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1. On mixed norm Hardy type spaces in product domains in C”"

In this section we discuss some problems in open new research area of Hardy type
mixed norm spaces in product domains in C". Some new spaces will be also defined and
some interesting new problems will be posed.

Let B" =B x ... x B be the unit polyball and S = dB be the unit sphere. We will denote
by dV,dV,, the Lebegues measure on B,B™ and by dd the normalized Lebegues measure
on S, S"=8x..x8; HBX...xB) is a space of all analytic functions on B™. Let a > 1.

Let further T (&) = {z € B: |1 —&z| < a(1 —|z|)} be usual Luzin cone (see [6]).

Following [3] for 0 < p < o we define the analytic tent space AHP(which is well
known for m = 1) which consists of analytic functions f on Bx ... x B, so that || f[|} ,,=

— —

[ s s flen ) P8(E) <:8(8) = 1 6(6)).
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Let also

ML HP = {f € H(B"):

=

/ sup .. /( sup |f(zl,...,zm)lpd6(§m)>...d5(§1) <o,

S Zlera(gl) S Zmera(ém)

where 0 < p <o, ¢¢j > 1,j=1,...,m. Note some more general (A.)HP'P" type spaces
for pje(0,00),j=1,...,m can be defined similarly like, for example, spaces with finite
quazinorms

/sup... /sup|f|p1d5(§1) dé(En) , where sup = sup
21

Z Z
S m g 1 |Z1|<1

Let futher also

M.HP = {f € H(B™):

1) .

/ sup ... /< sup |f(z1,...,Z;n)IPIdS(ﬁrn))p1 ..dd (&) < oo b

Ky Zlera(él) Zmera(gm)

where 0 < pj <o, a;>1,j=1,...,m.

Similarly A-HF spaces can be defined.

These new Hardy type spaces in simpler case of unit disk were introduced recently in
[3]. Some sharp embedding theorems were proved for these classes of functions there.
We note as it was indicated in [3] these results are valid also in higher dimension namely
in the unit ball. We formulate unit ball versions of some results from [3] below. Then
we introduce similar spaces in bounded strictly pseudoconvex domains with smooth
boundary and discuss possible extensions of these and other sharp results to such type
product domains case also. We note this will be the partial goal of this paper to study
such type objects.

We denote various positive constants in this paper by C,Cy,C,C,Cy ect.

Theorem A Let py,..., i, be a set of positive Borel measures on B. Let also 0 < p;;¢q; <
oo,i=1,...,m be such that in: % =1.
i=1 \ Di
Then the following conditions are equivalent.

) J e ] XL UGr ) i 21) ) < € T

B B i=1
20 ] T2tz 0 2)-pinn) < & LA
m (1 —|ag|)d i (z1).-.dpm(zm)
3
) (5333)341«[11 0z
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Proof of theorem A. For A..H” spaces we provide simple unit disk proof for m=2,n=
2 case, the unit ball case can be obtained by repetition of arguments based on same
estimates, but in the ball (see [5] for these estimates). The m >2,n > 2,n € N,M.H”
cases need small changes.

We have for positive Borel u measure in (see in [5]) D; = {|z] < 1} and f function

Df |f(2)]du(z) < c%[Cl( 1) (E)] x (Ax(f))(E)dm(&E) (in the ball this is valid also see [5])).

We then apply this by zj, then by z, and then we use Fubini’s theorem.
We get as a result the following obvious estimates in product domain D3 = D; x Dj.

[ 1661z2) % dur () dpa(z2) < (19] = 1911 162/) <

2
Dl

X (/(Aw)zl(Aoo)zzW)dm(ﬁl)dm(iz)) )

2

where S(I) is a usual Carleson box, (see [3]); and T ={z:|z|=1}, I is an arc and

Ta(§) = {z€ D1 =&l < a(1—[2) } and Ax(£)(E) = swp_|f(); C1(w)(E) =

€l ()
= | su 1) x d .
<55> () <s<f1> MZ))

The rest easily follows from Holder’s inequality. To prove the reverse we put (f;)(z) =
1
(1—la]) 7 g L
(m ,ZED,aEDm,l:1,2,...,m,(1—az) =
m
= 1 (1 —axzk)?;ax,zx € Dy, and apply standard arguments (see [3]).
i=1
Theorem B Let uy,..,w, be a set of positive Borel measures on B. Let also s > 0,p >
0,g>0,s+ 9 _ 1. Then the following conditions are equivalent.
p

)
m 1 S
(BP)/ / 1 “’X(kfll‘(l_(w; 7';1;';"“) s (@) () <
< cllfI_ e
2)
n (a)
(;5913”)! . !\f(m, > 2m)| 7 X (;E|1—(<ak,::>|"“> A (21)--d i (zm) <

<alllfllL,
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(1= a ) (21)...dpin(zn)
(p)//kHl ﬁiuia?,zwwilz )

We refer interested reader to [3] for proof of theorem B in the unit disk, for the
case of unit ball proofs are the same based on some results from [5]. Moreover it is
interestiing to note two implications 2) => 3) and 1) => 3) in both theorems can be
easily similarly extended to more general M..H” A.H" spaces.

Indeed consider larger spaces of more general form with general quazinorms on

Xi X oo X Xs LP(X) = LP(X) X ... X X ): X; € C
i=1,om | flls = -l )l x,):0 < pi < oo,i=1,....m.
m
We note that for any function f(z1,...,zm) = 1 (fi(z)):zi € (Xi); we have that || f|[ 5 x) =
i=1

m
[T [l fill ri(x;)s and then we must only repeat our arguments given in less general (p; =
i=1

p),i=1,...,m cases to get one implication ( necessary condition on measure).
We further need some known definitions and theorems from the theory of analytic
functions in bounded strictly pseudoconvex domains with smooth boundary.
Especially we are interested in Hardy H” spaces in such domains to pass some classical
facts to the case of product domains.
Let D be bounded strictly pseudoconvex domains with smooth boundary, vg be outer
unit normal to the boundary of D, dD =T,d& or d§(&) is a Lebegues measure on dD.
Let f be analytic then, feH?” (Hardy space in D); 0 < p < o if

(Tm) [ 17(& —eve) "(d(E)) < ==
oD

(Withﬁnatureﬁll extension for product domain mixed norm (quazinorm) case, we define
MoH AuHP p;>1,j=1,..m function spaces as we did in the ball.

