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1. Introduction, preliminaries and main results

The intention of this paper to provide complete analogues of our recent results (see
[4],[5])on atomic decompositions in new multifunctional Bergman spaces in the unit
ball and bounded pseudoconvex domains in some new multifunctional Bergman spaces
in tubular domains over symmetric cones and in some related domains.

The problem of atomic decompositions of Bergman and other spaces in one functional
case was considered in various domains in one and higher dimension by various authors
(see for example [1]-[3],[14-16],[7],[10],[12] and various references there).It is well-
known that these theorems have numerous applications in various problems of complex
function theory in one and higher dimension. Note that our results in particular are
heavily based on certain new theorems from [7] and [6] on onefunctional Bergman
spaces in tubular domains over symmetric cones and in Siegel domains of second
type(direct generalizations of bounded symmetric domains). As in mentioned cases of the
unit ball and bounded strictly pseudoconvex domains (see[4] and [5]) adding a simple
new integral condition (which vanish in case of one functional space) we obtain a new
atomic decomposition theorem for analytic multifunctional Bergman spaces in these
domains. These assertions can be considered at the same time as direct extensions
of previously known results concerning one functional Bergman spaces. To formulate
our theorems we need to introduce a group of definitions and notations taken from
[7], [6]. Further we also note our results partially are also valid in so-called bounded
minimal homogeneous domains in C", based on recent results of S.Yamaji (see [8-9]
and various references there).These can be done using same methods of proof which
we present below.The only tool of our rather transparent proof is so-called Forelly-
Rudin type estimate which is available in all these domains(see [7],[8],[6],[4],[5]) and
a well-known uniform estimate from below of a norm of Bergman space which is also
available in various domains in higher dimension. Note more precisely one part of
all our assertions below in various domains and spaces on them is a direct simple
corollary of an argument related with ordinary induction and an uniform estimate
we just mentioned.The other part uses only Holder"s inequality applied twice and the
standard Forelly-Rudin estimate. This can be seen after simple very careful analysis of
the proof of the unit ball and tube cases below. First we provide some known assertions
on atomic decomposition for one functional Bergman spaces , then we provide direct
multifunctional generalizations of these assertions. First we discuss the simpler case of
the unit ball then pass same arguments to other domains. We consider Bergman spaces
on bounded symmetric domains, tubular domains over symmetric cones and then even
more general Siegel domains of second type in C" and new multifunctional A5 Bergman
spaces on them. Since proofs of all assertions in various domains are very similar we
will omit some details below leaving them to interested reader. Let B, or B be the unit
ball in C" , let further H (B,) be the space of all analytic functions in By,(or B).

We define the Bergman class in the unit ball in a usual way.

(48) B = {7 € 1B [ 17@1P (1) av6) <.

0< p<o,00>—1, where dv is a normalized Lebeques measure on B, (we will also
use this notation for Lebegues measure in other domains). We formulate a well-known
theorem on atomic decomposition of usual Bergman spaces A} (By,).

We denote positive constants in this paper as usual by c,cy,c2,... or by cq,cg.
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Theorem A. (see, for example, [1,3,14])
Let a>—1, f€H(By,), 0< p <o, let, b>by, bgp=by(p,n, ). Let f € AL (B,). Then
there exist a sequence {a;} in B,, such that

g (e
AT (-ay)

Where the series converges in the norm topology of (A%) (B,) and Y7, |¢;|” < e, and
where a > o, 0t = ot (p,n,m) and the reverse is also true if (s;) holds then f € A%, (B,)
for same values of parameters.

Let Tq be a tubular domain over symmetric cone, let {z;}7_, be a §-lattice in Tg

(see [7], [11]), ©6 € (0,1) {zj} € To, H(Tg) — be the space of all analytlc functions on
To.
Let further

7Z€Bn (Sl)

AL (To) = {f €H(Tp): /T f (2)]P A% 7 (Imz) dv (z) < °°},

where @ > — 1,1 < p < oo be the Bergman space in Tg, (A’) be determinant function in
To.(or we use below sometimes Ty )(see [7,11]).

