluation methods that take into consider-

ation authors’ contributions. Sahoo [26] proposed I-

index from consideration of an author’s percentage 
share in the total citations received by his/her papers. He 

observed that equi-distribution of credit among the co-

authors of a paper would give the most probable value 

of his I-index (with an associated small standard devia-

tion which decreases with increasing h-index). Dunaiski 

et al. [45] reported best results with equal contribution 

of co-authors to a paper’s score, independent of impact 

indicator used to compute paper scores.  
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The h index of authors is an empirical measure of 

their publication output. Since the h index of an author 

is defined in terms of the highly cited papers, its predic-

tion is essentially associated with the description of the 

rank-order distribution of citations of his/her papers. 

This approach has been used by Egghe [47], and Egghe 

and Rousseau [48,49], who used Lotka’s law for the 
rank-order distribution of citations. However, Sangwal 

[50] observed that Lotka-type function poorly describes 

real rank-order distributions of citations of different 

authors. From an examination of real citation distribu-

tions of authors Burrell [51] also arrived at a similar 

conclusion.  

Following the concepts of processes of adsorption of 

additives during crystal growth, Sangwal [50] proposed 

four novel functions to describe rank-order distributions 

of citations of different authors. He observed that, 

among these functions, a Langmuir-type function satis-

factorily describes the ln(n) data for different authors 

and that the Langmuir constant K of this function char-

acterizes the citation behavior of an author. This func-

tion was later employed to explain rank-order distribu-

tions of journals published in different countries [52] 

and rank-order distributions of cumulative citations ln 

and fractions lnf of citations of papers recived by multi-

authored papers published by moderately-cited authors 

working in different scientific fields [53]. Since the h, hf 

and hm indices of an author are related to the three dis-

tributions ln(n), lnf(n) and lnf(neff), respectively, con-

structed from the bibliometric data of his/her publica-

tion output, it is interesting to analyze the research out-

put of some highly- and moderately-cited authors using 

the proposed Langmuir-type function. 

The aim of the present paper is fourfold: (1) to veri-

fy whether normalization of distribution of cumulative 

citations l of individual papers with total citations L and 

the cumulative fractions Lf of citations of the papers of 

an author, based on equal contribution of different au-

thors by their mean and median citations, yields a uni-

versal citation distribution, (2) to analyze the distribu-

tion of normalized citations l and lf using Langmuir-type 

function, (3) to compare the research output of selected 

authors using different citation indices proposed in the 

literature, and (4) to propose an objective measure for 

characterization (and comparison) of the publication 

output of different authors from distribution of cumula-

tive citations ln of his/her Nc cited papers published dur-

ing their entire publication career.   

2. The Langmuir-type function 

Langmuir-type function of rank-order distribution of 

items is based on the concepts of adsorption processes 

involved during crystal growth. The basic concepts used 

in the derivation of this function have been described 

earlier [50,52,53]. In the context of citation distribution 

the Langmuir function is based on the following postu-

lates:  

(1) The N papers of an author have the same number 

smax of possible active citation sites, and these possi-

ble sites for the papers can be represented in the 

form of a two-dimensional set of successive papers 

arranged at equal distance along the x axis such that 

smax equi-spaced points, denoted as sites ln, stacked 

along the y axis represent citations received (filled 

circles) and unreceived (open circles) by each of the 

N papers. Figure 1 schematically illustrates this ar-

rangement of N papers in the form of decreasing ci-

tations 

(2) The maximum number of cumulative l0 citations 

belongs to the paper of rank n = 0 represented by 

smax possible active sites, no citations are received 

by the papers of rank n > Nc represented by sad sites, 

whereas 0 < ln < l0 citations are received by the pa-

pers 0 < n < Nc represented by (smax−sad) sites. If we 

define the ratio of the number of sad (covered) sites 

to the total number smax of possible active sites as 

the coverage  of active sites (i.e.  = sad/smax), the 

coverage  may be considered as a measure of un-

received citations by the nth paper. 

(3) The rank n of a paper is a measure of probability of 

receiving citations by the paper. This assumption 

means that the number of ln citations received by 

the nth rank paper decreases with increasing value 

of n whereas l0 citations are produced by the paper 

of rank n = 0.  

(4) The process of unreceiving (inhibition or blocking) 

of citations may be described by the usual isotherms 

applied in adsorption of adsorbant atoms, ions or 

molecules on active adsorption sites on the surface 

of a solid.  
 

 

0 4 8 12 16 20 24
0

2

4

6

8

10

12

C
it
a

ti
o

n
s
  

l n

Rank n

l
0

N
0

N
c

N

 

Figure 1: Graphical illustration of the number ln of citations received 

by a set of n papers. Filled and open circles denote received (blocked) 

and unreceived (uncovered) citations, respectively. Dependence of ln 

citations on rank n of papers is shown by the curve starting from cita-

tions l0 at rank n = 0 and terminating at rank n = Nc. Note that Nc is the 

maximum number of papers that received citations (Nc = 14 here). 
 