The natural question is to extend these sharp results (theorems A, B) to bounded
strongly pseudoconvex domains with smooth boundary in C* and other maybe even

unbounded domains, for example, to look at similar Hardy type spaces in tube domains.
(see [8])

Theorem C (see [4]) Let D be bounded, dD =T € C?, then

| sw 1£@Pd(E) < cpalim [ 16~ eve)lrag
r

T 7€Aq (&)

if >0, where Aq(§) ={zeD:[(z—&,ve)| < (1+a)8:(2): € —z7’< o8 (z)}, and where
¢ (z) = (min) {(dist)(z,dD), (dist)(z, Té)}, where (T¢)(dD) is so called tangent plane
region to dD,DeC".

We provide a famous Hormander result, sharp embedding for Hardy class in bounded
pseudoconvex domains.

15



ISSN 2079-6641 Shamoyan R.., Loseva V. V.

Let B(z,r) be Bergman (or Kobayashi) ball in bounded pseudoconvex domain D. We
say p positive Borel measure is Carleson if u(B(z,r)) <c¢(8(z)");n>0,z€ D,r > 0. In
theorem D we give another (equivalent) description of such measures.

Theorem D (see [4]). Let u be positive measure in bounded strictly pseudoconvex
domain D. Let

/ du | <C(8");& € dD,8 > 0,where (1)
(€:9)

(A(€,0)) = {zED: [(z—&,ve)| <0,]z— €| < \/g},where C > 0 does not depend on &,9.
Then there is a constant ¢’ >0, so that for every f,f € H5,p > 0 the following result is

valid
/ FEIdn(E) Q F(E)Ias( ) @

and moreover the reverse assertion is also true if (2) is valid then (1) is valid.

[t is natural to ask about similar type results for Hardy type mixed norm analytic
spaces.

Namely

P2 .

Amr={renom:| [ Q/ f(é)Pld%)) Ld8(E) | <,

and
B
Pm

AHP = feH(D"): / (/ sup f(z)mcm(gl)) LdSE | <o

T Z€Aq(§)

1)

function spaces, where 0 < p; < o0, i=1,...,m
Let (vg) —{z€dD:|(z—&,ve) El </}, (vol) (VE) = .7 > 0. (see [4])

Theorem D; (see [4]) Let D be bounded in C* with C? boundary.

Then for each o >0 we have the following sup |u(z)| < (Cq)(Mu)(&); for every
2€Aq(8)

u € C(D), plurisubharmonic in D, where

(1) €)1 = (sup) ( 5 (1@) [uase |
i

and || P u(@)ller < callM(u)(E)ller < cllullr, 1 < p <o
€Ay
Other estimates of similar type can be seen for example in [10-12].
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[t will be nice to extend these assertions to the case of mixed norm multifunctional
function spaces on product domains. Finally at the end of this section we introduce new
interesting scales of function spaces in bounded pseudoconvex domains with smooth
boundary .

The separate study of properties of such spaces is a new interesting problem.

Let 0D, = {z: p(z) = €}, for defining p function of D domain.We denote by H(D™)
the space of all Analytic functions on D™. Then weighted Hardy spaces can be defined
as follows on product of pseudoconvex domains with smooth boundary. (We consider
model case of bidomains, the case of polydomains are similar).

(FI&) ={feHD?): | sup Y zf‘ sup
0.k
21€(2,20) |at| <k 22€(0,20)

oD
1 3\
P2 P2
P1
Y @) [10of1do, | do, | <o
‘a‘SkZ 8D2

Vs

with natural extension to m > 2 case or another scales of weighted Hardy type spaces
in bounded pseudoconvex domains with smooth boundary

~p
(Hak) z{feH(Dz):< sup ) Y Y ') x
21,2€(0.20) /) || <ky |at|<ka

P2
P1
X / / D f|” do, do, <0

aD,, \oD.,

Vs
0;>0,j=1,2,0<p;<eo,i=1,2 (for m=1 for all these were studied in [7]), f = f(&1,&2)
(we refer to [7] for D% operators).

[t is classical that Hardy spaces can be characterized via Lusin area integral Az (&) in
the unit ball. The natural issue is to define spaces of Hardy type in product of bounded
pseudoconvex domain via Az (§1) x ... x Ag (§,) sets, where Az(§) in pseudoconvex
domain was specified above (Lusin region and Area integral). These Hardy type spaces
we define below are new. Some similar type spaces in such domains studied very recently
in [3, 7]. and now we define new scales of Hardy type spaces as follows.

HO(D™) = {feH(Dx ..xD):

|| [ [ e (ﬁ (2) Jdvm))

0(1 51 A[xm ém

< oo
L9(d$,...d8,,dD...9D)
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0<p,g<oo,0;>(—1),j=1,....m,6(z) =dist(z,0D),z € D,Z = (21, ...,Zm)
or

HI(D™) = f € H(D") :

)

/ / / /]f(Z)I‘“ﬁf“(z)dV(zl) 8% (2)dV () | < oo

ID \Au(§) 9D \Aa(S)

0<gi<ooi=1,..ma;>—-1,j=1,..m

Defining various (mixed norm) spaces of Hardy type on products of bounded pseudoconvex
domains with smooth boundary it is natural to show some relations between these scales
of analytic function spaces and relations with other spaces in general. This is a very
large topic some preliminary results will be provided in this paper. Such type spaces
have close relations with so-called multifunctional analytic function spaces (see [2] for
example for some recent results in this direction) and theorems A, B and theorems
below.

