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Abstract: This paper presents a normalized version of least mean square algorithm with an adaptive averaging step-
size approach for spline adaptive filter. The use of an adaptive averaging step-size mechanism is to modify on
autocorrelation between previous and present estimate error of system for updating step-size parameter. For
achieving fast convergence, the proposed spline adaptive filter is combined with adaptive averaging step-size scheme
and normalized version of least mean square approach. The convergence analysis and stability properties are
accomplished. Simulation results of experiments depict that the trajectories of step-size parameters of the proposed
algorithm converge to their own equilibria in spite of large variations in initial step-size settings. Proposed algorithm
demonstrates more robust performance in mean square error and fast convergence compared with the conventional

spline adaptive filter.
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1. Introduction

Linear adaptive filtering is widely used for the
solution to simply determine with the suitable
constraint [1]. In opposition, many practical models
necessitate the use of nonlinear adaptive filter in
which nonlinear problem has more attention than
linear operating system [2].

Spline adaptive filtering (SAF) based on least
mean square (LMS) algorithm is a class of nonlinear
adaptive filtering introduced in [2-4] with the low
computation complexity and modelled in non-linear
identification systems [5]. SAF is fabricated by
adaptive linear finite impulse response (FIR) filtering
followed by an adaptive lookup table (LUT).

Nonlinearity SAF structure using lookup table
adjustment with the control points has been proposed
in [3]. Sandwich SAF model in forms of cascade
SAF architecture consists of a class of nonlinear
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models as linear-nonlinear-linear and nonlinear-
linear-nonlinear models based on SAF structure,
which can optimize using gradient-based condition
in many conventional solutions of application [6, 7].

For nonlinear system identification, the authors
in [8-10] conducted the normalized version of LMS
(NLMS) scheme using the gradient-based criterion to
improve performance of adaptive filtering, while the
authors in [10] induced the potential performance in
the case of infinite impulse response.

Against the impulsive noise, a set-membership
scheme with the normalized version of least M-
estimate algorithm has been developed in [11].
Simulation results depict that it can attain the
achievable convergence rate. In [12], a sign
normalized Wiener SAF is proposed in order to
enhance the convergence by minimizing the absolute
value of a posteriori error.

DOI: 10.22266/ijies2020.0430.26



Received: November 28, 2019

| Adaptive FIR Filter , |

:

X]l

Xn-1

Kn-N+1

268
Adaptive Lookup Table
- . d
gy, = P {“_J "
Ax Ax y
Tc | LI, O~
u, Cq; >
Sn —1 mn t,n _U?
CTRNCESI RS
Ax 2
A
Qin -]
Qisich
qi+2.n
o Ji+3.n

AAS-NLMS-SAF

L

Figure.l Linear-nonlinear network of AAS-NLMS-SAF structure.

To establish the well tracking and fast
convergence, the adaptive step-size mechanism
based on LMS algorithm is a well-known approach
with effective solution for achieving the convergence
in linear adaptive filtering [13], [14]. In [15], an idea
of time averaging applied on adaptive step-size
algorithm for beam forming has been modified with
the low computation. In [16], a low complexity step-
size method by utilizing an approximate of
autocorrelation error between present and previous
estimate error is rearranged adaptively.

In this paper, we introduce a low complexity
adaptive step-size approach based on normalized
LMS algorithm in the SAF structure to achieve the
fast convergence. In especial, we focus on the
convergence analysis and mean square error
performance of proposed algorithm.

This paper is arranged in this following. Section
Il describes briefly about SAF based on LMS.
Section 11l proposes an adaptive averaging step-size
algorithm for both the weight vectors of adaptive
linear FIR filtering and interpolating control points
of adaptive LUT by the minimizing cost function.
Section IV shows the convergence and stability
analysis of proposed algorithm. Experiment results
and conclusion is in Section V and VI, respectively.

