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Abstract

In fuzzy logic, where members of a set might be linguistic terms, the degree of
reflexivity might be in unit interval [0,1] instead of {0,1}. This behaviour of a
fuzzy set plays an important role especially in the field of inclusion and similarity
measure. This paper is aimed at discovering the relations between the parameters
of Lukasiewicz transitive members of a family of cardinality-based fuzzy measure.

Keywords: Cardinality based similarity measures, T-transitivity; Luckaseiwicz
T-norm.

1 Introduction

In everyday life, one is often faced situations in which one needs to distin-
guish between multiple objects. This process is usually carried out by means
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of measures based on the common features observed in the objects or the fea-
tures of one object contained by the other and commonly known as similarity
and inclusion measures. The origin of many similarity measures can be seen
in Taxonomy, where feature-based approach is followed. When studying the
Mathematics of similarity, the objects are normally represented by the sets
of features. For example, when comparing two cars these sets may contain
their colors, safety ratings and their performances. Therefore, similarity and
inclusion measures are very useful techniques to organize or classify objects,
form concepts and to make generalizations. It is a very important concept in
many scientific fields such as Bioinformatics, Biology, Chemistry, Information
retrieval, Statistics and many others [1], [2], [3], [4], [5] and [6].

Similarity measure determines the degree to which the two objects resem-
bles to each other while the inclusion measure expresses the degree to which
the characteristics of the one object include another. The degree of similarity
and inclusion measure has received much more attention in recent decades
because these are important tools for decision making, pattern recognition,
medical diagnosis, and data mining applications.

Fuzzy sets introduced by Zadeh [7] in 1965 have an edge over the crisp
sets that they can represent the degrees of truth or falsehood. Consequently,
in many practical applications, fuzzy similarity measures which represent the
degree of similarity or the measure of how much similar two or more elements
are seem much closer to reality than their crisp counterparts do. Since their
inception in 1973, fuzzy similarity and inclusion measures and their place in
almost all application areas from A to Z (i.e., from Anthropology to Zoology).
Cardinality based similarity and inclusion measures play a key role in liter-
ature and applications [8], [9], [10] and [11]. Some memorable contributions
can be found in [12], [13], [14], [15], [16] and [17].

Cardinality based similarity and inclusion measures rely on the cardinali-
ties of sets of common and different features. New measures were introduced
by assigning different weights to the sets of common and different features.
Such families of similarity and inclusion measures are known as parametric
families and these weight are termed as parameters. Some famous paramet-
ric families were introduced by Tversky [5], Gower & Legendre [18] and De
Baets et al [14]. A family of rational expressions using two, three and four
parameters [19], [20], [21] and [16] are available in literature. While axioms
for fuzzy similarity measures are focused, fuzzy equivalence relation stands
as the best model for fuzzy similarity measure. A fuzzy equivalence relation
is reflexive, symmetric and T-transitive [22] fuzzy relation. Unfortunately,
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the majority of fuzzy similarity measures found in literature do not follow
one or the other desired form of fuzzy transitivity, in particular, the axiom
of T-transitivity is violated. In [16] Janssens et al established conditions un-
der which a parametric family of cardinality based fuzzy similarity measures
become T-transitive. The significant development of meta-theorems, which
ensure T-transitivity, can be found in [23| and [17]. These theorems are used
to construct the necessary and sufficient conditions to obtain transitivity.

De Baets et al introduced a parametric family of cardinality based similar-
ity measure [13] and inclusion measure [14], which cover most of the famous
measures found in literature for different values of parameters. Basically,
these measures used eight parameters and Janssens et al characterized the
T-transitive members of the family of similarity and inclusion measures for
only four parameters for Lukasiewicz, Product and Min t-norms.

Sometimes in similarity or inclusion measure, the features which are ab-
sent, or negative match play a key role in the comparison of two objects and
it seems improper to ignore these negative match features. In this context, a
manuscript is already been submitted by Javed, Samina and Syed using six
parameters to characterize the Lukasiewicz-transitive members, while this
submission not only tried to explore the transitivity between the objects
based on the similarities but also to incorporate the negative matching fea-
tures. This paper is focused to determine the necessary conditions using all
eight parameters for Lukasiewicz transitive family of similarity and inclusion
measures based on cardinality. It is an effort to include some other measures
in the parametric family of measure, which were put out of action by the
restriction of four parameters.

