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1. Introduction and preliminaries
In this section, we give the necessary information and preliminaries which shall need in our investigation.

Let A be the class of analytic functions f (z) in the open unit disk U = {Z el : |7 <1} , normalized
by f(0)=0= f'(0)—1 with expansion series

f(z)=z+a,2" +a,2° +--+a,2"+--=z+ > a;z", a, €. (1.1)
n=2

It is well-known that a function f :[1 —[] is said to be univalent if the following condition is satisfied:

z,=1,if f(z))=1(z,) or f(z))# f(z,) ifz # z,. We denote by S the subclass of A consisting of

functions which are also univalent in U .
Some of the important and well-investigated subclasses of the univalent function class S are the classes

S” and C, respectively, starlike and convex in the open unit disk U .
By definition, we have (see for details, [7, 10], also [16])

S*:{f es: Re(ZI’((ZZ))}o, zeU }

C:{f es: Re(1+ Z::’((ZZ))}O, zeU }

For some recent investigations of various subclasses of the univalent functions class S, see the works by
Altintas et al. [5], Gao et al. [9] and Owa et al. [13]

and
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Interesting generalization of the function classes S~ and C , are classes S; and Cﬁ for ﬂe[O,l) ,
which defined by

.=1feS:Re 7'(2) >0, z¢
{15 ) <)

_ f'(z)+zf"(2)
Cﬂ={f eS: Re[f’(z)+ﬂzf”(z)J>0’ ZGU},

and

respectively. Note that S; =S and C,=C.

The class S; with negative coefficient was extensively studied by Altintags and Owa [4] and certain
conditions for hypergeometric functions and generalized Bessel functions for these classes were studied
Moustafa [11] and Porwal and Dixit [14]. Also, the class S; recently was studied by Porwal [15].

Inspired by the studies mentioned above, we introduce a generalization of the function classes S; and C 5
defined as follows.
Definition 1.1. A function f €S given by (1.1) is said to be in the class N(ﬁ,}/) =S,C, (7) e [0,1),

y 20 gamma and beta — starlike function if the following condition is satisfied
2f'(z)+yz* 1" (2)
Re ! ” !
yz[ t'(z)+ Bzt " (2) |+(1-7)[ Bt '(2)+(1-B) T (2) ]
Remark 1.1. Taking y=0 in Definition 1.1 and considering the above note, we have

N(,B,O) = S;Cﬁ (O) = S;, pe [0,1) : that is,

>0,zeU. (12

f'(2)
f eN(ﬁ,O)@ Re{ﬂzf'(Z)Jr(l—ﬂ) ; (ZJ>0,Z eU.

Remark 1.2. Taking » =1 in Definition 1.1, we have N(ﬂ,l) = S;Cﬁ (1) = Cﬂ, pe [O,l) : that is,

fen(pl) e Re| AR | oy
f'(z)+pzf"(z)
Note 1.1. In the special case we write N(O, 0) =S", N(O,l)zC.

Remark 1.3. Numerous subclasses of the classes given by the Definition 1.1 can be obtained by specializing the
various parameters involved. Many of these classes were studied by earlier researches (cf., e.g., [2 - 6, 15]).
The object of the present paper is to give a series of sharp inequalities involving the initial coefficients of

the functions in the class N(ﬂ,]/),ﬁ S [0,1), ¥ >0 and its special cases. Also, in this paper we give sharp

estimates for some initial coefficients for the inverse function and for the logarithmic function In ( f (Z)/ Z) .
To prove our main results, we need require the following well known lemmas.
Lemma 1.1 ([17]). If p € P, then the estimates | pn| <2,n=12,3,... are sharp, where P is the family of all

functions P, analyticin U for which p(0)=1 and Re(p(z))>0, zeU , and
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p(z) =1+ pz+p,2°+--+, zeU. (1.3)
Lemma 1.2 ([1, 12]). Let p € P. Then,

2, 0,2,
smax{2,2|y—]4}:{ wel02]
2|l1—1, elsewhere,

pz _g p12

where P is the family of all functions P in the form (1.3), analytic in U for which p(0)=1 and
Re(p(z))>0, zeU.

2. Upper bound estimates for the coefficients of the function class &(,B, )/)
In this section, we give the following theorem on the sharp estimates for the initial three coefficients of the
function class N (ﬂ 7/) :

Theorem 2.1. Let the function f (Z) given by (1.1) be in the class N(ﬁ, 7/), pe [0,1), 7 >0. Then,

3+4
(1-p) (1+27)

la,| <

—2 <
(1—,5)(14-7) and |a3|_

Also,
g 2(ﬁ2+35ﬂ+6) |
3(1-8) (1+3y)

ja|
All the inequalities obtained here are sharp.

