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Introduction

Consider the following mathematical model of
the heat exchange process along the interval 0 < x <
l:

du(xt) _ 0%u(xt)

5 —=,0<x<[t>0, 1.1)
t ax
with boundary conditions

U= = p(t), ulx= = 0, (1.2)
and initial condition

u|t=0 = O. (1.3)

Let M > 0 be some given constant. We say that
the function u(t) is an admissible control if this
function is differentiable on the half-line t > 0 and
satisfies the following constraints

u(0) =0, |lu®)| <M,t=0. (1.4)

In the present work we consider the following
problem.

Problem. Let the function ¢(x) satisfies
conditions

1
f e()dx =1,¢(x) =2 0,¢'(x) <0.
Set

9(x) = Ti pesin==,0<x <l (15)

For a given function 6(t) problem consist in
looking for the admissible control u(t) such that the

Doi: Gos¥ef https://dx.doi.org/10.15863/TAS.2020.04.84.122

solution u(x, t) of the initial-boundary value problem
(1.1)-(1.3) exists, is unique and for all ¢t > 0 satisfies
the following equation

[, p(u(x, t)dx = 6(t). (1.6)

One of the urgent problems for the equations of
mathematical physics is the problem of mathematical
modeling of processes associated with various partial
differential equations. In particular, mathematical
modeling of the heat exchange process and the control
of this process. Control in this situation is made by
changing the heat flux entering to the region under
consideration from a part of is boundary. It is natural
to achieve temperature in the whole area. Therefore, it
is important to control the boundary flow to reach the
average temperature in any part of the area.

We recall that the time-optimal control problem
for partial differential equations of parabolic type was
first concerned in [7]. More recent results concerned
with this problem were established in [1]-[6], [8], [9],
[14] and [15]. Detailed information on the problems
of optimal control for distributed parameter systems is
given in the monographs [10] and [13].

General numerical optimization and optimal
boundary control have been studied in a great number
of publications such as [11]. The practical approaches
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to optimal control of the heat equation are described
in publications like [12].

2. THE MAIN INTEGRAL EQUATION

We find out the solution to the problem (1.1)-
(1.3) by Fourier method. Consider the following
Green function:

o0

2 knx | km
G(x,y,t) = TZ e~ (kn/Vt sstmTy
k=1
Set

l_
w(x, t) = Txu(t),x €(0,0),t>0,

and assume that the solution u(x, t) has the form:
u(x, t) = w(x,t) + v(x,t). (2.1)
It follows from (1.1)-(1.3) that the function
v(x, t) satisfies equation
ov(x,t) 0%v(x,t) l—x
at  9x? l
with boundary conditions
V|x=0 = Oﬂle:l = O:
and initial condition

w®)0<x<Lt>0,

V|t=o = 0.
Consequently,
v(x,t) =
= -1 u(s)ds [, Gy, t =) -ydy.  (22)
Proposition 2.1. Let u(t) be a smooth function
on the half-line t > 0. Then the function

ue ) = (o) -

ftu(s)dsf G(x, y,t—s)( —y)

is the solution of the initial-boundary value problem
(1.1)-(2.3).

Proof. The proof comes from (2.1) and (2.2)
(see, e.g. [16], [17]).

Not that

sz Zk 1ksm T o<x<l, (2.3)
and accordlng to Parceval equation,

o) Zdx =237, % (2.4)

Taking into con5|derat|0n (2.3), we get

-y

l
fc<xy.t—s) dy =

= _z_e—(lmm (t-5) Smk%x

According to Pareceval equation and (1.6) we
can write

l l l—
| vt ndr = [ o
0 0

I ‘
0

x
dx —

lz(pk kf ) sy as =
—f B(t —s)u(s)ds,

where

BO) =i o ket 2, = (), (25)
and

1 . km.
O = %fo @ (x) smedx. (2.6)
Then we get the main integral equation
Jy B(t — s)u(s)ds = 6(t),t > 0. @2.7)

Lemma. Let g(x) assume that this function is
decreasing and non-negative on [0,%). Then the
following inequality holds

k .
Iy 9)sinydy 2 0. (28)
Proof. The proof easy of lemma (seg, e.g. [6]).
Proposition 2.2. For {¢,}%-, defined by (2.6)

the following estimate holds
c
0< ¢, = E’k =1,23,...