 

With the above assumptions the relationship be-

tween the number l of citations received by a paper and 

the coverage  of blocked citation sites may be given by  

)1(0 −= ll ,     (1)  

where l0 is the maximum number of citations received 

when  = 0 and  is an effectiveness parameter for un-

blocking of citation sites (see below). When the cover-
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age  of citation sites follows Langmuir adsorption iso-

therm  

Kn

Kn

+
=

1
 ,     (2) 

one obtains from Eq. (1) the usual Langmuir-type (LT) 

function relating the number l of citations with the rank 

n of the paper in the form 
















+

−=
Kn

Kn
ll

1
10  .  (3) 

In Eqs. (2) and (3) the parameter K, usually known as 

the Langmuir constant, characterizes the behavior of 

citations generated by the papers whereas n is the rank 

of the paper. The units of K are inverse of paper rank  

(i.e. paper-rank−1) and are determined by the way the 

paper rank n is expressed. If one defines a dimension-

less paper rank x = n/Nc, Eq. (3) may be expressed as 














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+

−=
xK

xK
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'1

'
10  ,  (4) 

where the new dimensionless Langmuir constant K’ = 

KNc, with Nc as the number of papers which receive 

citations (Nc < N). The dimensionless Langmuir con-

stant K’ for citations of different paper−citation systems 

is related to their corresponding dimensionless differen-

tial energy Q by  

)ln('ln cKNKQ == . (5) 

The effectiveness parameter  may be given by (cf. Eq. 

(1)) 









−=

0

i1
1

l

l


 ,    (6) 

where li is the number of unreceived citations by a pa-

per. In Eq. (6) when the active citation sites are blocked 

completely, i.e. li = 0, depending on the value of cover-

age   the following situations are possible regarding the 

values of : (1) when the coverge 0    1,     1, 

and (2) when   1, 0    1. In the latter case, the 

highest value of unity for  is achieved when  = 1 

whereas  → 0 when  → .  

When l/l0 = 0, Eq. (4) gives  

K’ = KNc = (−1)−1.     (7) 

According to relation (7) the dimensionless Langmuir 

constant K’ = KNc is inversely proportional to (−1) 

with the proportionality constant (KNc)0 = 1 such that 

ln(KNc)0 = 0. Since K and K’ are always positive, Eq. 
(7) implies that   1. This inference is consistent with 

our earlier findings [50,52,53].  

3. Bibliometric data and their analysis 

For the analysis we used examples of bibliometric data 

on the cumulative citations received by papers pub-

lished by 11 selected authors. Of these, six authors are 

from those who published first single-authored original 

papers which received more than 20000 citations each 

up to 2013. These authors were selected from the au-

thors of first single-authors of top-cited papers, which 

showed mainly an initial increase and then, after going 

through a maximum value, a slow decrease in the num-

ber of their yearly citations in successive years [54]. The 

other five authors are from those who were nominated 

professors in chemistry by the President of Poland in 

2013 and received citations lower than 2000 each up to 

2012 [53]. Hereafter these two groups of authors are 

referred to as highly- and moderately-cited authors, re-

spectively.  

The Thomson Reuters’ Web of Knowledge database 

was employed to collect the basic bibliometric data. The 

data represent papers published till 2013 and 2012 by 

the highly- and moderately-cited authors, respectively. 

The data were collected during 21-24 October 2014 and 

1-15 April 2014, respectively. An author’s authorship of 
each paper was identified unambiguously following 

his/her affiliation, research area and names of frequent 

coauthors. Despite the fact that these bibliometric data 

were collected some years ago, more recent data are not 

included in the analysis in view of long publication ca-

reers, lying between 32 and 68 years, of most of the 

authors (see Table 1).    

The basic bibliometric data for an author comprised 

the number N of cumulative papers, the number L of 

cumulative citations received by Nc papers (such that Nc 

< N) and the publication duration t since the publication 

of the first paper. In addition to the above data, the cita-

tions ln received by individual nth paper published by an 

author and the number An of its coauthors were collect-

ed from the Web of Knowledge database. From these 

lists of the values of the number ln of citations received 

by each of his/her nth paper and the number An of its 

coauthors, the author’s cumulative citations L = ∑ln, 

his/her cumulative fractions Lf of citations (i.e. Lf = lnf, 

where the fraction lnf of ln citations of a paper is: lnf = 

ln/An), and the effective rank neff of the papers (i.e. neff(n) 

= 1/An, where An is the number of authors of the nth 

paper), were calculated. In view of different authorship 

patterns used in the lists of authors of the papers consid-

ered in this study and enormously high number of coau-

thors in many cases, lnf and neff were calculated on the 

assumption of equal contributions of An coauthors of the 

nth-ranked paper fetching ln citations. The values of the 

cumulative papers N published by different authors, the 

cumulative number Nc of their papers receiving cumula-

tive citations L, cumulative fraction Lf of citations, and 

their publication duration t are given in Table 1. In col-

umns 2 and 4 of this table Nc
a denotes the cumulative 

number of papers without the so-called outliers fetching 

exceptionally high citations whereas La is the cumulati-

tive number of citations received by Nc
a papers. 