We formulate a known theorem on atomic decomposition of (Af) (Ta) spaces in To
(see [7,11]).( well-known one functional result which has many applications)
Theorem B. (see, for example, [7,11])
Let {z;} be a 8-lattice in To , § € (0,1), zj =x;+iy;, zj € Ta,j > 0. Then

1 /1lag = 217 ()" A 7 ()
J

If f €AY, then
Y417 A () <l (2)
J=1

If
L upar ) <

then the reverse to (sy) holds, if f € (A}) then

10 =L () (B (2.2)) (874 ()
j
where By is Bergman kernel ([7,11]).

In [1] and [5], [10], [14] similar atomic decomposition theorems were obtained (or
mentioned) for AL, Bergman spaces in bounded symmetric domains, Siegel domains and
in bounded pseudoconvex domains with smooth boundary for AL spaces (one functional
Bergman spaces).

In [4], [5] these assertions in analytic space were extended to multifunctional (Aﬁ)
spaces in the unit ball and in bounded strongly pseudoconvex domains with smooth
boundary. This paper provide such results in other type domains in C". To formulate
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these results we need some very basic definitions and lemmas on these domains,namely
tube domains, Siegel domains and bounded symmetric domains, and on Bergman AL
spaces on them.

Let Q be a bounded symmetric domain in C" (see [13]). Then Q is uniquely
determined by their analytic invariants namely r-rank of Q, a,b, all of them are positive
integers. The Bergman reproducing kernel is

1
K(z,w) = e W),z,weﬂ,

where h(z,w) is a sum of homogeneous monomials in z and w,

N=a(r—1)+b+2

and the orthogonal projection P of L?(dV) onto A?(dV) is given by the well-known
formula

e = [0 e rav) cee

where dV is the normalized volume measure in Q.
Let further
a>—1,dVy (z) = cqh(z,2)*dV (2),

where cq is special constant so that dVy (z) has total mass 1 on Q.
Let also further

AL(Q) = {f EH(Q): /Q|f<w>\” (h(w.w)")av (w) < °°}’

where a > (—1),1 < p < oo, and where H (Q) is a space of all analytic functions on Q.
The definition of the problem weighted Bergman spaces in classical simplest bounded
pseudoconvex domain the unit ball is the following.
Let

[ @F @ (1-1P) (£%) 4o < o
where

m
Z oy > —l,qj S (O,w),j: L, ,m.
k=1
Then can we say that there is a atomic decomposition for each {f]-} function, j =
1,...,m?
The answer is true when m =1 (see [1, 5, 7]). Our goal is to show that when
gi=p,j=1,...,m, pe€(0,00), the answer is also true, that is each function f;,j=1,---,m
can be decomposed into atoms, under the following additional new integral condition

h (Wl)"'fm(Wm):Cb/ 1) fn(z)dvg () .
B (L= ew)) (1= )

where w; €B,, j=1,---;m, > —1.

The following is our theorem on atomic decomposition for multifunctional weighted
Bergman spaces which completely extends the theorem on atomic decomposition of one
functional weighted Bergman spaces in the unit ball from [14],[15].
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Theorem 1.
Let o4 >—1, f € H(By), k=1,---m, me N and 1 < p <oo or p=1. Suppose that

o 1
b>n+w

Let
) (m=1)(n+1)+LL | o

(oS, = [ TTVAl? (11 av(z).
k=1

If forall z;€B, j=1,---,m,
J1(2) - fin(2)dva (2)

B ,}121 (1 . <Z7Zj>)(n+1+06)/m

fizn) - fn (zm) = Gy (2)

and (fi,- -+, fm)ar < oo, then there exists a sequence (aj) in B such that every function
fx can be represented in a form

(pbfnflfock)

2 P
_y <k>(1_‘“f|) 1 .m
fk(Z)—j;le (1 can) Jh=1,...,m, (3)

where the series converges in the norm topology of A, and Y ’Cy()‘ < oo, k=
l,...,m, b>by, o> o, bo=bg(n,p,y,...,0), 0= g (n,p,...0p).

Conversely if k=1,....m has the form (3) then (fi,- -, fm)ar < o°.

Simple arguments used in proof of this theorem 1 easily can be passed to various
difficult domains in C".