Proof. Let f eN(ﬁ,}/),ﬁe[O,l),yZO;that is,

2f'(z)+y2*1"(2)
yz[ £'(z)+ pzt"(z) |+(1-»)[ Bzt (2)+(1-B) f (2) ]

=p(z),zeU, (21

where the function p(z)=1+)_p,z" isinthe class P.
=1

If we take into account the expansion series (1.1) of the function f (Z) , from (2.1), we can write

+00

> (n-1)(1-p)[1+(n-1)y fa,2" = {z+g[l+(n—1)y][1+(n—1)ﬁ]anz”}2 p.z".

n=2
It follows that

(1-8)(1+7)a,2* +2(1- B)(1+2y)a,2° +3(1- B)(1+3y)a,z* +..= pz° +

22)
[(1+8) (L4 7) 2.+, |2 +[ (14 B) (Lt 7) 2P, + (L4 28)(1+ 27 )aypy + py ]2+
Comparing the coefficients of the like power of Z in both sides of (2.2), we have
1-p)(1+r)a, =, 2.3)
2(1-B)(1+2y)a, = p, +(1+ B)(1+7)a,p,, 2.4)

3(1-8)(1+3y)a, = p, +(1+ B)(1+y)a,p, +(1+28)(1+27)a;p,. (2.5

=)
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From these
a, = Py ' (2.6)
(1-8)(1+7)
_ P, (1+8)pf
% 2(1—ﬂ)(1+27)+2(1—ﬂ)2(1+2y)’ @0
N N A7) LA ) [ o 7 LN
3(1-8)(1+3y) 6(1-5) (1+3y) 6(1-B) (1+3y)
Since | p1| < 2, from (2.6), we have
o< @9
T (1-p)(1+y) |

From (2.7) since the coefficients p, and p; are positive for 3 € [0,1) and ¥ >0, using triangle inequality
and applying the inequalities | pn| <2,n=1,2, we obtain

3+ 4
(1-p) (1+27)

lag| < (2.10)

Similarly, from (2.8) for |a4| we have
2(p*+5p+6)
<

2, < 3 -
3(l—ﬂ) (1+3y)

Thus, the proof of the inequalities in the theorem is completed.
To see that the inequalities obtained in the theorem are sharp, we note that equality is attained in the

inequalities when p, = p, = P, =2.

(2.11)

Moreover, we can easily show that all inequalities obtained in the theorem are sharp for the particular
solution of the following linear homogeneous differential equation

(@ p)rze(=p)r ]2y + {1+ p(-p)r ]2+ (- p)a-)} 2y -
(1-p)(1-y)(1-z)y=0.

Thus, the proof of Theorem 2.1 is completed.
Setting ¥ =0 in Theorem 2.1, we can readily deduce the following result.

Corollary 2.1. Let the function f(z) given by (1.1) be in the class S;,, pe [O,l) . Then,

|a2|£ 2 and |a3|s

Also,

All the inequalities are sharp.
Setting /=0 in Corollary 2.1, we have the following result.
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Corollary 2.2. Let the function f (Z) given by (1.1) be in the class S . Then,
la,|<n,n=234.

All the inequalities are sharp.
Note 2.1. As you can see, Corollary 2.2 confirmed that the Bieberbach's Conjecture (see for example [7])

|an| <N on the coefficient estimates for the starlike function class has been provided for N=2,3,4.
Setting ¥ =1 in Theorem 2.1, we can readily deduce the following result.

Corollary 2.3. Let the function f (Z) given by (1.1) be intheclass C;, B € [0,1) . Then,

3+0
Also,
|a4|g,82+5,8+36
6(1- )

All the inequalities are sharp.
Setting 5 = 0 in Corollary 2.3, we have the following result.

Corollary 2.4. Let the function f(Z) given by (1.1) be in the class C . Then,
la,|<1Ln=234.
All the inequalities are sharp.

3. Coefficient estimates for the inverse function
In this section, we give the following theorem on the sharp estimates for some initial coefficients of the

inverse function of the function f e N(,B, )/) .
Theorem 3.1. Let the function f (Z) given by (1.1) be in the class N(,B,}/), ,Be[O,l), y >0 and

f! (W) is the inverse function of f (Z) . Then, for the initial two coefficients of the inverse function f _1, we

have
<2
MR
L 2[4(1+2y)-(1+ B)(1+7) |
=7 B e Ay
1
—(1—ﬂ)(1+ 2}/), y € [1+\/§, +oo).