The real distribution of ln(n), lnf(n) and lnf(neff) data 

of different papers published by the selected authors 

were analyzed using Eq. (3). Nonlinear least-squares 

fitting, involving chi-square residual, of the citation data 



Journal of Computer Sciences Institute 23 (2022) 152-164 

 

156 

Table 1: Bibliometric data and various calculated indices for different authors 
 

Author  N (Nc/Nc
a) t L (La) Lf  h (Ah) h1 hf hm (Nm) Rb Rf 

Laemmli UK 93 (84/81) 45 236007 (13478) 5345.3 58 (172) 19.56 40 21.43 (55) (65.50) 41.24 
Becke AD 84 (70/67) 36 90924 (15603) 11953.3 48 (86) 26.79 40 31.42 (44) (70.47) 61.68 
Southern EM 127 (110/109) 56 38598 (6612) 3460.4 41 (120) 14.01 28 19.11 (36) (45.88) 33.19 
Felsenstein J 113 (99/94) 48 46478 (12312) 9513.5 51 (74) 35.15 30 41.92 (51) (62.60) 55.03 
Shannon RD 171 (152/150) 45 43179 (9080) 4240.0 45 (141) 14.36 28 18.30 (39) (53.76) 36.74 
Scatchard G 84 (73/72) 68 29077 (5655) 2800.6 33 (87) 12.52 25 16.03 (32) (42.43) 29.86 
MBa 103 (70/69) 15 1331 (582) 237.01 17 (572) 0.51 7 5.24 (21) 20.58 (13.61) 8.69 
MCy 80 (68) 35 1117  310.06 18 (85) 3.81 9 8.06 (27) 18.85 9.93 
TJe 164 (92) 15 852 390.01 18 (46) 7.04 10 8.06 (15) 16.56 11.14 
BBo 80 (74) 41 963 393.35 17 (48) 6.02 10 8.34 (19) 17.51 11.19 
BPa 56 (44/43) 32 688 (593) 426.33 16 (32) 8.0 11 10.32 (15) 14.80 (13.74) 11.64 
 

a Values of Nc for cumulative citations La. b Values of R calculated from citations, excluding outliers as mentioned in Table 2, are given in the paren-

theses.  
 

 

Table 2: Mean and median values of citations of different authors 
 

Author Citations L (with coauthors)  Citations Lf (without coauthors) 
 ---------------------------------------------------------------------------- ------------------------------------------------- 
 N range Mean Median Mean Median  

Laemmli UK 4 166.40 87.0 65.99 9.5 
Becke D 4 232.88 91.0 178.41 46.0 
Southern EM 2 60.66 24.0 31.75 9.75 
Felsenstein J 6 130.98 49.0 101.21 39.0 
Shannon RD 6 41.66 23.0 15.98 6.0 
Scatchard G 2 78.54 26.5 38.90 11.75 
MBa All (2) 22.71 (12.19) 6.0 3.39 1.5 
MCy All 16.43 6.5 4.56 2.83 
TJe All 9.17 5.0 4.24 1.75 
BBo All  13.01 7.0 5.32 3.0 
BPa All (2) 15.64 (13.79) 6.5 9.69 4.0

 

 
 

was carried out with commercially available “Origin 
9.1” package. This package yields values of the fitting 

parameters of an equation, their standard deviations and 

the corresponding goodness-of-the-fit parameter R2. In 

the case of Eq. (3) the best-fit parametrs, among others, 

are effectiveness parameters , f and f
ef, and Lang-

muir constants K, Kf and Kf
ef for the l*(n), lf*(n) and 

lf*(neff) data. Here l* and lf* are cumulative relative cita-

tions normalized by dividing ln and lnf citations by the 

average (mean) or median number of citations <L> and 

<Lf>, respectively, obtained from the values of ln and lnf 

citations of Nc cited papers of an author (see Table 2). 

As seen from Table 2, in the case of some of the au-

thors, especially the highly cited authors, their highly 

cited papers (i.e. outliers) were excluded while calculat-

ing their mean and median citations for the papers. The 

above normalization procedure was used to verify 

whether distributions of total citations ln of nth papers of 

different authors converge to a single curve. 

It should be mentioned that the fractions lnf of cita-

tions of individual nth paper for the various authors are 

distinguished from those for the cumulative citations ln 

of multi-authored papers by the subscript “f”. Similarly, 
the average value <Lf> of his/her contributed citations Lf 

is distinguished from the average value <L> of cumula-

tive citations L of an author by the subscript “f”. How-

ever, while denoting relative citations ln* and lnf* the 

subscript n for the rank n has been omitted in different 

figures and tables, and the best-fit parameters of Eq. (3) 

for the contributed citations lf* of individual papers for 

the various professors are distinguished from those for 

the cumulative citations l* of multi-authored papers by 

the subscript “f”.   

4. Results and discussion 

4.1. Normalized citations of individual papers of au-

thors and their dimensionless rank 

Figures 2 and 3 show the real data of relative citations 

l* and lf* of papers published by different highly- and 

moderately-cited authors, respectively, as a function of 

dimensionless rank n/Nc of their papers. In these figures 

the relative citations l* and lf* of each paper represent 

cumulative citations ln of each nth paper and their cumu-

lative fractional citations lnf normalized by dividing 

them by their mean <L> and <Lf> citations, respective-

ly. Figure 4 shows, as an example, relative citations l* 

and lf* of papers published by moderately-cited authors 

as a function of dimensionless rank n/Nc of their papers. 