We formulate now our new theorem on atomic decompositions in multifunctional
Bergman spaces in tubular Ty domains over symmetric cones.

Theorem 2. Let vi >"—1, k=1,..m, meN, m>1. Let 1 <p <. Let for some
big enough (Bo) and all B; > Po and z; € To, fi € H(Tq), j=1,...,m.

(01 13 @)) (A7 E P75 (1m2) ) dv (2
H'J?LIA(%)(%BJ) <ﬂ>

1

£ (21) oo fon (2m) = (Eﬁ)/TQ

for some constant cg.
Let also

G(fiseeodu) = [ TTUA @I [A 20 (1) v (2) < o
Q k=1

then fi € (AY) (Tq) and hence the conclusions of theorem B for each fy is valid and
the reverse is also true if fi € A} (Tp) then G(fi,...,fm) < oo.

The integral condition (it vanishes in both theorems for one function m =1 case
according to known result,namely since for all functions from Bergman class so called
Bergman representation formula with large enough index is valid) as it is easy to note
in the unit ball and in tube simply coincide if we put all B; in our last theorem equal
to each other. Proofs in both cases (different B; and equal ;) are very similar and to
simplify calculations it we will work below only with simpler condition.
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We formulate complete analogue of theorem 1 in bounded symmetric domains.We
denote by A} Bergman spaces without weight. We define similarly (as we already did
for unit ball) Bergman space with appropriaate weight with several functions in this
domain.

Theorem 3. Let aj>—1, j=1,...m, mcN, m>1. Let 1 < p <oo. Let for some big
enough o and all o; > g and z; € Q, f, € H(Q), j=1,...,m.

. " fi(@) (h(z,2)%)dV (2)
g (fj) (Zj) = (C((X,-.-7am))/g< s ) Nta)

[ w)]

J

for some constant c.
Then f; € AL (Q), j=1,...,m and there exists and constants cy, c; >0 and a sequence

(WSM)>i € Q such that

<=

2N
h (z,wT)
N
h (Wj7W'}1)

Y (A7) <ctllifillapz€ Qk=1,....m

J

(i) =¥ (2f)
J

And if fi€Ab,i=1,....m then (fl,...,fm)Ag < oo, SO the reverse is valid also ,if each
[unction is From Bergmman class then all group is from multifunctional space.

We will formulate below similar type assertion for more general Siegel domains of
second type based on onefunctional known result of D.Bekolle and T.Kagou (see ,for
example, [12], [10].)

First some basic facts on these domains. Let D be a as usual homogeneous Siegel
domain of type II. Let dv denote the Lebesque measure on D and let as usual H (D) be
the space of holomorphic functions in D endowed as usual with the topology of uniform
convergence on compact subsets of D.

The Bergman projection P of D as usual the orthogonal projection of L? (D,dv) onto
its subspace A? (D) consisting of holomorphic functions. Moreover it is known P is the
integral operator defined on L?(D,dv) by the Bergman kernel B(z,&) which for D was
computed for example in [8], [6,10].

Let r be a real number, for example. We fix it. Since D is homogeneous the function
{ — B(&,8) does not vanish on D, we can set

LP"(D)=L? (D,B™"(£,8)dv({)),0 < p <eoo.

Let p be an arbitrary positive number. The weighted Bergman space is defined as
usual by
AP (D) =LP" (D)(\H (D).

The so-called weighted Bergman projection Pe is the orthogonal projection of L?¢ (D)
onto A%€ (D). This facts can be found in [12,10]. It is proved [12,10] that there exists
a real number &p < 0 such that A>€ (D) = {0} il &€ < &p; and that for € < &p, P. is the
integral operator defined on L?€ (D) by the weighted Bergman kernel c.B'*¢({,z). In
all our work we assume that € > gp.
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The “norm” [| - ||, of AP"(D) with r > ¢gp is delined by

£, = ([ ir@rsGaava) s ea o).