Notations are used through this paper.
Operator (.)" is the operation of transposition.
Matrices and vectors are in bold uppercase and
lowercase, respectively.
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2. Spline adaptive filtering

The structure of spline adaptive filter (SAF),
namely linear-nonlinear network, shows in Fig. 1.
This network consists of linear and nonlinear part
which is the linear part used the adaptive finite
impulse response (FIR) filter and nonlinear part is
an adaptive lookup table (LUT) with the spline
interpolation network [2].

Consider a desired signal dn as

dpn = ynte, D

where y,, is the spline adaptive filtering (SAF)
output and e,, is the system error.
The output of adaptive FIR filter s,, can be
defined as
s, = wix, ,

)

where w,, is the adaptive tap-weight vector and x,,
is the input vector as

W, = [WO Wq ... WN—l] ,

Xp = [xn Xn—1 - xn—N+1] ,
Following [17], the output of SAF is defined as
@)

! (4)

—nT
Yn = uncqi,n ’
u, = [urgu urzu Up, 1]
where q; , is the control points vector as
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— T
qi,n - [Qi,n Qi+1,nQi+2,n cIi+3,n]

Local parameter u,, and index i are defined as [18]
=5 _|Su] ;_|Sn]| Q22
w=g- i=RE e

where Ax is the uniform space between two-
adjacent control points. Q is the number of control
point, and |-] is floor operator. The parameter s, is
concerned with a nonlinear activation function using
the span index i and the local parameter u, where

€ [0, 1]. Spline basis matrix C is described in [2].

By minimizing cost function in the least mean
square algorithm (LMS), we have [2]

J(Wn, Qi) = 5 min{ [e2]3, (6)

Wn

where e, is a priori estimation error e, that arises
from the model as

en = dn —Yn = dn - ugcqi,n . (7)

Hence, the adaptive tap-weight w,, and q; ,, vectors
take the specific form as

0] (Wn.Qin)
Wni1 = Wy — Uy an = (8)
Wwn
0] (Wn.Qin)
Qin+1 = din —,uq a:inm (9)

where u,, and u, are the step-size parameters.
Then, the gradient of the cost function in Eq. (6) is
necessarily evaluated with respect to (w.r.t) the
adaptive tap-weight w,, and q;, vectors using the
chain rule as

a](wn ) qi,n) - —¢ %a& asn
ow, " du,, ds, Ow,

= _A_in u;lcqi,nxn ’ (10)

where the derivative of u,, is given as

u, = [3u,”, 2u, 1,0], (11)
and
0] (Wn, in) _ _ Oyn Oup Osy
C”qi,n " C”un aSn aqi,n
= —e,CTu, . (12)

International Journal of Intelligent Engineering and Systems, Vol.13, No.2, 2020

269

According to Egs. (10) and (12), the tap-weight
LMS w,, and q; ,, vectors in the recursion form can
be represented as [2]

1 T
Wy = Wy + Uy qu,nxnen ) (13)
din+1 = din +/quTunen ) (14)

where u,, and u, are the fixed step-size parameters
for tap-weight w,, and for the control points q; ,,
which incorporate with the other constant.

3. Proposed adaptive averaging step-size
normalized least mean square algorithm
for spline adaptive filtering

Following [11], the minimized cost function of
normalized least mean square algorithm for SAF is
expressed as

J(Wn, Qi) =5 min{ (u} u,)"Ye|}  (15)

Wn

where e, is defined in (7).
And the update tap-weight estimated vector w,,
at symbol n can be expressed by

Wni1 = Wy — Uy, % . (16)
By differentiating the cost function in Eq. (15) w.r.t
w,, with the chain rule, that is

0] (Wn, Q1) _ (alu,)! {—en Ay, duy, 6sn}
awn aun 6sn awn
= (whu,) " 52 wiCqipx,) - (17)

Finally, we introduce the proposed tap-weight
estimated vector w,, of adaptive FIR filter based on
normalized least mean square algorithm obtained by

u;lcqi,nxnen

S Wpyr =W, + Hw, T dlu. uzun ) (18)

where u,, is the adaptive step-size parameter for

learning rate of linear part of SAF structure.
Similarly, the update estimated control points

vector q; ,, at symbol n can be obtained by

aj(wnlqi,n) (19)