Below in this section we provide some extensions of theorems A and B to pseudoconvex
domains with smooth boundary. Our results here are not sharp and some sharper
versions still should be probably found.

We first give multifunctional result related with theorem D;.

m
Theorem 1 Let 1 < p; <030 < g < 0ji = 1,...,m,0 < S <o0; (1) = ¥ (1%)
i=1 \Pi

Let u be Carleson measure in D bounded pseudoconvex domain. Then if there is a
P

family Q; so that [ | sup 55 f|f|d6 d,u()<c||f||P forall Q,CcV{, zeD,1<p<
D\ v

¢
S

m
Then ,{ 8313 f filtde | du(z) | <¢ll Ifill 73 fi € LP(dD,0),i =
£ =
=1,..mp;>1,i=1,.
The proof follows directly from Holder’s inequality and the mentioned one functional
result. (see [3] for various other similar multifunctional results).We omit easy details.
Similarly extending theorem C we have.
Theorem I’

m
Let 0< prgi <ooi=1,...ma>-1;0<S<e () =Y (%) fieHP i=1,..m
l- 1
<c I 1l

SUP( Ifz|q’)
Aa(é) i=1 LS

Extending partially theorems A, B, D we have the following theorem in bounded
pseudoconvex domains with smooth boundary with smooth boundary.
Theorem 2 Let pj,i=1,...,m be positive Borel measures on D,0 < p;,q; < o0,i =
m
o, ¥ =1,85>0,p>0,4>0,5+%4=1. Then if
i=1 Pi

Then we have that

(s0) [ 17zl (0 oGP T L) < €l
a/d, i=1

18
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or
JTTstern o Ttz < e TT1 o
Dm i= i=1 i=1

then u;,i =1,...,m, measures are Carleson measures.

The proof is a simple repetition of the unit disk case (see[3]), but use theorem C
and some new results from the theory of pseudoconvex domains with smooth boundary
namely estimate from below of Bergman kernel on Bergman ball and estimate from
above of Bergman kernel on dD, (see[16, 17]).

We for our proof we repeat arguments used in the ball use three facts, first, choose
standart test function

m m
fow) =TThHw H )(zi,wi)- 6V (zi)),zi € D,wi €D,i=1,...,m,
i=1 i=1

where 6(z) = dist(z,dD) (see [2, 9]), z€ D, for some 7,7 >0,v>0,v=v(1,n).
Then according to our maximal theorem C we have that

“fHAmHP(Dm) < CH HfiHHP(D)
i=1

Then it remains to use the following Lemma taking into account also that H? Hardy
spaces can be defined as

(H")(D)={ f e H(D (p) / F(E)Pdo(E) <= b

>0

0<p<e;dD;={z:p(z) =t}, (see [10-12])
Lemma (see[16]). Let o, > —1,5 >0, then V, € D,0 <t <1

| Ka(e)Fdo(x) = (p() +1)" in < gand p(z) = 8(z).2 € Dug = ats.
{x:p(x)=t}

And it remains to use that
|K:(z,a)| > |K¢(a,a)|;z € B(a,r),ae D,T>0,T€N

for every Kobayashi ball (see [17]) and follow standard argument to get estimate from
below.(see[17])

Combining all estimates we will have u;j(Bp(a,r)) <c6"(a),a € D,n € N. Hence u; is
a Carleson measure j=1,....m

Remark 1.

The same results to our last theorem with almost the same proofs are valid for AM?

space and even for more general versions namely for ALHP and AMP spaces in one
direction with mixed norm. The proof also and again is almost a simple repetition of the
unit disk case (see [3]), but use theorem C and some new results from the theory of

19
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pseudoconvex domains with smooth boundary namely estimate from below of Bergman
kernel on Bergman ball and estimate from above on dD, (see [16, 17]).

Moreover similar results with verry similar proofs are valid in ubounded so-called
tube domains over symmetric cones (see below).

Let further

MEHP = fEH(Dm):<sup> /...(sup) / 1 (2)|PdBe < oo b,
£1>0 £,>0
aDgl ang

0< p <o

AP = reHD™): | sup / / fE)P.dBe < o0 b,
>0
&En>0 aDel dDg,,
0< p<oo.
Note our last theorem also can be similarly shown for these analytic Hardy type
spaces (instead of AHT classes).

2. Some remarks on Poisson integrals on product domains and related
problems

In this section we introduce new Poisson type integrals on product domains and
discuss shortly some interesting questions and problems related with it.

Our main results in our next section are closely related with Hardy type spaces from
one hand and with Poisson integrals from the other hand.

For a finite complex Borel measure on §,, we define closely related with Hardy spaces

(1= |z)"

———=—37 € By, EE, € N;
(I—gzyp] " € B’ € Bun

Plul(@) = | [ Pz.8) du(E) | iz € BiP(E) =

(see [6]) so-called Poisson type integral of Borel positive measure pu and then define an
obvious natural extension

jﬁ](l —|zj?)mdu(&)

P[,“](Z],.--,Zm): ;ZjEBn;j:L...,m.

m 2n
S H1|1_<Zja§>|ﬁ
i

Note m =1 we have standard Poisson integral. Then for f € L!(S,,do) we define P[f]
on By, (see [6]). P[f](z) = [ (P(z,&))(f(&§))do(&E);z € By, do is a Lebegues measure on

Sl‘l

S, and more generally we define

Pﬁ[f](Zl,...,zm) —

2 1
P

= /-{/ [ﬁP(z.,-,ﬁj)] £(Enln)Mdo(@) | o) |
J

Sn Sn

20
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zj€B;j=1,...m, (similarly Ps(u), 0< p; <oo;j=1,...m i = (U1,...4n) Where y; are
positive Borel measures on B,,j=1,...,m.)