We need some assertions (see, for example, [6,10],[12])
Lemma A. Let h € L” (D). Take p > py for large fired py. Then the function

2= G() = [ BV ()

satisfies the estimate sup |G (z)|B~P (z,z) < c||h||., and G € H(D).
zeD
Lemma B. For each p sufficiently large and for each G € H (D) such that

(s0p) 1682 (0] <=

zeD

one has the reproducing formula

(G(8)) = (cp) /DBHp(g,z) (G(z)) (B (z,2))dv(z),z€ D

Lemma C. Let a and € be in R', ({,v) € D. Then we have
LI ) a) [67% (), () dv (zo) <o

lf & > (2(3161—_‘;261)1> and ((X,’-S)i > Wi_q)i’ i= 1,...,1.

Lemma D. (Forelly-Rudin estimate) Let « and € be in R, ({,v) € D. Then for
& > —ni+2
"7 30d—q),

and

"
> =1,

5= 0y

/D\b”“((C,V),(Z,M))\b_s((Z,u),(zau))dv(z,u) = ca,eb" (£, V), (L, V).

Lemma E. (Bergman representation formula) Let r be a vector of R' such that
ri > ( nit2 ) foralli=1,...,1 and a p is a real number such that

g,
ni—2(2d—q);(1+r) }

1§p<min{
n;

Then for all € € R' such that

@ shag () (5):

i=1,..,1,P.f=f fEAP.
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The known theorem on atomic decomposition of Bergman spaces in Siegel domain
is the following.
Theorem C. (see [10],[12]) Let D C CN be a symmetric Siegel domains of type II,

€ 2N 1
p 2N—|—1, 9

ni+2
2(2d—q);
Then there are two constants ¢ = c(p,r) and ¢y = ¢y (p,r) such that for every f €
AP (D) there exists an IP sequence {A;} such that

r GRl;rj >

I+r—a

Z) = Z)le% (Z,Zi)b P (Zj7zj)
i=0

where {z;} is a lattice in D and the following estimate holds

cl|lf

Remark 1. This theorem as it was shown later is true for p € (0,1).

Our extension is the following.

Theorem 4. (On atomic decompositions of Siegel domains of second type for
multifunctional Bergman spaces)
L Letri>ep, j=1,...m 1 <p<oo, fre H(D), k=1,...m. Let

pr <1Al” < et fI5,

(f) = (f1y oo fin)gr = / T11/ @7 BT (2 2y dv (2) < oo (A)
r Dj:1
If for all such rj, j=1,....m

[ (&) =¢ [ TT5 087 @ TT8% (@) av (®)

j=
Then (fj) € A7, and the reverse is also true if (f;) €AF, j=1,...,m then (f>Af < oo;

2. Let D C CN be a symmetric Siegel domain of type I, p € (352%,1), r € R,

ni+2 R
> (il ) =1l
If (A), (B) holds then f; € AP*(D), 7= (ri,...,r}), i=1,...m and there is {lij},

j=1,..om, i=1,...m.
So that

2N+1>

e . l+rj—oz

(£i) @) = XA/ (b% (m)) b 7 (2,%),2€D,j=1,..,m

i=1

where {z;} is a lattice in D and the following estimates are valid

[}

" <er(1illon)

HfJHA”’ —=

where & > o for some [ixed large enough 0.
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Remark 2 Note putting m =1 in theorem 4 and using known Bergman representation
formula with large index for Functions from Bergman class (see [10],[12])which remove
additional integral condition we obtain known results for atomic decomposition of one
functional Bergman spaces (see, for example, [10,12] and theorem C)

Same results with same proofs are valid in spaces of n harmonic functions in the unit
polydisk. First we give some basic definitions (see for example [17,18] and references
there).

Let U" ={z€ C": |z%| < 1,1 <k <n} be the unit polydisk and by my, we denote the
volume measure on U", by h(U") we denote the space of all harmonic functions in U”".