Qin+1 = din _’qun ddin
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Hence, the gradient of the cost function in Eq. (15)
w.r.t q;,, using the chain rule is defined by

aj(wn' qin)
—— " = (ufu,) -
aqi,n e

dy, ou,, ds,
" ou, ds, 0q;,

= (uZ;un)_l{_enCTun} - (20)

Therefore, we present the control points vector q; ,,
based on normalized least mean square algorithm of
nonlinear network in the adaptive lookup table as

CcTupe,

“Qin+1 = din +'u‘In T . (21)

Upln

where u, is the adaptive step-size parameter for
nonlinear part of SAF structure.

3.1 Adaptive averaging step-size algorithm for
spline adaptive filtering

The main objective of adaptive averaging step-
size mechanism is to improve as follows. Following
[17], if the estimate error is far off the optimal value,
the step-size parameter will be increased.
Meanwhile, the estimate error is near the optimum,
the step-size parameter will be decreased
automatically.

The proposed idea is to average step-size
parameter with autocorrelation of previous and
present estimate error of network system for update
ty, and p, adaptively.

Therefore, we modify the adaptive averaging
step-size u,, of tap-weight w;, vector concerning
with the estimation of an averaging of
autocorrelation {e,,_; e,} as

Hw, = Cw * Hw,_, + Bw |fn|2 ) (22)

=7 épr+t (1 - y){er*l—len} ) (23)

where S, is a scaled variable for prediction error, y
isclosetoland0 < «a, <1.

We note that there are two reasons related with
&, are as follows. First, the autocorrelation of error
is generally measured for optimal performance.
Second, the uncorrelated noise sequence is rejected
on the update step-size mechanism.

3.2 Modified adaptive step-size algorithm

Following [19], the learning rate of step-size is
controlled by squared estimate error. If an error is
large, the step-size parameter will increase. While a
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small error will yield misadjustment with the
decreased step-size value. Therefore, the step-size
parameter p, of control points vector q; ,, is

Han = @q" Hgpn, +Bqlenl?, (24)

where 0 < a5 <1, B, > 0 and a priori estimate
error ey, is given in Eq. (7).

Summary of proposed adaptive averaging step-
size mechanism based on the normalized version of
least mean square algorithm for spline adaptive filter
(AAS-NLMS-SAF) is shown in Table 1.

4. Convergence and stability analysis

In order to achieve optimal performance, we
determine an adaptive leaning rate that minimizes
the instantaneous output error of filter by
performing Taylor series expansion of error e,,. The
approach intends to the optimal learning rate to
ensure the convergence at the steady-state.

4.1 Convergence analysis of proposed algorithm

Convergence properties of adaptive tap-weight
w,vector can be determined by using Taylor series
expansion of estimate error e,, as [2]

de
eny1 = ep t+ a‘:n “Aw, (25)
where an estimate error e,, is given as
enzdn_u£'c "Qin - (26)

Differentiating e, in Eq. (26) w.r.t w,, with the
chain rule, we get

den _u;L'C'Qi,n'Xn
owp,  Ax-(ulu,) @7)

where uy, is given in Eq. (11).
From Eqg. (18), we have the change of w,, as

Uy, Uy C Qi Xpe
AWy = Wnyy =Wy = =200 . (28)

By substituting (27) and (28) into (25), we arrive at

ens1 = e — oo () (T) . (29)

Uy Uy Ax-uﬂ-un
where @,, is given by
®n = u;z -C- qin - (30)
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Table 1. Proposed spline adaptive filtering based on the
adaptive averaging step-size normalized least mean
square algorithm (AAS-NLMS-SAF)

Initialize : w(0) = ¢,,.[10...0]",q(0) = [10...0],

forn=0,1,2,..,N—1.