The notion of fuzzy set was introduced by Zadeh in 1965 in his seminal
paper [7]. A fuzzy set A is a mapping from a universe X to [0,1] . For any
x € X, the value A(z) denotes the degree of membership of z in A. Let
F(X) be the set of all fuzzy subsets of a universe X. For a crisp universe
X, a fuzzy subset of X x X is called a fuzzy binary relation and throughout
this paper we termed fuzzy binary relations as fuzzy relations. Given a crisp
universe X, and A, B € F(X), A is said to be a subset of B (in Zadeh’s sense
[7]) denoted by A C B, if and only if A(z) < B(z) for all z € X.
Definition 1.1 24| The triangular norm (t-norm) 7" and triangular conorm
(t-conorm) T* are increasing, associative, commutative and mapping [0, 1]* —
[0, 1] satisfying T'(1,2) = x and T*(z,0) = « for all x € [0, 1].

To every t-norm 7' there corresponds a t-conorm T™ called the dual t-
conorm, defined by: T*(z,y) = 1 — T(1 — x,1 — y). For the Lukasiewicz t-
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norm W(z,y) = max(x +y — 1,0), the corresponding t-conorm is W*(z, ) =
min(x + y, 1).
Definition 1.2 [25] A negator N is an order-reversing [0, 1] — [0, 1] mapping
such that N(0) = 1 and N(1) = 0. A strictly decreasing negator satisfying
N(N(z)) =« for all x € [0,1] is called a strong negator.

The negator defined as: N(z) = 1 — z for all x € X is called standard
negator and was defined by Zadeh himself.
Definition 1.3 [22]| Given a t-norm 7', a T'—equivalence relation on a set X
is a fuzzy relation £ on X that satisfies:

(i) E(z,z) =1 for all 2 € X; (Reflexivity),

(ii) E(z,y) = E(y,z) for all z,y € X; (Symmetry),

(iii) T(E(x,y), E(y, 2)) < E(z,2) for all z,y,z € X; (T-transitivity).
Definition 1.4 [25] Let R be a fuzzy relation on X. A triangular norm 7" is
T-transitive if and only if for all x,y, 2z € X,

T (R(z,y),R(y,2)) < R(z,2)

Definition 1.5 [22] An inclusion measure for ordinary sets is binary fuzzy
relation I on the power set P (X) = {0,1}" satisfying,

ACB=1(AB)=1

2 Transitivity of Inclusion Measures

The rational cardinality based inclusion measure was proposed by Janssens
et al [14] in 2002. They define inclusion measure for two subsets A and B of
a finite universe X as

TXaB +tXBA+YdaB+ 2VaB 1)

I(A’ B) = t ) /
r'XaB+tXBA+YOoaB+ VAR

with xa5 = |A\B], x4 = |B\A| and the parameters z, 2’ t,t',y, v, 2,2 €
{0,1}. These parameters are considered to be positive real numbers. The
conditions of x < 2/ and t < t' are imposed to contain inclusion measure
I(A, B) in unit interval, as x = 2/,t = ¢’ leads to the trivial case, so we
consider 0 <z <2/ and 0 <t < t.

Some inclusion measures I, —I5 [14],[26] available in literature are member
of this parametric family given in Table 1. The inclusion measure I given by
Kuncheva [27] also becomes a part of this parametric family by considering all
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Tab. 1: Some members of Family (1).

Measure FExpression x= o t t' y o =z 2
[B\A]
L o 01 1 100 0 0
I ﬁ 0 1 110 0 1 1
Iy 405 01 1 11 1 0 0
I BT 901 11 1 1 1 1
2[A\B]
I 1-Z255 002 2 2 1 1 1 1
I L 01 001100

eight parameters. This inclusion measure does not belong to the parametric
family of four parameters.

Janssens et al [16] used only four parameters z,2’,y and z to explore the
relations between them for 7' -transitivity. In this section, we determine the
conditions on all eight parameters x,2’,t,t',y,1’, z and 2’ for T -transitivity.
For this purpose, the notion of fuzzy reflexivity of a measure is used. The
inclusion measure will be fuzzy reflexive if ¢y = 0y, 2/ = pz for 0, > 1, so
the above inclusion measure can be written as

rXaBtiXB A+ yéA,B +2vaA B
¥'xaB+t'xBA+Y00aB + 20VAB

1(4,B) = 2)

with 6, ¢ > 1. For six parameters, the above inclusion measure can be written

as

xxaB+ XA+ Ydan+ 2048 (3)
z' Aap +yloap + zpvap

where vy = 0y, 2/ = pz for 0, > 1. In this paper, Lukasiewicz t-norm is used

to articulate the conditions for transitivity, which is termed as W-transitivity

throughout the paper.