Let also f € h(U"), and let (MB) (f,r) = [ra|f (r§)|P dmy (§), r €I", 0 < p < oo, where
I"=(0,1)", m, (&) is Lebeques measure on T",

T"={zeC":|z|=1,k=1,..,n}

The quasinormed space L(p,q, @), 0 < p,g <o, ¢ =(0,...,0), &; >0, j=1,....,mis
the space of those functions f(z) measurable in the polydisk U” for which the quasinorm

£l g = {/ H<1—rj>°‘sz<f,r>Hdrj} ,
I j=1 =1
or

n
(esssup) H (1 —rj)ajMp (f,r),g=,0<p<oo
rel*/ j=1

is finite.
For the subspace of L(p,q,a) consisting of n-harmonic functions let
h(p,q,@) =h(U")NL(p,q, @) (see [17,18]),

R (U") =h(p,p, ).
We define Poisson kernel (Py) in the unit disk as usual

2
Pu=(T(a+1) |Re| —= | -1] zev,a>o0.

(1 _zz> o+1

Let Py (z,8) = Py (z,8). For the polydisk we have (see [18,17])

Py (2,8) = [1Po; (z:¢j) ;> 0,j=1,....n, €U",z€U".

j=1
It is well-known that. P, is n-harmonic by both variables z and { and Py (z,{) =
Py (§,z) =Py (2,8) . The following assertion is base of our proof. Let

o; >07.]: 17~~a”=”eh(Paq76‘):0<PaCI=§°°aBj > (B0)7

ﬁOZBO(aapacI):j: 17"'7”'
Then

_ 1 - IBj_ n
u(z) = (m) /UnjHl(l—‘Cj}) 1<Pg(ZaC)> (u(C))dma, (€),z€ U",
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(see [17])

We formulate now our atomic theorem in multifunctional Bergman spaces in context
of n — harmonic Bergman function spaces.

Remark 3. Note similar theorems with very similar proofs based on same arguments
can be probably shown in Bergman spaces of harmonic function in R"™*! and R".

Theorem 5.

Let a be large enough.Let oy > —1, k=1,...,m. And let also f € h(U"), k=1,...,m,
meN,1 <p<eo. Let also aj > oy (0y,..., 0, p,n) for some large enough oy, j=1,...,m.

Let also

(fb“"fm)hg = /U" H |fk (z)|pH (1 — ‘Zj‘)2(m—1)+2;<n:| Ockdmzn (z),
k=1 =1

Z;eU"j=1,...,m.
If for all z; €U", j=1,...,m.

]If[lfj (ZJ') :Coc/Un <JI:1[1Pa+m1m (Zj,Z)) X
8 (ﬁf (5)> 13(1 =G0 dman (£);

;eU" j=1,.,m.
Then

(i S, = LTl -

So if each function is from Bergman class then the product of functions is from
Bergman space, so the reverse is also true.
Remark 4. The same assertion is valid for multifunctional Bergman spaces of plurisubharmonic
functions in C" and multifunctional Bergman analytic function spaces in U”".

2. Proofs of main results

We in this section prove our main results. Note again our proof uses only uniform
estimate for AL classes and the Forelly-Rudin estimate.
To prove our first theorem we will show that

L @l (1= ) (1= ) " dvten) v e

<c[UA@P @ (1-12) v (@), @)

for p>1or p=1 and some r,¢,j=1,...,m, and then we will use the well-known
one functional result.
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Indeed We need to prove that for p > 1 the following estimate is true.

]ﬁl/B\fk(Zkﬂp (1 - |Zk\2)akdv(Zk) SC/BlﬁIl|fk (2)]” (1 — |z|2>rl dv(z) < oo,

where ri = (m—1)(n+1)+ Y, 04 > —1.
Hence according to one functional result (see for example [14, Theorem 2.30]), for
every fr, k=1,...,m, there is a sequence

{cj(.")} k=1, m,j=1,.. 00,

such that

(bp—n—l—ak)

oo l—at'2 b
ﬁ@=2¢x f) Z€B, (6)
Jj=1

11— (z,a;)|"

where p>1, oo > —1, b > %+a"TH, k=1,...,m, for some fixed (ay),_,; C B moreover
i p
Y| <ok =1,m.
=1

Let

1 1 n+l+ao
——|——:1,r1—|—r2:(—),r1,r2,
P 4 m

are positive real numbers, « is big enough. Then from (1) we get
5 p 2) %
H/ | fie (1) (1 — |z ) dv(z) <
k=178