1) Calculate the output of adaptive FIR filter s,

— wl
STl - wTLXTl ’

2) Compute the local parameter u,, and index i as

Sn Sn]
Uy =—— |—
" Ax lAx
= [Sn] L @1
l_[Ax]+ 2

3) Calculate the error e, as
en =dyp — u?chi,n
4) Compute the adaptive averaging step-size u,, of w,
HUw, = Qw * Hw,_, + Bw - |€n|2 )
n=7V ép1+ (- y){er*l—len} '
5) Calculate the modified step-size pg,,, of q;5
Han = Qg Han_, +Bq " lenl®,

6) Determine the tap-weight vector wy and the control
points vector ¢, as

I
W =w. + i uncqi,nxnen
+1 — A T,
" oMW Axulu,
cTuye
=i+ —anfn
qin+1 qin ‘uCIn wTu,

end

Therefore, the estimate error can be rewritten as

Hwy, 031X lI?
S lny1 = [1 - W( = )] €n . (31)

(“Ifun)z

Taking the norm of both sides in (31), we have
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Hwy (97 11Xnll
lenstl = |1 =G ()| el . (32)
Therefore, the proposed step-size pu,, of tap-weight
vector w,, in the adaptive FIR filter reaches

2 (u,7;-un)2-(Ax)2
T S T e 2 33)
where we assume that e, 1| < |en] -
Similarly, we determine a bound on p, with the

Taylor series expansion of estimate error e,, as
de,

ent1 =€n + m ' Aqi,n ) (34)

where the derivative of e,, w.r.t q; ,, is given by

—cT.
de, _ = un, (35)

T
0q;in UpUn

And From (21), we have the change of q; ,, as

CTunen

AQin = Hg, "~ (36)

UnUn

Hence, we substitute Egs. (35) and (36) into Eqg. (34),
we have

e = [1 (10, 52) - (G2 en )

Unln Upln

Taking the norm of both sides in Eq. (37), we get

enal = 1= (o, 702) - (22)
n+1l — .uqn uﬂun ugun

Therefore, the adaptive learning rate u, becomes

“leal. (38)

T.
" gy = 20 (39)
4.2 Mean square error performance of proposed
algorithm

In this section, we consider the mean square
error performance at steady-state in the derivation of
excess mean square error (EMSE) of nonlinear
adaptive FIR filter and the control points vector in
the adaptive LUT.

Following [6], we determine the &, is a priori
error of system, ¢, is a priori error concerned the
tap-weight vector w,, and &, is a priori error
involved the control points vector q; , .

To encourage the analysis, the proposed
adaptive averaging step — size normalized least
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mean square (AAS - NLMS) algorithm is under a
few assumptions.

Assumption 1: We consider that the noise sequence
of system mn, is independent and identically
distributed with variance of noise §2 and zero mean.

Assumption 2: We consider that the noise sequence
of system m,, is independent of x,, s,, &,, &w,,
and g, .

Let us assume the estimate weight noise vector
1, concerned with the tap — weight vector w, as

nwn = Wg— W,. (40)
where 7y, = [ 1w, Tw, - Twy_, |-

From Eg. (18), we can write the update weight
noise vector n,,,, ,, as

Nwper = Mw, — (Wny1 — Wy)
Hwy DnXnen
Mwnis = Mwn = prcaTay (41)

where @, is given in Eq. (30).
To evaluate the square of update weight noise

vector ||11Wn||2 of Eq. (41), we obtain

2 2 DXyt
[ = U, =, 2 S
B O lxnll” e (42)

(bx)2  (uhuy)?