Here the ln and lnf citations are normalized by their me-

dian <L> and <Lf> citations, respectively. 

It may be seen that the l*(n/Nc) and lf*(n/Nc) data, 

normalized by both mean as well as median <L> and 

<Lf> citations, for different authors result in broad sin-

gle curves and that the spead or dispersion of the data in 

the y direction is relatively large in the entire n/Nc range. 

As indicated by the spread of the data, normalization of 

citations of individual papers by mean values <L> and 

<Lf> of citations leads to a better convergence in the 

entire n/Nc range for all authors (see Figures 2 and 3), 

but no universality of citation distributions for the au-

thors, similar to that reported by Radicchi et al. [37] for 
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Figure 2: Normalized citations (a) l* and (b) lf* of papers published by 

highly-cited authors as a function of dimensionless rank n/Nc of their 

papers. Normalization of citations was carried by the mean <Ln> and 

<Lfn> citations. See text for details. 
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Figure 4: Normalized citations (a) l* and (b) lf* of papers published by 

moderately-cited authors as a function of dimensionless rank n/Nc of 

their papers. Citations Ln and Lfn are normalized by their median <Ln> 

and <Lfn> citations. 
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Figure 3: Normalized citations (a) l* and (b) lf* of papers published by 

moderately-cited authors as a function of dimensionless rank n/Nc of 

their papers. Normalization of citations was carried by the mean <Ln> 

and <Lfn> citations. See text for details.  

the distribution of citations within different disciplines, 

is observed. However, large spread in the relative cita-

tions of different papers at low n/Nc is a general feature 

of these citation patterns. These dispersions are associ-

ated with different dependence of l* and lf* on n/Nc for 

each author. This means that the distribution patterns of 

l* and lf* are characteristic for each author, and the val-

ues of the parameters of any function such as Langmuir-

type function (3) capable of describing them are repre-

sentative of the author. 

4.2. Rank-order distribution of normalized citations of 

different authors 

Figures 5 and 6 show the data of relative citations l* and 

lf* of papers, normalized by the mean values of <L> and 

<Lf> citations, of different highly- and moderately-cited 

authors, respectively, as a function of the rank n of their 

papers. Solid and dashed curves in the figures present 

best-fit plots for l* and lf* with the values of the param-

eters of  Eq. (3) listed in Table 3. 

The distribution patterns of relative citations l* and 

lf* normalized by the mean citations of the papers for 

different moderately-cited authors in Figure 6a,b are 

somewhat similar and frequently overlap each other. 

This feature may be noted from Figure 6a. However, 

when all papers of an author are included in the normal-

ization of citations, the overlapping of the two citation 

distribution appears to improve when the first highly-

cited papers are excluded from the normalization 
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Figure 5: Plots of l* and lf* of papers of different highly-cited authors 

against their rank n:  (a) Laemmli and Becke, (b) Southern and Shan-

non, and (c) Scatchard and Felsenstein. Solid and dashed curves are 

drawn for l* and lf* with the best-fit values of the parameters of  Eq. 

(3) listed in Table 2. Cumulative citations Ln and cumulative fraction-

alized citations Lfn are normalized by mean <Ln> and <Lfn> citations. 

(see Figure 6b).   

From the trends of the distributions of relative cita-

tions l* and lf* of papers published by different highly- 

as well as moderately-cited authors, the following infer-

ences can be made:   

(1) Mean citations of individual papers of different au-

thors is better for comparison of their publication 

output.  

(2) Rank-order distribution patterns of relative citations 

l* and lf* normalized by the mean citations of the 

papers for different authors are different and are 

characterized by the two sets of three parameters: 

l0*,  and K for the l*(n) data and lf0*, f and Kf for 
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Figure 6: Plots of l* and lf* of papers of different moderately-cited 

Polish authors against their rank n:  (a) MBa, TJe BBo, and (b) MCy 

and BPa. Solid and dashed curves are drawn for l* and lf* with the 

best-fit values of the parameters of  Eq. (3) listed in Table 3. Inset in 

(a) shows magnified part of the plots close to the origin. Normalization 

of citations by mean citations.   
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Figure 7: Plots of normalized citations l* and lf* of papers of four 

highly-cited authors against their rank n in the range of n < 20. Solid 

and dashed curves are drawn for l* and lf* in the range 4  n  20 with 

the best-fit parameters of  Eq. (3) listed in Table 4. Normalization of l* 

and lf* citations by mean citations. 

 

the lf*(n) data. 

(3) Inclusion of citations ln and lnf of individual highly-

cited papers during the analysis leads to large differ-

ences in the distributions of normalized citations. 