In the unit polydisk similar functions were studied in Rudins book (see [18]). Our
objects are of more general form.

Note also that we have

<sup |f(Z)I) < <p) ( / P(z,e:>f<&>1’dc<5>) 0<p <o (1
z€B, z€B, 5

(see [6]) for all f € HP .z € B.
Using ordinary induction and one variable result we have on product domains the
following as an analogue of (1).

(sw) |f(z15-es2m)| < sup -

ZjeBn Zm€B

f2 pm

[ P (p) (/ £ &)l < P, &oxdo(él)) do(E) |
Z1€B

Sn

0<p;<oo,i=0,...m,fcH (B

For €Sy, 00> 1, let T (&) = {zeB, : [1—(z,&)| <o (1 —|z]*) }, T (&) regions (Luzin
cone) fill, B, as a — 0. (see [6])

For feC(B,),a > 1 we define (Mqf)(&) = (sup) {|f(z)| : zeTo(E)}, the same can be
defined for product domains, we have (MgP)[u](§) < c(Mu)(&), where

M=) (&) = (sop ) LEGE),

on S, (see [6]). For general version of P[u] we can show easily more general result
using induction and one variable result.

EeS, for every finite complex Borel measure u

P2

m _n_ Py 1
EL ™ e
sup / / - % xdu(&) | -dp(Gn) | <
stl“a(éj)j:l,...,ms S |1 éj,Zj|p,i*1
=1
<CHMTJ(N1)(§J)
J=1

for some positive 7;,j=1,...,m,7; = Tj(ﬁ),pj >1,j=1,..m

Next we have that if y is a finite complex Borel measure on S, then (see [6])
K lim )1 Plu)(&) = (d_u) (&), z€ Dy(&), for almost every point E€S,.

z—¢& do

We can consider the same problem for case of more general (P[fi]) Poisson integral
on product domains, then also we can turn similarly to other questions on general
Poisson integral.

21
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For example, the following results can be seen in [6].
We as usual define similarly H(B).

HY = {f € H(B) : Mp(f,r) < o},0 < p < oo;

where M5 (f,7) :Sf]f(ré)\PdG(‘g)
Let '

BMOA = f € H*: | fll3mo =

~FOP+sup (555 ) % [ 17~ foPol@) <=
0

where fp = @gf(g)do(g), where Q(w,r) = {g €Sy [1—(E,w)|? < r},

weS,, r>0.
Theorem F (see [6]).
Let f € H?. Then f € BMOA if and only if

aeBy,

<sup> 17 = 1(@)P(Pla.&))do(E) <=
Sn

The natural open problem to find an extension (or analogue) of this result, where
m
1 P(a;,&j) is involved, aj,&; € B, j=1,...,m.
j=1

We turn to other problem.
Next let & € S,,r >0. (Q,(§)) ={z€B,:d(z,§) <r};

d(z,w) =1|1—(z,w) \%,z,w € By,.

We call Q,(&) Carleson tube at &.
We say u is a Carleson measure ( u is a positive Borel measure on B) if

w(Q(E)) <cr’™ & €8,,r> 0. (see[6])

Theorem E(see [6])
A positive Borel measure u in B, is a Carleson measure if

(Zs;lBP;) (B/ (P(z,co))du(w)> < oo,

The natural problem again to find some extension of this classical result to general
~ m
integrals with general Kernels P(z,§) = | II P(§;,z)) | ,%i,2i € B,
j=1

j=1,...,m and some related integrals on product domains.

22
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3. On Poisson type representation and decomposition of Hardy type
spaces in the unit ball in C”

The problem we consider is well-known for functional spaces in R” (the problem of
equivalent norms) (see for example [6]). Let X, (X;) be a function space in a fixed product
domain and(or) in C" (normed or quazinormed) we wish to find equivalent expression
for || f1..-fmllx;m € N (Note these are closely connected with spaces on product domains

m m
since often if f(z1...zm) = [1fj(z;), then [|fllx = II || fjllx;- These results also as we’ll see
J j=1
extend some well-known assertions on atomic decomposition of AL, type spaces.
To study such group of functions it is natural ,for example, to ask about structure of
each {f;}"_, of this group.
‘17

This can be done for example if we turn to the following question find conditions
m

on {fi,....fm}; so that ||fi,..., fullx < [T Ifjllx; decomposition is valid. In this case
=1

1=

m
we have if for some positive costant ¢; [T || fjllx; < c[lfi-.-fullx; then we have each

i=1
fj.fj € Xj;j=1..m where X; is a new normed (or quazinormed) function space in D
domain and we can easily now provide properities of {fj} based on facts of already
known one functional function space theory. (For example to use known theorems for
each fj € X;, j=1...m on atomic decompositions). This idea was used for Bergman spaces
in the unit ball and then in bounded pseudoconvex domains with smooth boundary in
recent papers [2]. We, in this paper, extend these results in various directions using
modification of known proof.

We provide a complete proof of basic known case then show in details how to modify
it to get new results. The old known proof is simple and very flexible as it turns out
and we can easily get, as we can see below, various new interesting results from it
directly. This remark is leading us to provide only some sketchy arguments sometimes
below of proofs when we deal with new theorems, since the core of all proofs is basically
the same in all our theorems. Here is the transparent proof of the classical case of the
Bergman space A%, case in the unit ball C". The case of Bergman space in more general
pseudoconvex domain can be seen in [2].

m
We show now that || fi... fi||4» < TT || fjll4» is valid under certain integral (A) condition
foi=l %

(see below) if p<1 and if T = f(p,&l,...am,m);
Note from our discussion above the only interesting part is to show that

IT Ifillag, &) < €1l fre--fnllags).
i=1

since the reverse follows directly from the uniform estimate (see [3])
oj+n+1
F@IA=fz) P <clfllag:0<p<etoy>—Lj=1,..,m

and ordinary induction. This lead easily to the fact that 7 can be calculated
m
T=n+1)(m—1)+() ajia;>—1;0 < p < oo
u=1
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Note also similar very simple proof based only on various known uniform estimates
can be used in all our proofs below for similar inequalities for various spaces. So we
mainly concentrate on reverse estimates (see [6],[2]).