Proof. If we substitute x kl—" into yin the (2.8)
inequality, we have the following inequality

t kmx
J o(x) sianx =0
0
from this we get

Or = %folgo(x) sin?dx >0,k=12,...
From (2.6), we can write

(2.9)

2 (!  kmx
O =—f @(x) sin—dx =
L), l

2 I kmx™!
=——p(x) ST
x=0
2 (UG 1y
+E | @'(x)cos

Then we obtain

0=<g, <

Proposition 2.2 proved.
Proposition 2.3. For B(t) defined by (2.5) the
following estimate

kK

0 < B(t) < Co
\/_
is valid.
Proof. From (2.5) and (2.9), we get
B(t) > 0,

and according to Proposition 2.2, we may write (see,
e.g. [6])

c C
B(t) < C, Z e~ km/D?t < 22
k=1 \/?

Proposition 2.3 proved.

k=1
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3. SOLUTION OF THE PROBLEM LTy e =[G (3.5)
We consider Voltaire integral equation ] =L (@+d)?+1 1442
LBt - $)u(s)ds = (), ¢ > 0. 3.1) where o R
Theorem 3.1. Let there be a constant My, then == L:'k)’
for any function 6(t) € W2(—oo, +),0(t) = 0, L& (at2)? +1
t < 0 that satisfies the Te k-
A LT
”9(t)”WZ(R )y = < M,, . (32) 2a l L (a + /‘lk)z +1
cor_1d|_t|on, the_rg exists an admissible control u(t) that From (3.4) and (3.5), we have
satisfies condition (1.6). Cau
The solve equation (3.1), we use the Laplace |B(a+ )| > Tire? (3.6)

transform method. We introduce the notation

i) = f ePu(t)de.

Using the convolution property from equation
(3.1) we obtain

B()i®) = 0(p),
consequently

where (5, is expressed through C;, and Cy,.
Then, when a — 0from (3.3) we obtain the
equality

_ +o0 9(1{) lft
n(e) = 57 o € dt. 3.7
Theorem 3.2. Let a(t) €

W£ (=0, +0),0(t) = 0att < 0. Then for the image
of the function 8(t) the inequality

+o0
fi(p) = BE”; where p = a + i€,a > 0, f |6i&)|y1 + £2d¢ < o
and is valid. )
Proof. Using the integral representation of the
R RO))] Pty — image of a given function @(t) and integration by
u(t) =5— dp =
2mi )y B(p) ) parts we get
_ +o0 9(a+lf) (a+L§)td§ (33) ©
T e B(a+i§) é(a+ lf) :f e—(a+if)t9(t)dt —
NOt that —(a+1§')t t=c 0 ©
2 - 1 = 9(t) + f e~ (@+itg (t)dt
Akt ,—pt — ; )
J;e ke Pt dt I —i§],, atigly
We can write
" . then
5 _ -pt J4 — ~ * .
B®) —JO B(Oe™™dt =7 (a+i§)f(a+ i) =f e~ @Oty (£)dt.
= 0
and Therefore, when a — Owe have
i£6(i&) = f e ¥te'(t)dt,
B(a+ié) = Z ko _ 0
l a+ié+A and B
=ReB(a+ lf) + ImB (a + i&), (i5)%4(i&) = f e ¥t (t)dt.
0
where Consequently,

=5 oy _ Ty keor(@a+iy) _

RO = g [T TrEe= [ EOIa+e o
— , € oo k- i = ——dé <
ImB(a+ié) = _TZk=1(a+Ak%+fz- . . [1+ 2

We know that +oo , z

! > ! < (f 8GO (1 + fZ)de) :

(@+4)2+8 7 1+8% (a+ )% +1 — )

4+ /2
Consequently, _ (j d§ ) < cllo|?
_ , T~ k- opa+ Ay e 1482 Wi (Ry)'
|[ReB(a+id)|==) —————=>
l (a + )% + &2
.. k= Theorem 3.2 proved.
ye, sodetin) D (3.4) Proof of Theorem 3.1. According to (3.6) and
1+$Zl k=1 (a+a2+41 — 1462 ' o ing to (3.6)
and theorem 3.2 we can write
— . |f| k- @y
|ImB(a+L§)| Z(a+/1k)2+§2_
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+o0
(i&) Then, we get
lu(@®)] < —J’ ||B(f)|| < 1 _clo LMy _
o ln(®] = —Cl| ||W2(R+) T
< T |9(z§)|,/1 + £2dE < oo, Theorem 3.1 proved.
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