Figure 7 shows plots of relative citations l* and lf* 

of papers of four highly-cited authors against their rank 

n in the range of 2 < n < 20. Solid and dashed curves are  
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Table 3: Values of parameters of Langmuir-type function (3) for l*(n) and lf*(n) data of different authors 
 

Author  Citations l* (with coauthors)    Citations lf* (without coauthors)  
 ----------------------------------------------------------------------- -------------------------------------------------------------------- 
 l0*  K  R2  lf0* f Kf R2 
Laemmli UK 23.40 1.0115 0.658 0.9841 111.7 1.0027 3.325 0.9946 
Becke AD 44.81 1.0178 1.043 0.9292 1162 1.0007 27.82 0.9178 
Southern EM 10.0 1.1083 0.105 0.8951 27.79 1.0174 0.624 0.9755 
Felsenstein J 12.05 1.0730 0.161 0.9849 19.97 1.0404 0.30 0.9872 
Shannon RD 523804 1.0 9997 0.9616 623514 1.0 9999 0.9679 
Scatchard G 10.31 1.0617 0.244 0.9828 10.0 1.0874 0.20 0.9655 
MBa 10.17 1.0362 0.307 0.9690 26.87 1.0041 1.152 0.9840 
MCy 7.25 1.0550 0.214 0.9828 7.57 1.0342 0.258 0.9796 
TJe 5.35 1.1083 0.088 0.9492 10.57 1.0505 0.233 0.9892 
BBo 9.16 1.0255 0.315 0.9887 28.46 1.0014 1.551 0.9820 
BPa 7.78 1.0294 0.415 0.9593 6.27 1.1571 0.171 0.9761 
 10.0a 1.1857a 0.113a 0.9936a 
 

a Best-fit values for data without first point. 
 

Table 4: Values of parameters of Langmuir-type function (3) for l*(n) data in the rank range 4  n  20 
 

Author  Citations l* (with coauthors)    Citations lf* (without coauthors)  
 ------------------------------------------------------------------------ -------------------------------------------------------------------- 
 l0*  K  R2  lf0* f Kf R2 
Laemmli UK 33.57  1.0065 1.033  0.9591 177.8 1.002 5.383  0.9881 
Becke AD 10.58  2.2264 0.040  0.9535 15.08 1.592 0.088  0.9438 
Shannon RD 368560  1.0 3581  0.8991 640567 1.0 3987.4 0.8393  
Scatchard G 8361  0.9999 472  0.9125 10 1.218 0.140  0.8760 
 

 

Table 5: Values of parameters of Langmuir-type function (3) for lf*(neff) data 
 

Author  Nc
ef lf0*

ef f
ef Kf

ef  R2  
Laemmli UK 32.83 165474  1.0 9993  0.9886 
Becke AD 48.92 47087  1.00002 1248  0.8894 
Southern EM 59.59 24632  1.00003 939.4  0.9556 
Felsenstein J 75.31 26.05  1.03429 0.465  0.9853 
Shannon RD 58.54 271559  1.0 7898  0.9144 
Scatchard G 40.89 10.0  1.10088 0.340  0.9562 
MBa 17.91 11.216  1.02460 1.727  0.9890 
MCy 22.87 10.0  1.00177 1.341  0.8380 
TJe 35.08 10.61  1.08863 0.369  0.9786 
BBo 31.31 13.06  1.00222 1.718  0.9675 
BPa 21.69 10.0  1.03760 0.747  0.7520 

 

  

drawn for l* and lf* in the range 4  n  20 with the 

best-fit parameters of Eq. (3) listed in Table 4. From 

these plots the following features may be noted: 

(1) The values of both l* and lf* for all of the four au-

thors show relatively poor fit in view of their irregu-

lar decreasing trends with increasing rank n. 

(2) Except in the case of Scatchard, for low n the values 

of l* and lf* steeply decreases with increasing n. 

(3) In the case of Becke and Shannon, after an initial 

steep decrease the values of l* and lf* decrease rela-

tively poorly with increasing n. 
 

These deviations of the data from the best-fit plots are 

associated with the difference in the number smax of the 

active citation sites for the papers of an author (see as-

sumption 1 in Section 2). 

The distribution of relative citations lf* normalized 

by mean citations <Lf> of Nc cited papers of different 

authors can also be analyzed as a function of their effec-

tive rank neff. Figure 8a and b shows the plots of relative 

citations lf* of papers of the 6 highly-cited and 5 moder-

ately-cited authors, respectively, as a function of their 

effective rank neff. The curves in the figures are drawn 

according to Eq. (3) with the best-fit values of the new 

parameters lf0*ef, f
ef and Kf

ef of  Eq. (3) listed in Table 

5. Table 5 also includes the values of the effective num-

ber Nc
ef cited papers of different authors. It may be noted 

that the data for all authors are characterized by individ-

ual sets of the new parameters lf0*ef, f
ef and Kf

ef of Eq. 

(3) but the mutual dispersion among them is smaller 

when the values of lf* are normalized by the mean <Lf> 

of cumulative fractions lnf of citations of their papers. 

The values of the goodness-of-the fit parameter R2 for 

the plots of the lf*(neff) data are also comparable with 

those for the plots of their lf*(n) data (see Tables 3 and 

4). 

4.3. Parameters characterizing citation distributions of 

different authors   

The above analysis of the publication output of different 

authors by Langmuir-type function (3) shows that real 

rank-order distributions of citations ln and fractions lnf of 

citations of papers of an author can be described by the 

two sets of three parameters: l0,  and K, and lf0, f and 

Kf, respectively. The parameters l0  and lf0 are  related to 

the parameters l0* and lf0*  by  the relations:  l0 = l0*<L> 

and lf0 = lf0*<Lf>, where l0* and lf0* are given in Table 3 
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Figure 8: Plots of relatively citations lf* of papers of (a) highly-cited 

and (b) moderately-cited authors against their effective rank neff. 