Note this argument also allows easily to obtain even more general version with
| f11P1...| fn|Pm instead of |f1]?...|fim|P (Which was discussed above where
0<pj<oo,
j=1,..m).

Let us now return to the proof of the reverse estimate.

Assuming that

). (@) (1 —|2])%dV(z
i edonn) = | DDA D0V "
B [I(1—<zw;j>) =
j
o>op,w;eEB,j=1,...m.
Using Fubini’s theorem and extended version of the following estimate (see [5])
ntl4a n ~
JIr@Ia= 1?5 av () < el ()
B
a>—-1,0<p<1,feH(B);
/(@) 5
= B H B
f(2) T’ > OweEB.fe (B)

we get for t=(n+14+0)p—(n+1),7>—1
H/|fk(Zk)|p><(1—|Zk|)a"d5(zk)=
=1y

://ﬁ|fk Zk ﬁ 1—|Zk| ade(Zl) d6<Zm) <

=
cof [ [ A <Y

m n
BB H\l <ZZk>|H+a

—

<10 =[x a8 e 43 e Sc/Hm gk

k=1

1
><(1—\zyz)fda(z)/.../na—|z,%1>ak>< _ o d3(a)- 8z
B B! kH|1—<sz>|

where o > —1,k=1,..mt=(n+14+0)p—(n+1)>—1);a > op;
o = Op(n,m,0y,...,0y). Using the estimate

/ —[2)?)av(z) c__.
|1_ <zow > |THHES = (1T [7]2)S°
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t>—1,8§>0,z€B;
We get finally from (A)

[ [ 1AP0 P avi) <e [ TTAER0 - kP av() <o
k=17 B

k=1

m
where 0<p<l,;y=(m—1)(n+1)+ ¥ o> —1.
k=1

A carefull analysis of this proof shows that various extentions can be provided by
small modification of these arguments.

In last sections also we provide some new results on atomic decomposition of
Hardy multifunctional spaces using Poisson type integral formula in the unit ball
and Henkin type representation formula in case of pseudoconvex domains with smooth
boundary.Theorems on atomic decomposition of Hardy spaces (one functional case) in
various domains attracted much attention in recent years (see [2,11,19,20]). We provide
an extention to multifunctional case.

Though Poisson type and Henkin type formulas serve as base of all our proofs in
last section in this direction, we mention some recent results ,where the same problems
were solved in Bergman spaces via Bergman representation formula.(see [2]for such
results)

The following result is valid in the unit ball though some extensions in pseudoconvex
domains with smooth boundary were provided also in recent papers [2]. We provide
Bloch spaces version, the similar result is valid for Bergman space. This result will be
needed for us later. We denote by V the gradient of f (see [2, 6]).

Theorem C’ (see [2]) Let fy € H(B),k=1,...m;m € N. Let (f1,..., fu)5 =

1-m
V(i fn) (l0g-55) (1= [ <o

Let also for all i=1,....m,

f] (Z])Vf,(zl)fm(zm) =

m

=z
a m n+1+a;

B IT(1=(zz) ™

Jj=1

/ V(fiyees ) (2)dVi; (2)

for some positive oy,k = 1,...,m, where z; € B,j = 1,...,m;b > n. Then there exists
a sequence {a;} in B such that every function f; can be represented as (f;)(z) =

b
la:l? .
(o) () (0 k=t wnere {6} e sfas)en

K
j=1,...,m and the series converges in weak topology of B. Conversely if f; has the form

(K) then (f1,.... fm)g < o°.

This theorem, as we see , gives immediately atomic decomposition of multifunctional
Bloch B class of functions (see [2]). One of main intension of this paper is to try
to find complete analogues of this result for multifunctional Hardy - type spaces in
pseudoconvex domains with smooth boundary and in convex domain of finite type in C

In this section we prove our main results first for unit ball case.
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A classical result from the theory of H” spaces says (in the unit ball in C") that
| [ P(z,E) f(E)dS(E)|| e < C||fllur;p > 1 where P is classical Poisson Kernel, S is a unit
S

sphere; S = dB,,.

We find first complete extension of this result to the case of several functions
(products of functions) and then to much more general D domains in C* simultaneously
(for p=1) extending classical Poisson type Kernel to product domains D x ... X D.

First we give a detailed proof of the unit ball extensions then turn to convex domains
of finite type and to bounded pseudoconvex domains with smooth boundary in C". This
gives solution of atomic decomposition problem for multifunction Hardy space.

In the theory of Hardy spaces the role of invariant Poisson Kernel is fundamental
and very vital.

Some extensions of known results on Poisson integrals and Poisson type integrals
in the unit ball and in the Polydisk can be seen in [13,14]. This paper provide another
list of such type results concerning Poisson type integrals in the unit ball and bounded

pseudoconvex domains with smooth boundary. For our proof we need (see [6]) [ |1do'(§)|a <
s

W;a >n,rel=(0,1),(Ap) . Note first that from ordinary induction and known

uniform estimates in the ball

(su0) @I =227 < el
ZEB

0<pi <oo,i=1,...,k+ 1k € N, we can get the following estimate (even for H? spaces
in various domains tube,pseudoconvex ect).