Assumption 3: We consider the condition necessary
for the convergence of mean, that is

E{lmu,.. I’} = E{lm, |7} a5 n - oo

From Assumption (3), the update n,,, in (42) can be
rewritten as

2
Pwy PnXnen _ Pwg . (Z);L'”Xnnzerzl

Zﬂwn E (u,Tl-un) T (Ax)? (ul-uy,)?
Bwy  Onll n”z' 2
ZSWn - en = E . ﬁ y (43)
where &,, is given by
gwn = Nw, Xn (44)

To redefine the a priori error of system e,, as

en= &, +Mw, - (45)
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Taking the expectation onto the noise in Egs. (44)
and (45) with the condition at steady-state for
n closes to infinity, we get

E{&y, - en}=E{&y (Ew, +nw )} = E{€Z } (46)
and

E{e‘l’zl} = E{(gwn + len)z}
= E{€2 +2Ey Ny, + 10}
~E{€3 +¢2 1. (47)

where E,,Zvn is the minimum MSE involved with w,,.
Substituting Eqgs. (46) and (47) into Eq. (43), we
have

ZE{gﬁ,n} _ Bwn D l|Xn || . E{g&/n + Evzvn}

Ax (ug-un)

2t Sl = B Sl )

Ax Upup Az (ufuy)

Hwy On ”anle{f\?vn}

2 —
E{gwn} B ZAx(ug-un)— Bwp B [1X5 12 (48)
If u, is very small, we have
. _  Hwp o IXall*E{$5. )
~ ¢y =E{€} } = v (49)

where ¢, is the excess MSE concerned with w,.
In a similar manner, we assume that the noise
sequence of estimated weight noise vector n,

involved with the control points vector q;,, as
Mg, =90 — Qi - (50)

where Ng, = ["qo Mgy Nanos ]
From Eq. (21), the update weight noise vector
14, can be expressed as

Z'C' n
=MNg, — HUq, on 2t (51)

n‘In+ 1 (uﬂu )

Then, we evaluate the square of noise vector |7, ||’
using Eq. (51), that is

I.c 2 (luT-cll?e2
”n?’”“” - ”n‘zln” — 2Nq, Ky, a:lﬁuis * #q?ﬂ;:ln)llz =
(52)

Assumption 4: We regard that

2 2
E{”"Qnﬂ” } = E{”an” } , asn —> o
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From Assumption (4), the update n,, in Eq. (52)
can be calculated as

o i =
28, e = g, LA (3)
where £, is given as
Ean =gy Un " C . (54)

So, we determine that the a priori error e, Iis
involved with q; ,, as
en =&q, + Mg, (55)

Taking the expectation into the noise in Eg. (53) and
(55) at steady-state for n — oo, we have

where ¢Z is the minimum MSE involved with q; ,,.
Replacing Egs. (56) and (57) into Eq. (53), we get

273

" -2

2E{€Z } = 1q,, W w)

‘E {egn + g’fzn}

2 2
gl E{E] )

2 _ ”lm'"“T'C”Z 58
Bea |2~ |~ o (58)
If p1q, is very small, we get
= _ tgy "l E(gZ,)
a (q - E{Eén} = 2(ufuy,) l (59)

where {, is the excess MSE concerned with q; ,.

5. Experimental results

In this section, we provide the experimental tests
in system identification by simulating the random
process. The input coloured signal for all
experiments comprises 5,000 samples of the signal
generated in the system identification over 100
Monte Carlo trials by following [20].

Xp =Q Xp_q +V1—a? -y, (60)
where 1, denotes as a zero mean white Gaussian
noise with unitary variance and 0.1 < a < 0.99.

0.025

0.015

step-size: K,

0.005

0)=15¢102 «=025

0

\.‘-'(

u,(0)=55x 107 &= 075
——u (0)=15x10% 2 =010

100 200 300 400

500

600 700 800 900 1000

Number of samples (n)

Figure.2 Learning curves of y,, (n) of tap-weight w,,vector of proposed AAS-NLMS-SAF algorithm with the different
a = 0.1,0.25,0.75 and SNR = 40dB
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Figure.3 Learning curves of u, (n) of control points q; , vector of proposed AAS-NLMS-SAF algorithm the different
a = 0.1,0.25,0.75 and SNR = 40dB
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Figure.4 Mean square error (MSE) of proposed ASS-NLMS-SAF algorithm compare with LMS-SAF [20] with the
different of initial step-size parameter using SNR =40dB and a = 0.10
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Figure.5 Mean square error (MSE) in dB of proposed ASS-NLMS-SAF algorithm compare with LMS-SAF [20] with the
different of initial step-size parameter using SNR = 40dB and a = 0.95