Curves are drawn with the best-fit values of the parameters of  Eq. (3) 

listed in Table 4. Normalization of lf* citations by mean citations. 
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Figure 9: Plots of Q = lnK’ = ln(KNc) against ln(−1), Qf = lnKf’ = 
ln(KfNc) against ln(f −1) and Qf

ef = lnKf’ef = ln(Kf
efNc

ef) against 

ln(f
ef−1) for different authors. Linear plot represents the dependence 

expected from Eq. (10) with slope −1.  
 

whereas <L> and <Lf> are listed in Table 2. Similarly, 

as in the case of the lnf(n) distributions, the lnf(neff) dis-

tribution may be represented by a new set of three pa-

rameters: lf0
ef, f

ef and Kf
ef, with lf0

ef = lf0*ef<Lf>. The 

values of the new parameters lf0*ef, f
ef and Kf

ef are 

listed in Table 5 and those of <Lf> are given in Table 2. 

The best-fit values of the parameters l0, lf0 and lf0
ef 

obtained from the ln(n), lnf(n) and lnf(neff) distributions 

are usually very high and comparable (cf. Tables 2, 3 

and 5). However, the mean citations <L> and <Lf> are 

parameters characteristic for an author. Similarly, the 

effectiveness parameters , f and f
ef, the Langmuir 

constants K, Kf and Kf
ef, and the number Nc and the ef-

fective number Nc
ef of citable papers of an author are 

characteristic parameters of his/her publication output.  

Eq. (7) may be rewritten in the form  (cf. Eq. (5)) 

)1ln(0 −−= qq ,    (8) 

where q = lnk, q0 = lnk0, k denotes dimensionless Lang-

muir constant K’ = KNc, Kf’ = KfNc and Kf’* = Kf*Nc* as 

above, k0 denotes the values of K’, Kf’ or Kf’* when 
(−1) = 0, and  denotes the values of , f and f* 

corresponding to K’, Kf’ and Kf’*, respectively. Now the 
parameter q represents the dimensionless differential 

energy Q, Qf and Qf* corresponding to KNc, KfNc and 

Kf*Nc*, respectively. According to Eq. (8), q0 = lnk0 = 0 

because the proportionality constant (kNc)0 = k0 = 1 (see 

Section 3).  

Figure 9 shows the data of Q = lnK’ = ln(KNc), Qf = 

lnKf’ = ln(KfNc) and Qf
ef = lnKf’ef = ln(Kf

efNc
ef) against 

ln(−1), ln(f−1) and ln(f
ef−1), respectively, for differ-

ent authors according to Eq. (8). The values of different 

quantities were taken from Tables 1, 3 and 5. As ex-

pected from Eq. (8), one observes from Figure 9 a prac-

tically linearly decreasing plot of the data of Q, Qf and 

Qf*, with a slope of unity and an intercept of zero, 

against increasing ln(−1), ln(f−1) and ln(f*−1), re-

spectively, for the distribution of citations to the papers 

published by different authors. Since the effectiveness 

parameters , f and f
ef are related to KNc, KfNc and 

Kf
efNc

ef. by Eq. (8), it can be argued that the latter pa-

rameters, and the related dimensionless differential en-

ergies Q, Qf and Qf
ef, also characterize the publication 

output of an author. 

From the above discussion it may be concluded that 

pairs of an author’s mean citations <L> and dimension-

less differential energy Q (where Q = ln(KNc)) and <Lf> 

and Qf (where Qf = ln(KfNc)) are possible measures of 

characterization (and comparison) of his/her publication 

output with that of other authors from the distribution of 

cumulative citations ln of their Nc cited papers published 

during their entire publication career. When contribu-

tions of coauthors to the citation ln of the papers of an 

author are counted as lnf and their ranking is arranged as 

effective rank neff, the relevant parameters obtained 

from the distribution of lnf of their Nc
ef papers are: <Lf> 

and Qf
ef = ln(Kf

efNc
ef).  

The main problem with the above analysis is that the 

pair of parameters cannot be combined into a single 

index for the comparison of the publication output of 

different authors. 

4.4. Comparison of various single citation indices  

Based on his stochastic model [55], Burrell [56] pro-

posed a simple geometric distribution involving the 

number N of papers receiving L citations for an author 

to calculate his/her so-called quasi h index (h’). Using 
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the published data of the number of papers N and cita-

tions L of 15 authors, Burrell [56] showed that, if one or 

more outliers in the upper tail of the citation distribution 

of an author are omitted, his approach gives good esti-

mate of their h index. It may be noted that the values of 

this h’ index, estimated by Burrell, of the 15 authors are 
comparable with the values of their citation radius R = 

(L/)1/2 (cf. ref. [57]).  