(Sup) / ﬁlﬁ(@lp"dc(é) (1 =pyremY SCﬁHﬁHHPJ (A)
St: i=

r<l1

Assume further 1

Pi

[Tl < vl T { [ 1) ()
i= roj= S

(the reverse is obvious this assumption will be dropped below) for r € (0,1);p; > 1,i =
1,...,m. As we just showed the same type result is valid in AL, Bergman space. Moreover
for Bergman classes (even in various domains) under certain integral condition (see [2]);

(ﬁ] ﬁ(z)) Ve ()
01 ()] = () [ 7 ——wj€Bj=1,.m (©);
B iH(l_ZWj) g

=1

where a > ap; ap is large enough the reverse is also true, so we have
m m P
[Tz o) = ITTUA" e, (B);
i=1 i=1

T1=(m—1)(n+1)+ <Z Ock>; o > —1 (see [2]); (The proof of this theorem even for

pseudoconvex domains with smooth boundary can be seen in [2])
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We now wish to show (B) type sharp result for weighted Hardy spaces (and not only
in the unit ball B) using Poisson type integrals and it is properties. So we have to show
only the reverse to (A) and (A’) using some version of (C) for Poisson (not Bergman)
type integrals.

We have the following result which is valid even in bounded pseudoconvex domains
with smooth boundary (and in particular in the unit ball).

Theorem 3 Let 1 < p<oo; f; € HP;i=1,...,m; then if

s ({1 102121 ao(@)
[T =ca| | == (=l (G);
=1 $n [1(1-¢8z;)*
j=1
(Special integral condition) z; € B,i=1,...,m;o > n;|zj| = |z|; we have

(su) (11 ) (5/ ﬁﬁ<ré>Pdc<é>> <

(sup)ﬁ (8 25 (G).

r<l/ k=1

and reverse is also true for p=1.

Remark 2

Our Estimates may have many applications in the unit ball. (Note (G) almost vanishes
for m=1, a =2n case and for « =n, m =1 case it vanishes ).(see [6])

Remark 3

m
(Gy) is also valid for [T |fi|P" with same proof 1 < p; <eo,i=1,....m

i=1

Remark 3’

Theorem 3 gives an analogue of theorem C’ for weighted multifunctional Hardy
spaces for p=1.

Proof of theorem 3
Note first using Holders inequality we have (see [6])

|P<c/P EVFdo(E);1 < p <o, feHT.

Note first it remains to apply this to (ﬁf,) to get approximately (G). Note for p=1

1
case we get immediately reverse to (Qy),indeedwegetdirectly from(G)and(Ay), and then
estimates (A), (A’) the estimate (G;) and the reverse estimate for all p > 1 easily.
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Concerning second estimate (A’) we use standart arguments. We first get

Gt = (FIRNGE ) %o (T1FlE) e )i i 11i=
=1,...m; f; EHPi i=1,...,m then apply to (fr)(z) = f(Rz);R < 1 function to get that

(fl7 fm) <c H f|f,(R§,)|Pld§l < &sup H [1£(RE)|Pdé and it is not difficult to show
i=1§ R<1li=1§

finally that I%iml Gr(f1,--s fm) =G(f1,..., fm)-(see[6]) And, hence, obviously (sup) (H i |fl~(R§)|Pid§) =

R<1/ \i=13
¢ Ll illge:

Theorem is proved.

For same theorem in bounded pseudoconvex domains with smooth boundary in C"
we have to use only some estimates from [1] and equalities taken from [2].(see below).
Complete analogue of theorem 3 can be also valid in harmonic function spaces, matrix
ball, in minimall ball, in tubular domains ect. with the same proof.

Remark 3”

Let B(z,r) be the Bergman ball in B

P
q

XparB) =Y fEH@): Y| [ V@IV | <o

20 \p(ag.r)

S

VoarB) =4 reH®): [| [ 1f@EO—I)ave) | aviw) <o
B \B(w,r)
0< p,g<oo,T>—1;

be analytic Herz type spaces.
In the unit ball we have that for Herz type X, ,: and Y, , z spaces.

q

Z / |f177fm|q(1_|Z|)TdV(Z) S
K20 \b(aer)

S cX ||f1||Xp,q,a] X X ||meXp.q,(xm

for some fixed 7,0, oy, just use induction and an estimate
)
<sup|f,'(z)](1 — |z\)> < c||fillxpam , forsomety,i=1,....,m
zeD
Similarly based on similar uniform estimate for some %,a;, j=1,...,m. we have

4

q

/ /|f1 @I~ [)%av() | aviw <
< il X o X Wl
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We now can use Bergman representation formula (C) to show the reverse to these
estimates, namely for example that H 1 fill¥y g, < EllSf1-finlly,, -5 Tor some o4,i=1,....;m,T >

0,/;€HD),i=1,....,m. See [23] Where we obtained such type sharp results.

We refer to recent paper [21] for some other new sharp results for Herz spaces in
higher dimension.

4. On some new results concerning Poisson type integrals and Hardy
spaces in bounded pseudoconvex domains

In this section we now want to extend our results of third section in the unit ball to
bounded pseudoconvex domains D = {z:p < 0} with smooth boundary.

For any bounded domain 0 < p < oo with smooth boundary we have by induction for
f=fi.fmi1; as in case of unit ball. Note dD; = {z: p(z) = €}.

(i‘i%) C/ filPdo (& )x(f) (t=nm—n)) <
< [sup (Suplfl\”(e)">] : C / fz<é>...fm<¢>waf<e”>) <M
€ 0D D

M< [(21;2)] AE)PST Q/ |fa-- fm”d5> ((e7™) <

ClAlz) - (/ /2. fm”dé)( ") < CullAillg-- Ul fmllzze):

The same result is valid also for more general case when we look [H (]fi|pi)] ;0<pi<

oo, =1,...,m; with same proof.