All the inequalities obtained here are sharp.
Proof. Let f € N(ﬁ, }/),ﬁ € [O,l),}/ >0. Then, since N(ﬂ, }/) c S, inverse function fﬁl(W) exist and

defined in the open disk D = {W: |W| <r(f )}, I,(f)=1/4 inthe series expansion (see, for example [8])
frw)=w+AwW + AW + Aw' -, weD,

where

A =-a, A =2a;-a, A =-5a;+5a,a,-a,. (3.1)

o
‘5\-5""\‘
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From Theorem 2.1 and the first equality of (3.1) the inequality for |A2| is obvious.

From the second equality of (3.1), using (2.6) and (2.7), we can write expression for A, as

A 1 4(1+2y)-(1+B8)(1+7)
2(1-B)(1+2y) P2 (1-B)(1+7) b
From this, we write
A< . p, & p?
21-p)(1+2y)[ 2 2™

with 41=2| 4(1+27) - (L+ B)(1+7) || @- B)(2+7)'.
First note that 4> 2, when y €|:0,1+ \/EJ and ue [0,2], when ¥ € [1+ \/z +oo). We now use

Lemma 1.2 with 1= 2| 4(1+27)~(L+ B)(L+7)" |/ (1~ B)(2+7)" , and obtain

2 4(1+27)-(1+ B)(1+7) |

1
(1—ﬂ)(l+27) (1—ﬂ)(1+;/)2 -1, 76[0,1+\/§],
1

A<
e[1+\/§,+oo).

(1-8)(1+2y)
Thus, the proof of the inequalities in the theorem is completed.
To see that the inequality for |A2| is sharp, we note that equality is attained in the inequality when p, = 2

and the first inequality for |A3| is sharp when P, = p, =2. The second inequality for |A3| is sharp when
p,=0=p, -

Thus, the proof of Theorem 3.1 is completed.
From Theorem 2.1 we arrive at the following results.

Corollary 3.1. Let the function f (Z) given by (1.1) be in the class S, £ €[0,1) and f™(w) is the

inverse function of f (Z) . Then, for the initial two coefficients of the inverse function f "1, we have

25 1Al 2

All the inequalities obtained here are sharp.
Corollary 3.2. Let the function f (Z) given by (1.1) be in the class C, S & [0,1) and fﬁl(W) is the

inverse function of f (Z) . Then, for the initial two coefficients of the inverse function f ’1, we have

All the inequalities obtained here are sharp.

4. The coefficient of In( f (Z)/ Z)

The logarithmic coefficients 5n ofafunction f €S are defined from the following equation
A
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In(f(z)/z):Ziénz". (4.1)
n=1
On differentiating both sides of (4.1), it is a trivial consequence of the inequality | pn| <2, thatfor n>1,
|6,/|<1/n when feS", and |5,|<1/2n when f eC. However when f eN(f,7), the same
procedure does not give a convenient expression in terms of 1+ zf ”(Z)/ f'(Z) or zf '(Z)/ f (Z) unless
P=0=y—-1or f=0=py.We show next that it is however possible to obtain sharp estimates for the
modulus of the initial coefficients of In( f(z)/ Z) when f e N(,B,]/).
We give the following theorem on the sharp estimates for initial two coefficients of In( f (Z)/ Z) for
the function f e N(,7).
Theorem 4.1. Let the function f (Z) given by (1.1) be in the class N(,B,}/), pe [0,1), y2>0. Then,

sl< 1 1 (1+,B)(1+;/) ~(1+2y)
st [ss L -
(1-8)(1+7) A2 2" (- p)Ler)
All the inequalities obtained here are sharp.
Proof. Let f eN(,B,}/), ﬂe[O,l),}/ZO. Differentiating both sides of (4.1) and comparing the

coefficients of the like power of Z in the both sides, we obtain

20, =4a,, (4.2)
46, + 2,0, = 2a,. (4.3)
From (4.2), easily write
a
o, =—2. 4.4
175 (4.4)

From (4.4), using Theorem 2.1, the inequality for |51| is obvious.
From (4.3), (4.4), (2.6) and (2.7), we can write the expression for &, as
5 - 1 - (L+8)(1+7) —(1+2y)
LA(l-pB)(1+2y) 7 a(1- ) (1+y) (1+27)

Since the coefficients of p, and pl2 in the above equation (4.5) are positive for [ [O,l) and ¥ >0 |, the

(4.5)

required inequalities for |52| is valid on using the inequalities from Lemma 1.2 | pn| <2 forn=12.
To see that the inequalities obtained in the theorem are sharp, we note that equality is attained in the
inequalities when p, = p, =2.