We consider the mean square error (MSE)
computed in dB as

MSE,, = 10 log (E {(d, — ufiCa;»)’}) . (61)
A 23-point LUT q, is implemented for a nonlinear
memoryless target function that is interpolated with
a uniform third degree spline and SAF model is used
as Ax =0.2[4] and C is a Catmul-Rom spline as
described in [2].

Initial parameters of all SAF model are as
follows: w (0) = ¢,, - [1,0,...,0]T, where ¢, =
1x1073, q(0)=1[1,0,..,0]T, SNR = 40dB,
length of filter is 5. For initial parameters for spline
adaptive filtering based on least mean square (LMS-
SAF) algorithm [20] are as: u, = u; = 0.025,
0.035, 0.050. Summary of LMS-SAF is shown in
Table 2.

Other parameters for proposed AAS-NLMS-
SAF algorithm are as: p,,(0) = u,(0) = 1.5 x 1074,
1.5%x1072,25%x 1072, 3.5x 1072, 55x 1072 . The
fixed parameters are as follows: a,, = a; = 0.975,
Bw =295%x 1073, B, = 1.95x 1073,y = 0.97.

Learning rates of step-size parameters u,, —of
tap-weight vector and p, of control points vector of
proposed AAS-NLMS-SAF algorithm are shown in
Figs. 2 and 3 with the different initial parameter of

International Journal of Intelligent Engineering and Systems, Vol.13, No.2, 2020

Table 2. Spline adaptive filter based on the least mean
square algorithm (LMS-SAF) [20]

Initialize : w(0) = q(0) =
forn=0,12,..,N—1.

@,.[10..0]

1) To determine the tap-weight vector wy
Wy =W, + .uwu;lcqi,nxnen .

2) To determine the tap-weight vector wr and the
control point vector q; . as
Qin+1 = Ain +:quTunen

end

tw (0), g (0) at SNR = 40dB with the different « in
(60) generated the input coloured signal. It is seen
that both learning curves of u,, and u, converge
to their equilibria despite 100-fold of initial step-size
situations at steady-state.

In terms of MSE performance, simulation results
shown for the proposed experiments with the two
choices of parameter ¢ = 0.10, 0.95 which are
presented in Fig. 4 and Fig. 5, respectively. At
steady-state, the performance of proposed AAS-
NLMS-SAF algorithm closes to the noise power. In
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addition, we notice that the performance of proposed
AAS-NLMS-SAF  algorithm  outperforms  to
converge faster and robust mechanism when
compared with the LMS-SAF algorithm using the
variants of fixed step-size parameter.

6. Conclusion

In this paper, we propose a step-size approach in
term of averaging of square error for spline adaptive
filtering (AAS-NLMS-SAF). We describe how to
derive the proposed adaptive averaging step-size
algorithm with the method of normalised version of
LMS algorithm on spline adaptive filtering. By
using an estimation of autocorrelation between
present estimated error and a priori estimated error,
the adaptive averaging step-size scheme is proposed
on SAF. The convergence and stability analysis of
proposed AAS-NLMS-SAF algorithm examine in
terms of mean square error and excess mean square
error concerned with adaptive tap-weight FIR vector
and control points vector in the adaptive LUT.

Both the trajectories of adaptive step-size
parameters can converge into each equilibrium in
spite of 100-fold initial variations. Learning curves
of MSE performance are illustrated to converge
dramatically to steady-state in comparison with the
existing LMS-SAF algorithm using the fixed step-
size parameters.

Especially, SAF can perform well with low-cost
complexity beside the existing FIR structures.
Because of the recursion form, SAF can be modified
in many practical cases such as nonlinear channel
equalization, biomedical data analysis and control
applications.
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