Since |f(z)| < C||fllar(d(z,0N) 7 ) fE€HP;z€D; for 0 < p<ooand for any bounded
domain in C" with smooth C? boundary ( see [10]),

where HP = {feH(D): (sup) (af ]f|pd6(§)> <oo}; for0<p <o

e>0 D¢

Note weighted Hardy spaces with quazinorms (sup) (( i ]f|PdG(§)> 87) < oo;
d

>0 Dy
0 < p <eo,7>0 were studied in [5,7] ;

Let us show the reverse to this using Poisson type integral formulas in D see [9]
and estimates for Bergman - Siege Kernel.
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Let us show the reverse estimate following unit ball case. We will use the following
integral representations and facts.(see [9])

; do(z) C
5(6 — | < r )i >t
o 8,4 G <6(<§)‘2> °

And (f(z)) = J [(f(E)](M0(z,6))[¢(z,8)| "™z € D (see [9]), where

dD¢

no € C”
Put now form>1,m=n+71,7>0

[(f1(z1))--(fm(zm))] = / P& (f1(&)-fn(8)) x (Mo(2,8))

D¢
XH(|(D Z]? )SD’(K)
j=1
Using (K) we have for /it = (n+ 1), 7 > 0 that (see [16]) s > 0,0 > 1
[ |Ka(x,y)Pdo(x) <[r(y)+1] " 9n< q;q=asS;t € (0 €); and hence

x:(r(x)=t)

ﬂ(& Z ﬁ-(z»dc(z») SC(ilig) Q Z (ﬁlﬁ(é)) x<6<5>>"+"m);

The idea we use in section 3 is the same, we have §(§) < p(§) =¢; if & € IDg.
So we get what we need if (K) holds we have that

(sur) (ﬁ) C/ fj(z]')dc(zj) Csup (&/ D EGI2E )("’"")

Let {ax} be fixed r-lattice in pseudoconvex domain D ={r < 0} . We now define new
weighted Hardy type analytic function space as A space of all analytic functions with
quazinorms.

11, =50 3 C / f(é)”mé,ak)Sdo¢<6<ak>>’?) () <o
>0 \5p,

a>0;7,5>0,0< p,g <ok >0,k > k.
Note if g = p we have that

£l 20(3133) C/ f(é)Pd%) (")
D,

for some §> 0; since by Forelly - Rudin (see [2]) estimate we have

(8@)) L ike(Ean <e ¥ (86,") [ Kelw&)Paw < er(@) =

k>0 k>0
B(ay,p)
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for some parameter v.
For k =s =0 we have here known weighted Hardy space.
[t will be nice to extend our result to this spaces.

5. On Poisson type integrals and Hardy spaces in convex domains of
finite type

In this section we provide some direct extensions of results of third section to convex
domains of finite type.

Since A” | = HP,0 < p <o and for A}, Bergman class results of third section are
known (see [2]) our theorens and estimates can be considered as extensions of these
results for AL spaces.

Note also for Af classes such type estimates were used in [2] to get new results for
atomic decomposition of multifunctional Bergman spaces, similar direct corollaries we
also have from results of this paper for some weighted multifunctional Hardy spaces.
For one functional such results we refer to [10,19,20].

For example, the natural question is can be decompose each (f;),j=1,...,m into
atoms as in [10,19,20] if

(SUP> / (ﬁfl(é)‘do(é) (") <oo,m>1,n €N, f;is analytic.
T

>0

In convex domains or bounded pseudoconvex domains with smooth boundary our theorem
of forth, fifth section provides a positive answer under certain integral condition (Poisson
type integral representation).

The proof of convex in C* domains is based on following simple observations.

Let D be convex bounded domain of finite type.

We show that in particular if

i a1)efinen)] = [ (Q(8.D) (FE)dO():fi € HYi= 1, om ()

X

where X is a subdomain bounded in D; D C C";z; € D;(f) = ﬁ (fj);0(&,7) is a Poisson
j=1

type Kernel in D, 0(£,2) =0(&,Z,,....,Zy),z; €D, j=1...m, ther; H){(Qy(é,Z))(f(é))dc(é)ny(m <

CHny(D) where Y is a weighted Hardy space in D for p = 1. Moreover we show the
reverse of this also.

We now discuss the case of convex domains in C" of linite type based mainly on
results from [15]. We refer to [15] for details concerning Q,K;,S functions and some
details on convex domains of finite type.

Note first that fi(z) = fi(z) . Wereferforz, map to same paper.

We repeat arguments of third section again.

Note also

| Kz 8)Pdo(&) < el V); 1)

EedD
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and (see [15])

do(§) < Cy (") (2)

&edD

the second estimate (we can put this as additional assumption) can be obtained from the
carefull analysis of the proof of the first estimate (see also[15] for the proof of similar
estimate )and note now that following integral representation solves our problem (see

[15]).

(filer)-Unlam)) =er® [ (7))
EedD .
where ¢ =n+7,7>0,z;€D,j=1..m.
The rest is the repetition of the proof of the unit ball case we provided above, we
omit easy details here .
So now if (3) holds then we have as in the unit ball that

(sup) Q/ hi(@)ldo... [ fm<zt>do) <C s [ 1j()ldo(@) |
D oD

EeD

For bounded convex domain of finite type the reverse is also valid.( see for this the
previous section based on known uniform estimate for Hardy spaces in such domains
see for example [11,12]).
Namely we have that

sup(" ") / 7(©)ldo @) < Tl @

t<0

m - m
Note similar to (4) is valid also for [T || fillg»i,pi > 1,f = [I fi- this can be easily shown
i=1 i=1

using same uniform estimate(see also previous section)

6. Some remarks on Hardy type spaces in tubular domains over
symmetric cones

Finnaly we add some remarks on embedding theorems for Hardy type classes in
unbounded Tubular domains in higher dimension. Let T4 be a tubular domain over
symmetric cone, let )" =Ty x --- x Ty, H(T}") be the space of all analytic functions on
().