Theorem 1 The W-transitive members of the class of inclusion measures

(3) are characterized by the necessary conditions

I(A,B) =

2’ > max (y0, zp)

Proof: To determine the conditions on parameters x, 2’, y, and z for transi-
tivity, the inclusion measure S is W-transitive if it holds that,

W (S(4,B),S(B,C)) < S(A,C0)
S(A,B)+S(B,C)—1 < S(A,C)
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Applying the negator N(z) = 1 — z, on both sides, we get

N(S(A,B)+S(B,C)—1) < N(S(4,0))
1—(S(A,B)+ S(B,C)—1) > 1-5(A,0)
[1—S(A,B) +[1—-S(B,C)]—[1-SAC)] > 0

In terms of family (3), the above inequality can be written as

1— TXAB T x/XB,A + y5A,B + 2va B
x! AA,B +y06A,B + ZPVA B

n {1 _axpe tT'Xe + Yoo+ ZI/B,C]
¥ Apc +ybop.c + zpvpc

_ |y _ TXxac +itxca+ydac+ zvac >0
T Aac +y051470 + zprac -

- (%l —$) XA,B +y(0 — 1) (5,4,3 +Z((,0 — 1) VA B
' Aap +yboap+ zpvap

n {(37' —z)xBe+y (@ —1)dpc+2(p—1) VB,C:|
' Apc +ybopc + zpvp o

@ =) xact+y (@ —1)dac+z(p—1vac >0
x! Aac +y¢9(5,4,c + zpvac -

where xap = |A\B|,04a5 = |[ANB|,vap = |(AUB)‘|,rap= |A\B| +
|B\A|, etc. This implies that

[(95' —2)[A\B|+y (0 -1 [ANB[+z(p—1) |(AUB)C\]
2 (|[A\B| + |B\A|) + y0 |AN B| + z¢ |(AU B)‘|

[(x’ —2)|B\C|+y (0 —-1)|BNC|+z(p—1) |(BUO)C\]
2 (|[B\C|+ |C\B|)+y0|BNC|+ z¢ |(BUC) |

_[<x'—x>\A\cr+y<e—1>\Anow+z<go—1>|<Auc>C\]>0 "
7 ([ANCT + [C\A]) + y8[AN CT + 20 [(AUCY] | =

Consider the setting in figure 1, then following conditions hold,
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\A\B|:a1+b2 |B\A|:a2+b1 ‘AAB|:CL1+b2+CL2+b1
‘B\C’ :&2+bg ’C\B’ :&3+b2
’AAC‘ :a1+b3—|—a3+b1

ANCI = +bs [CNA[=as b1 g ol b bag by (5)

IANB|=bs+c [(AUB)|=a3+d R A

JANC|=by+c [(AUC)|=ay+d

IBNCl=b+c¢ |(BUC)|=a1+d
where a;, by s, c and d are cardinalities.

. X
R i, R
\ b P by A\
A
: c
Fig. 1. Cardinalities associated with sets A, B and C.
Using the values of cardinalities given in (5), the inequality (4) implies
{(x’—x) (a1 +b) +y (@ —1)(bs+¢c)+2(p—1)(az +d)
' (ar + by + ag + by) +y0 (bs + ¢) + 20 (a3 + d)
n (@' —x) (a2 +b3) +y (0 — 1) (b1 + ) + 2 (¢ — 1) (a1 + d)
x’(a2+b3+a3+bg)+y0(b1+c)+zg0(a1+d)
[t ey D s
2 (a1 +bg 4+ ag + b)) +y0 (by + ¢) + z¢ (az + d) -

Setting a; = by = ¢ =d =0, (6) implies

[(fl_x)b2+y(‘9—1)b3+z(@—1)%]+{ (' — @) (az + bs) ]
' (by + ag) + ybbs + zpas @' (ag + by + ag + ba)

[ a0 s
2’ (b3 + az) + y0by + zpay -
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z'(a2+bz+asz+b2)