Sc/B.../Blg (1_’Z1’2>0€1.__(1_‘Zm’2>amdv(zl)...dv(zm)

where

(n+14+a)
B H?:l |1 - <Zazk>‘ "

p
w@uﬂw< ﬁ@%~m@dmw>

Using Holder"s inequality we get

X

p< Auﬁw»~mmmvﬁqwﬁ%wm

ITS 11 = (o w) [

q

(1- ]w]2>adv (w)

X
I 11— (e, w) |

=L X L. (5)
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Let us estimate L, separately now using once more Holder"s inequality for m
functions and then the well-known Forelly-Rudin estimate in the unit ball (see ,for
example ,[14]). We have

p
o (mq)
m <1 — |w|2) dv(w) " m 1
L < / i <c
2_kI:II B |1_<Zk7w>|p2 B k1:11 <1_‘Zk’2>r2p—(a—n—l)p/(mq)
<C :
=cll P (o))
= <1 — |zl >
o+n+1
ry > m—q,OC > —1.

After a suitable choice of r| and rp, which will be justified later, by Fubini’s theorem
and by one more application of Forelly-Rudin estimate m times we have

zﬁ/B | fi (z0)1” (1 - \Zklz) ade(Zk) <
< C/B W) [fn ()" <1 _ |W|2)adv(w) y

) r+oq ) r+oy,
(1=laaP) o (1= lanl®) (@) dv ()
< [ ... <
b 1= Gt} [U= w7 -

gC/BlfIl]ka’ (1— yzyz)” dv (z) < o, (7)

where

< a+n+1
" =<m—1><n+1>+zak,r=p(——r2)
k=1 mq

and ¢ > (n+1+maxa; |m—(n+1).
j
If we choose r; and r» so that

mina; +1
a+n+1 . i a+n+1 oa+n+1
0< —— < rp <min + ,
mq p mq m
and
a+n+1
ry = — I,
m

then all requirement are satisfied.
Now we will show that the obtained results is sharp in the following sense.
First consider fi,---, fi wWith
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/Bkli | fi (2)|” (1 - |z|2>rl dv(z) < oo,

for some finite positive ry, then from the arguments provided above we see directly that
the representation (3) is true for each f,if the integral condition (1) holds. Now we
show that the reverse is also true. Let us show that if we can represent each f; function
as a sum of functions then the last integral is finite ,so to be more precise (3) imply
that

/Bzﬁ |fi ()P (1 — !zlz)rl dv(z) < oo

for all 1 < p < oo, Indeed if (3) is valid then each f; is from Bergman space according
to classical onefunctional result we formulated in theorem And hence we only have to
show the following inequality.

) (m=1)(n+1)+X3L | o

LIAQP - @l (1-12P

is also valid.

We use to prove it now simple induction. When m =1, this is obvious. Now we
assume that the case of m—1 is valid. From [14], il f; € Ap,, then we have that ( a
uniform estimate for Bergman spaces which is valid also in various types of domains in
c")

dv(z) <C[] I illy -
k=1

Cllfla,
|fi (2)] < P I EB0<p <o 0q>—1Lk=1,---m, (8)

(1)

Therefore we have

)(m—l)(n+1)+2k'"_l Ot

[UA@P 1@l (1128 av(2) <
B

Oy +n+1 (m=2)(n+1)+X"_ o
< sup|fn|” <1—‘z‘2) /|f1’P,_,‘fm_]‘P <1—‘Z|2> k=1 v (2)
ZEB B

m—1 m
<C P ro<C L
<Clinlly, Tty <cTTIAlk,

Theorem 1 is proved.

Proof of Theorem 2

We easily note our last simple arguments based on induction can be extended easily
to various types of domains and Bergman type spaces on them.The only tool we used
during the proof is the uniform estimate for Bergman spaces which is well-known and
is available in various domains.

Let us turn to situation with T tubular domains. We repeat arguments we provided
in the unit ball. We wish to show first that the following estimate is true

1/ 1@l ama)ava) <c [ [LicPaum) e (©
ileA i k=1

40



On decomposition theorems of multifunctional Bergman type ... ISSN 2079-6641

m
where 7= (m—1)(2)+ ¥ og > —1.
k=1

We discuss how this estimate and Forelly-Rudin estimate solves similarly the problem
of atomic decomposition of multifunctional Bergman spaces in tubular domains.