Let B(z,r) be the Bergman ball in Tj.

Let A%(y) be determinant function. We refer to [22] for basic details on function
theory in tubular domains over symmetric cones.

Let By(z,w) be the Bergman Kernel (weighted) in Ty

1
AV Z—w
i
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Similar (not sharp) embedding theorems (see secton 1) are valid with very similar
proofs (we mean only necessity condition on measure) in tubular domain over symmetric

cones. For example, il 0 < p < e we define new Hardy type classes in tube.
Let

HP(T}') = {fEH(TA)

.| sup / sup /|f(x1—I—i}q,...7xm+iym)|pdx1,...,dxmSoo;
')/mEA fn ')/16/\ o

and

HP (Tx") = {feH(TA)

sup /.../\f(xl—|—i}/1,...,xm—l—iym)|pdx1,...,dxm<oo ;

NEA
’ym GA Rn Rl’l

We have the following assertion for Carleson measure (that is for those u for which
L(B(z,7)) < (A7 (Inz));z € Tp (see[22])).
Proposition B Let uy,..., uy, be positive Borel measures on Ty. Let 0 < p;,

qi < o0,i= Zq’—l Then if

/H’fl Zly+-yZm |q Hdul Zi <CHHfl Hp’ OFHp),

T}n 1=

then w; measures are Carleson.

The proof of our assertion in tubular domain is based on two standard facts.

First the important estimate from below of Bergman kernel on Bergman balls (see
[22]) and then an estimate of test function (Bergman type Kernel) on our Hardy type
spaces.(see[22])

We must simply repeat our arguments provided already by us in the unit ball
case.,again using standard weighted Bergman kernel as test function.

Indeed, we have from one hand that

A% (Imz) < |By(z,2) < c|By(z,w)];

(W,T),W,ZE TA,V > Vo;

for some 7, and from the other hand
x+l n
) 0) = [ 189 (52 b= ea) x 4% )y € Asar e R

and also that A® is monotone on A (see [22]) which gives an estimate from above of a
test function in Hardy space norm on product domains immediately.

This new interesting result can be probably sharp and can be similarly easily extended
also to Hﬁ(T/(") and PNIﬁ(T/’\")new Hardy type spaces with mixed norm (see previous
sections for same type spaces in other domains and for arguments needed for such an
extension).
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O KJIACCAX THUITIA XAPIHU B HEKOTOPBIX
OBJIACTIX B C" U CB43AHHBIE C HUMH
ITPOBJIEMbI

P. ®. [llamoaHx, B. B. JloceBa

Bpsinckuii rocynapcTBeHHbIH TexHudeckKud yHuBepcuret, 241050, r. Bpsinck, Poccus
E-mail: rsham@mail.ru

BBeneHbl HeCKOMBKO HOBBIX LIKaJ MPOCTPAHCTB THNAa XapAW CO CMeLIaHHOH HOPMOH B
eIMHUYHOM L1ape., B OrpaHUYEHHbBIX MCEBIOBBINYKJbIX 00/1aCTAX U B TPyOUaThIX 00/1aCTAX
Hajx cuMMeTpudyeckKuMu KoHycamu B C". B 3TuX npocTpaHcTBax 060011A0MIUX U3BECTHOE
NPOCTPAHCTBO XapAu 00CYKIATCs pa3inuHble 3anadu. /s MpoCTpPaHCTB TAKOro THMA
B €IMHWYHOM IlIape MPHUBOASTCS B YACTHOCTH TOYHblE MHOrO(YHKIHOHAJbHbIE TEOPEMBI
BJIOXKeHHs Thmna KapJsecoHa, IPUBOASTCS TaKKe HEKOTOpble MHOTO(YHKLIHOHAJTbHBIE MaK-
CUMaJibHble TeopeMbl. B Tpy64aThiX U B MCEBAOBBINYKJBIX 00JACTAX MOJTYYeHBl HEKOTOPBIE
MpsiMble aHAJOTH U YacTHYHbIe 000OLIEHUS ITUX TeOpeM BJOXKeHHs. [Ipu ogHOM HOMOJHU-
TeJIbHOM MHTETPasbHOM YCJIOBHH IMOJY4eHBl TeOpeMbl IeKOMIO3ULHH /ISl BECOBBIX MYJIb-
TU(YHKLHOHAJIbHBIX IPOCTPAHCTB Xapau B 00/1aCTAX YKAa3aHHOTO THMa,000011aye pa-
Hee M3BECTHbIE TEOpPeMbl TAKOI0 Pojia B Cjyuae OOBIUHBIX OfHO(YHKIIMOHA/IbHbBIX BECOBBIX
npoctpaHcTe Xapau. PaHee mepBbiM aBTOPOM TeOpeMbl TAKOrO THMA OBbLJIM TOJYyYeHBl B
MHOro(yHKIIMOHAJbHBIX MpocTpaHcTBaX beprmana. Hakownen BBoguTcs mnpsimoe 06o0lie-
HUe uHTerpasa tuna IlyaccoHa B mpousBeneHUH enMHUYHBIX WapoB B C" u obcyxpaoTrcs
HeKOTOpble 3a7a4d U 00001eHHsl U3BECTHBIX Pe3y/bTaTOB CBSI3aHHBIE C HUM.

Kawuesoie crosa: ﬂCéBdOBblﬂyK/Lble, sblnyKivle, mpy6f¢ambte O6/LLZCT’HLL, meopemol
B8/00CEHUA, AacCbl muna Xapau, urmeepaar muna Hyaccoua

© Wlamosin P. ®., Jlocea B.B., 2019
[Mocrynuna B pepakuuio / Original article submitted: 29.10.2018

B okonuatesnbHoM Bapuante / Revision submitted: 27.05.2019

37