From the distributions of citations ln(n), lnf(n) and 

lnf(neff) data of the different authors their Hirsch index h, 

the new index hf and the Hirsch-type index hm, respec-

tively, were determined using the procedures mentioned 

above. Following the proposal of Batista et al. [18], the 

so-called h1 index was calculated from the relation: h1 = 

h2/Ah, where Ah is the total number of coauthors of a 

particular author in the h-core. Excluding the citations of 

the outliers, the citation radii R and Rf of the authors 

were also calculated from their cumulative citations L 

and Lf (cf. ref. [57]). The calculated values of the h, hf, 

hm and h1 indices and the citation radii R and Rf of the 

authors are included in Table 1. The values of the num-

ber Ah of authors in the h-core, the number of cumula-

tive citations L of the authors without their outliers, the 

number Nc of papers without outliers, and the number 

Nm of the papers involved in the hm index of the authors 

are given in Table 1 in the parentheses.  

 From Table 1 it may be noted that the value of the 

h index of different authors is related directly neither to 

their cumulative citations L nor to the number of papers 

published by them. For example, Felsenstein, with L = 

46478 citations, has an h index equal to 51 whereas 

Becke, with citations twice the citations of Felsenstein, 

has h equal to 48 only. Another example is that of TJe 

and MCy having h index equal to 18 but the latter’s 
papers received citations about 40% higher than that of 

the former. Similarly, Becke with 70 cited papers has a 

higher h index than that of Southern and Shannon with 

110 and 152 cited papers, respectively.  

As in the case of the h index of different highly-cited 

authors, their hf index is also related neither to their cu-

mulative citations Lf nor to the number of papers pub-

lished by them (Table 1). For example, Laemmli and 

Becke have hf = 40 but Becke has Lf twice higher than 

that of Laemmli. Similarly, although Shannon has about 

40% higher cited papers than Southern, both have the 

same hf = 28. In the case of moderately-cited Polish 

professors the above trends are not so clear. However, 

as judged from the number Ah of coauthors in the h-core 

and the number Nc of cited papers of an author, the val-

ue of his/her hf index is determined by the number of 

coauthors of the high-ranked (i.e. more cited) papers 

and the number of his/her published papers.   

As seen from Table 1, the estimated citation radius R 

for different moderately-cited Polish authors are compa-

rable with their h index. Similarly, the values of Rf for 

these authors are also comparable with their hf index. In 

contrast to this, the estimated values of R for the highly-

cited authors are much higher than their h index even 

when citations from outliers are excluded from cumula-

tive citations. However, the values of their Rf are close 

to their hf in some cases or somewhat higher than their 

hf in other cases. These observations suggest that R  h 

and Rf  hf when the distribution of citations ln and lnf of 

succeeding papers in the range of more cited papers (i.e. 

n < h) is a smoothly, rather than a steeply, decreasing 

function of lowering rank n of the papers. This is the 

situation in the case of moderately-cited Polish profes-

sors. However, the values of R and Rf are higher than h 

and hf, respectively, when the papers of rank n < h in the 

citation distributions receive relatively high citations ln 

and lnf. This is the situation in the case of highly-cited 

authors (see Table 1). While calculating his h’ index of 
different authors from their cumulative citations L and 

papers N, Burrell [56] also attributed the estimated high 

values of the h’ index of some of the authors than those 
of their h index to the citations of highly cited papers.  

Table 1 reveals that the h1 index is not a suitable ci-

tation-based measure of comparison of the research out-

put of different authors. For example, Laemmli, with 

citations five times higher than that of Felsenstein, has 

h1 roughly one-half of the h1 of Felsenstein. Similarly, 

although MBa’s papers received more citations than 

MCy’s papers, MBa has h1 lower than that of MCy by a 

factor of 7.5. This anomalous behavior of the h1 index is 

associated with the total number Ah of coauthors consid-

ered in calculating it from the h index. A similar behav-

ior was reported by Schreiber [42]. 

It is interesting to note the difference in the number 

of papers included in the calculation of citation radii R 

and Rf and Hirsch and Hirsch-type indices h, hf and hm 

of different authors. While the citations received by all 

cited papers Nc of an author are taken into account in the 

calculation of his/her citation radii R and Rf, counting of 

h index is based on cited papers nc  h < Nc and that of 

hf index is based on even a lower number of cited pa-

pers (see Table 1). For example, in the case of Laemmli, 

the counting of his h index involves 58 papers but that 

of hf index based on fractions of citations of his papers 

with coauthors is just 40. The deficiencies of the h and 

hf indices of different authors mentioned above are 

overcome by the hm index, which is determined by frac-

tions neff of the rank of a higher number of their papers. 

The determination of this hm index of an author involves 

the number of papers comparable with that involved in 

determining his/her h index (see Table 1). In the case of 

Laemmli for example, the number Nm of the cited pa-

pers involved in the calculation of hm index is 55 in 

comparison with nc = 58 cited papers in determining the 

h index. These observations suggest that hm index is 

superior to h and hf for comparison of the publication 

output of different authors because it takes into account 

the number of coauthors of their papers as well as the 

number of cited papers comparable with those involved 

in the calculation of the classical h index.  