= (.I‘, _x) [ ac’(bg—l—ag)—|b—2y€b3—I—zeoag,b3
o’ (bs +as)+y0ba+zpaz
bs by
' (by + az) + y0bs + zpaz ' (bs + az) + ybby + zgpag}
1) { / as _ a2 } >0
x' (by + ag) + yObs + zpas ' (bs + a3) + yOby + zpasy

Since ' > z,0 > 1 and ¢ > 1 so the factors ' — 2,0 — 1 and ¢ — 1 can be
omitted and we obtain

+ az+bs ]

+y(9—1)[

+z (o —

. bo + - as+bs
x (b2+a2)iy9b3+zlpa3b3 z/(a2+bs+az+b2) >0 (7)
@’ (b3+a3)+yOba+zpas
In particular, setting ay = a3 = 0 in (7) leads to
by b3 b

2'by + y0bs * ' (bs + be) "~ 2'bs + ybby = 0
(26 + 20/b] o + [°6° + (/)" — 'yb] B3 > 0
()" > (' —y0)yo
¥ > yb. (8)
Other combinations of a;s and by, that is, bp = b3 = 0,a0 = b3 = 0,

or by = a3 = 0 do not lead to any other conditions on z,z’,y, 2. Setting
as =by =c=d=0, (6) implies
(' —x)ay +y (@ —1)bs+ 2 (¢ —1)as
2’ (a1 + by) + yObs + zpas
(' —x)bs+y@—1)bi+2z(p—1)ay
fd (bg + CL3) + y9b1 + 2@an

_{(ﬂ—xﬂm+@)}zo

x (a1 +b3+a3+b1)

_ a1+bs
z'(a1+bz+a3z+b1)

b3 bl
+
' (ay + by) + ybbs + zpas ' (bs + as) + yOby + zpa,

ai 4 b3
= ([L’l . [L’) ! (a1+b1)+ybbs+zpas z/(bz+az)+ybbi+zpar

+y(9—1){
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+z(p—1) { 4 - o >0
14 2’ (a1 + by) + yObs + zpas ' (b3 + az) +ybby + zpa; | —

Since ' > z,0 > 1 and ¢ > 1 so the factors 2’ — x,60 — 1 and ¢ — 1 can be
omitted and we obtain

( ail + ( b3
z/(a1+b1)+ybbz+zpas 2/ (bz+a3)+ybbi+zpar
_____aitby >0 (9)
z/(a1+bz+az+b1)

In particular, setting a; = a3 = 0 in inequality (9 ) leads to the same result
obtained in (8). Similarly, setting of b; = b3 = 0 in inequality (9) implies

ai ai

— > 0
r'ay + zpaz ' (ag +az)
>z (10)
and setting of b; = a3 = 0 in (9) ends up with
b 1
a1 1 3 2 >0
x'a; +yObs  x'bs+ zpa;
(@) > yz0p (11)

Other combinations of a;s and b;s do not lead to any other conditions on
x, @', y, z. Setting ag = b3 = c=d =0 in (6) implies

[ (' — ) (ag + by) }
x! (CLl +b2 + as +b1)
{(a:’—a:)agjty(@— )b+ 2 (¢ — 1)a1]
+
2’ (ag + be) + ybby + zpa,

>0

B {(x’—x)al—i—y(@—1)b2—|—z(<,0—1)a2}
' (ay + by) + yOby + zpay

(' —x

a1+b + as
/ ) [ $/(al+b2‘|:12+b1) Z’l(a2+b2)+y9b1+2§0¢11 ]
@’ (a1+b1)+y0ba+2paz
by by
' (ag + be) + ybby + zpay T (aq + by) + yOby + zgoag}

+y(9—1)[



Cardinality-based fuzzy similarity measures 18

ai ag
+ -1 — > 0.
2o ) 2 (ag + bg) + ybby + zpay ' (ay + b1) + ybbs + zpas | —
(12)

Since ' > x, # > 1 and ¢ > 1 so the factors 2’ — z,0 — 1 and ¢ — 1 can be
omitted. In particular, setting b; = by = 0 in the inequality (12) leads to the
results obtained in (10) and no other combinations lead to other conditions
on z,2',y and z. Thus all outcomes (8 and 10) can be combined to

' > max (y0, 2p)

as the necessary condition for the family to be W-transitivity.
Corollary 1.1 If 6 = ¢, then W-transitive members of the class of inclusion
measure (3) are characterized by the necessary conditions

x> max(y6, 20)