Thus, the proof of Theorem 4.1 is completed.
From Theorem 4.1 we arrive at the following results.

Corollary 4.1. Let the function f (Z) given by (1.1) be in the class S;, pe [0,1) . Then,

|5|< <P
2(1-)

The inequalities are sharp.

fsﬂ“
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Corollary 4.2. Let the function f (Z) given by (1.1) be in the class Cﬂ P e [0,1) . Then,

1 3+20
e el [ P k)
2(1—ﬁ) | 2|<12(l—,8)2

RIE

The inequalities are sharp.

Corollary 4.3. Let the function f (Z) given by (1.1) be in the class s Then,

|5n|g%, n=12.

The inequalities are sharp.
Corollary 4.4. Let the function f (Z) given by (1.1) be in the class C . Then,

|5n|g2_1n, n=12.

The inequalities are sharp.
Remark 4.1. Using this work, we can be examined the Fekete - Szeg6 problem for the coefficients of the

function class N(/3,7). Moreover, using this work we can be find H,(2)=a,a, —a; second Hankel

determinant for the functions belonging in this class. Hence, we find upper bound estimate for the ‘aza4 - a;‘ .

Acknowledgement
The author is grateful to the anonymous referees for their valuable comments and suggestions.

References

[1].
[2].
[3].
[4].
[5].
[6].
[71.
[8].
[9].
[10].
[11].

[12].

e

——
£

Ali, R. M. (2003). Coefficients of the inverse of strongly starlike functions. Bull. Malays. Mat. Sci. Soc.
26(2): no. 1, 63-71.

Altintag, O. (1991). On a subclass of certain starlike functions with negative coefficient. Math.
Japon. 36: 489-495.

Altintas, O., Irmak, H. and Srivastava, H.M. (1995). Fractional calculus and certain starlke functions
with negative coefficients. Comput. Math. Appl. 30(2): 9-16.

Altintag, O. and Owa, S. (1988). On subclasses of univalent functions with negative coefficients, Pusan
Kyongnam Mathematical Journal, 4: 41-56.

Altintag, O., Irmak, H., Owa, S., Srivastava, H.M. (2007). Coefficient bounds for some families of
starlike and convex functions of complex order. Applied Mathematics Letters, 20: 1218-1222.

Altintas, O., Ozkan, O. and Srivastava, H.M. (2004). Neighborhoods of a Certain Family of
Multivalent Functions with Negative Coefficients, Comput. Math. Appl., 47: 1667-1672.

Duren, P.L. (1983). Univalent Functions. Grundlehren der Mathematischen Wissenshaften. Bd. 259,
Springer-Verlag, New York.

Frasin B. A., Aouf M. K. (2011). New subclasses of bi-univalent functions. Appl. Math. Lett. 24: 1569-
1573.

Gao, C.-Y., Yuan, S.-M., Srivastava, H.M. (2015). Some functional inequalities and inclusion
relationships associated with certain families of integral operators. Comput. Math. Appl. 49: 1787-
1795.

Goodman, A.W. (1983). Univalent Functions. VVolume I, Polygonal, Washington.

Moustafa, A.O. (2009). A study on starlike and convex properties for hypergeometric functions.
Journal of Inequalities in Pure and Applied Mathematics, 10(3): article 87, 1-16.

Libera, R. J. and Zlotkiewicz, E. J. (1982). Early coefficients of the inverse of a regular convex
function. Proc. Amer. Math. Soc. 85(2): 225-230.

S
/‘@* Journal of Scientific and Engineering Research

340



MUSTAFA N & ATES M Journal of Scientific and Engineering Research, 2018, 5(6):333-341

[13].
[14].
[15].
[16].

[17].

e

_—
P

%;'\_\
/@* Journal of Scientific and Engineering Research

Owa, S., Nunokawa, M., Saitoh, H., Srivastava, H.M. (2002). Close-to-convexity, starlikeness and
convexity of certain analytic functions. Applied Mathematics Letters, 15: 63-69.

Porwal, S. and Dixit, K.K. (2013). An application of generalized Bessel functions on certain analytic
functions. Acta Universitatis Matthiae Belii. Series Mathematics, 51-57.

Porwal, S. (2014). An application of a Poisson distribution series on certain analytic functions. J.
Complex Anal. Art. ID 984135, 1-3.

Srivastava, H.M. and Owa, S. (1992). Editors, Current Topics in Analytic Funtion Theory. World
Scientific, Singapore.

Pommerenke C.H. (1975). Univalent Functions. Vandenhoeck and Rupercht, Géttingen.

341