The general problem of multifunctional Bergman spaces in the tubular domain is the
following.

Let

m

SO0ty aE  tmeav() < o,

Ta

m
where Y oy > —1,q; € (1,00),j=1,...,m
k=1

Then can we say that there is a atomic decomposition for each {f;},j=1,...,m?
The answer is true when m =1 (see theorem B). Our goal is to show that when
gj=p,j=1,....,m,p € (0,00) the answer is also true that is each function f;,j=1,...,m

can be decomposed into atoms under the following simple integral condition. which
vanishes for onefunctional case according to known result .
(additional integral condition)

wz = a/fl dva( ) (D)
Ty H A=

where a parameter is large enough. (we put all parameters in our integral condition
equal to each other ,the proof of general case is very similar). To prove this we show
that

& / T1ep P atime) @avcy) < | TTUGCIP @7y
Ta

N
dVa(z) = (A% (Imz))dv(z);

for 1 <p<eo, and some 7,@;,j=1,...,m, and then we will use the known one functional
result (see [6], [7]).

We return now to estimate (C), and we will show that estimate using rather
elementary calculations and arguments repeating arguments we provided in the unit
ball.

This solves the mentioned problem as it is easy to see. Let further

1 1 2n
—+-—-= l,and’cl + T =
P q

3T, T2 >07

We also assume that a is big enough. Then using (D) we have the following chain
of estimates (which similarly can be extended even to more general Siegel domains of
second type)

)|P mz)d ¢ 4] 5 mzi))%d
I / )P e () < [+ [0 TT(atma)“av @

Tn  Th
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where
I |/j(2)|dVea(z)
_ J=
(I]l)’) - m . (2;1+a)
H ‘A( ) m ’
k=1

(11 1£(@)])"A% (Imw)dV (o)

P < (/ i=1 )
p= m B

Ty IT [(A(%2))"

k=1
Y(Imw)dV (o) \5
/ ) =LiLy;

Zk [0} ‘ITZ|

Using again Holder"s inequal for m functions we have

< (] e )

T, > o> —1;
mq

We have using appropriate choices of 7; and 7, by Fubini’s theorem
m
[1 [ 15iclratma)®av ) <
k=1
Ta

m

[T A(Imz;)""%dV (z;)

<C/HAa Ima))V(w)/---/j : - SC/ﬁ|fk|p(ATl(lmZ)dV(Z)7
7y k A H!(( S )

2n u o+ 2 o+ 2
T1=(m—1)(—)+( Otk>;fzp< L —T2>;r3>< ’)

2n

2n 2n
a>(7 +maxaj)m—(7);11+1'2: Ty € (r3;74),

for some positive parameters r3,r4. This estimate is sharp in the following sense. Note
first if for each f; the atomic decomposition is valid then each f; is from ordinary
onefunctional Bergman space according to theorem B. And for

n=m-D)+ Y o
k=1
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we have

[T A" (m2)av ) <
7, k=1
for p < e. And we have to prove the following inequality

150 amte))avi) < e [T
7, /=1 k=1 k

for some y positive parameter which was provided above.
This follows as in the unit ball case directly from ordinary induction and the following
known uniform estimate. (see for example[6,7])

ellfellag,

|fk(Z>’ < AV(

Imz)’
where v = OC"TT%—ZT”;, oy > %—1, ze€Tpl <p<ook=1,...,m.

So we have proved similar to the unit ball atomic decomposition theorem for
multifunctional Bergman spaces in tubular domains over symmetric cones.Theorem is
proved.

Similarly this theorem can be shown for bounded strongly pseudoconvex domains
with smooth boundary and in Siegel domains of second type by repetition of arguments
and by simple substitution of uniform estimates and Forelly-Rudin estimates for these
domains.

For pseudoconvex domains we refer to [5].The case of analytic Bergman spaces in
the unit polydisk can be covered easily using same approaches. We refer to [18],[17] for
all mentioned tools in polydisk which are needed for such proofs.

Since these tools and proofs in various domains are very similar we leave some of
them to interested readers.

Similar results are valid for Bergman spaces in the minimal ball, where all mentioned
tools used in our proofs are also available (see for example [19] and various references
there.)
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