From the data of cumulative fraction Lf of citations 

of the authors given in Table 1 one finds empirically 

that, with the exception of Felsenstein and MBa, hm  

(2Lf)1/3. The estimated value of hm of 26.70 is much 

lower than the calculated 41.92 for Felsenstein whereas    
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Table 6: Comparison of  different scaling parameters for citations analysis of various authors 
 

Author t (yr)  Nc <L> <Lf> b bf bm   
Laemmli UK 45 84 166.40 (2)  65.99 (3)  1.29 (2)  0.89 (2) 0.476 (4)  
Becke AD 36 70 232.88 (1) 178.41 (1) 1.33 (1) 1.11 (1) 0.8728 (2)  

Southern EM 56 110 60.66 (5) 31.75 (4) 0.73 (7) 0.50 (6) 0.341 (7)  
Felsenstein J 48 99 130.98 (3) 101.21 (2) 1.06 (5) 0.625 (4) 0.8733 (1)  
Shannon RD 45 152 41.66 (6) 15.98 (6) 1.00 (6) 0.622 (5) 0.407 (5)  
Scatchard G 68 73 78.54 (4) 38.90 (5) 0.485 (10)   0.368 (8) 0.236 (9)  
MBa 15 70 12.19 (10) 3.39 (11) 1.133 (4) 0.467 (7)  0.349 (6)  
MCy 35 68 16.43 (7) 4.56 (9) 0.514 (8) 0.257 (10)  0.230 (10)  
TJe 15 92 9.17 (11) 4.24 (10) 1.20 (3) 0.667 (3) 0.537 (3)  
BBo 41 74 13.01 (9) 5.32 (8) 0.415 (11) 0.244 (11) 0.203 (11)  
BPa 32 44 13.79 (8) 9.69 (7) 0.50 (9) 0.344 (9) 0.3225 (8)  
 

 

that of hm of 7.80 is higher than the calculated 5.24 for 

MBa. As seen from Table 1, these anomalies are asso-

ciated with differences in the number of coauthors of 

the top-cited papers. The number of coauthors per pa-

per in the former case is relatively low in comparison 

with those in the latter case.  

Finally, it should be noted from Tables 1 and 2 that 

the h, hf and hm indices of different authors are, in gen-

eral, related to their mean citations <L> and <Lf>. Con-

sequently, all highly-cited authors with high <L> and 

<Lf> are in the top six positions whereas the moderate-

ly-cited authors with the low of <L> and <Lf> occupy 

positions lower than those of the highly-cited authors.  

4.5. Scaling parameters for research output of different 

authors  

The h, hf and hm indices and the pairs of characteristic 

parameters <L> and Q, and <Lf> and Qf of an author, 

discussed above, are related to the distributions ln(n), 

lnf(n) and lnf(neff), respectively, constructed from his/her 

bibliometric data. The inherent disadvantage with all of 

these measures of the publication output of an author is 

that their values do not take into account the length of 

publication career of the author. It is difficult to calcu-

late career-length independent characteristic parame-

ters from Langmuir-type function for individual au-

thors, but this factor can be considered in  the h, hf and 

hm indices using the ideas used before [58].  

The relationship between cumulative citations L(t) 

and Hirsch index h is given by [1] 

L(t) = Ah2(t), (9) 

whereas according to progressive nucleation mecha-

nism  [57,58] and stochastic model [55]   

L(t) = at2. (10) 

In the above equations A is an empirical constant lying 

between 3 and 5, and a is the so-called citation acceler-

ation related, among others, to the average number of 

papers published per year by an author. From the above 

relations one obtains 

h = bt, (11) 

where the proportionality constant b = (a/A)1/2, with 

units year−1.  

Relation (11) means that the average h of an author 

increases linearly with publication career t. Since other 

Hirsch-related indices like hf and hm are based on simi-

lar concept, it can be argued that these indices also 

increase linearly with t. The calculated values of the 

parameter b, denoted as b, bf and bm corresponding to 

h, hf and hm, respectively, are given in Table 6.   

From Table 6 it may be noted that the parameters b, 

bf and bm for different authors lead to a major change 

in their ranking. When the contribution of coauthors is 

taken into account for a comparison of the publication 

of different authors, the ranking of highly-cited authors 

is drastically changed, and highly-cited authors like 

Southern EM and Scatchard G are shifted downward 

but moderately-cited authors like TJe and MBa of short 

publication career are shifted upward to 3rd and 6th 

ranks, respectively.   

5. Summary and conclusions 

The real data of cumulative citations ln of nth paper of 

individual N papers published by selected authors are 

analyzed without and with consideration of the number 

An of coauthors of the paper, the normalization of cita-

tions ln and cumulative fraction lnf of citation of the nth 

paper by mean and median citations of the citations ln 

of all Nc cited papers and the determination of cumula-

tive fraction neff of the rank of the lnf citations. In view 

of different authorship patterns used in the lists of au-

thors of the papers considered in this study and enor-

mously high number of coauthors in many cases, lnf and 

neff were calculated on the assumption of equal contri-

butions of An coauthors of the nth-ranked paper fetch-

ing ln citations.  

It was found that Langmuir-type function (3) is not 

adequate for comparison of the publication output of 

different authors because it describes the rank-order 

distribution patterns satisfactorily in terms of two pa-

rameters. However, when equal contribution of coau-

thors is taken into account for the comparison of their 

publication output, the hm index is more consistent than 

other Hirsch-type indices. To account for the length of 

their publication career t, it is suggested to use scaling 

parameters h/t, hf/t and hm/t for a comparison of the 

publication output of different authors  
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