Corollary 1.2 If § = 1 = ¢, then W -transitive members of the class of
inclusion measure (3) are characterized by the necessary conditions

' > max(y, 2)

Theorem 2 The W-transitive members of the class of inclusion measures
(2) are characterized by the necessary conditions
min ( 2',¢') > max (yb, zp)
Aa')? = max(y (¢ — yb), z¢ (¢ — 2p))
A)? = max(yf (2' — yb), zp (2 — z¢))
Proof: To determine the conditions on parameters x, ', y, and z for transi-
tivity, Let us suppose that the inclusion measure S is W-transitive i.e.,
W (S(A,B),S(B,C)) < S(4,0)
S(A,B)+ S(B,C)—1 < S(A,QC)

Applying the negator N(z) = 1 — z, on both sides, we get
1-S(A,B)+[1-S5(B,0C)]-[1-S(A,C)] >0
In terms of family (2), the above inequality can be written as

__axxas tixpatydaps+zvas
v'XaB +tXBA+Y00AB + 20vaB
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" {1 __rXBc tixes+ yopc + 2vpc ]
¥'xXB,c +tXcB +y00pc + zpvpc

_ {1 _xxac Hixea +ydac + zvac

>0
r'xac +txca+ybosac + ZQDVA,CJ

N {(x/ —x)xap+ ' —t)xpat+y@—1)oap+2z(p—1) VA,B}
¥'xaB+t'XBa+Yyloas+ zpvap

+ {(x/ —x)xBo+ ' —t)xes+y(@—1)dpc+2z(p—1) VB,C}
2'xpc +tUxcB +yddpc + zovp o

B {(w’ —x)xac+ ' =) xcaty@—1)dac+2(p—1) I/A7c} -0
¥'xac+t'xoa+ydoac + zpvac .

where xa5 = |A\B|,xB,a = |B\A|,xBc = |B\C|,xc,5 = |C\B|, xa,c =
|A\C|, xc.5 = |C\A].

N {(x' —x) |[A\B[+ (' = 1) [B\A[ +y (0 —1)[AN B[+ 2(p— 1) \(AUB)CI]
2 [A\B|+ ' |B\A[ + y0|[AN B| + z¢|(AU BY|

N {(ﬂf’—x) [B\C|+ (' =) |C\B|+y (0 —1) [BNC|+z(p - 1) I(BUC)C\]
2 |B\C|+t|C\B|+y0|BNC|+ z¢ |(BUC) |

B [(w’—w) [A\C+ ' =) |[C\A[+y (0 —1) [ANC|+ 2 (¢ — 1) (AU C)]
o JA\C| +t' |C\A| + y0 |ANC| + zp (AU C)°

Considering the settings in figure and using the values of cardinalities given

in (5), the above inequality leads to

E

[(fﬂ’—w)(a1+bz)+(t’—t)(a2+bl)+@/(9—1)(63+0)+Z(90—1)(a3+d)]
x/(a1+bg)+t’(a2+b1)—|—y9(b3+c)+z<p(a3+d)

{(x/—x)(ag%—bg)+(t/—t)(a3+bg)+y(g—1)(bl+c)+z(g0—1)(a1+d)}

@' (ag +b3) +t' (ag + ba) + yb (by + ¢) + z¢ (a1 + d)

_ [(w’—@(al+bg)+(t’—t)(as+bl)+y(9—1)(bz+c)+z(<p—1)(a2+d)
x/(a1+bg)+t’(a3+b1)+y9(bg+c)+z<,0(a2+d)

(13) } -
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Setting a; = by = ¢ = d =0, (13) implies

[(x/—a:)bg—l—(t/—t)a2+y(9—1)bg+z(<p—1)a3]

x'by + t'ag + ybbs + zpag

(' —x) (ag + b3) + (t' — t) (a3 + bs)

|

ZL‘, a9 + b3) + t/ (CL3 + bg) :|

(
(

B [(x/—x)b3+ ' —tas+y @ —1)by+2z(p—1)as

|

B x'bg + t'as + yOby + zgpag}

= (x'—x)[
+y(9—1){
—|—z(<,0—1){ _

+(t’—t)[

x'bs + t'ag + yOby + zpay

b2 4 ag+bs
x'ba+t'az+yObz+zpas b z/(a2+b3)+t' (az+b2)
_ 3
b3+t az+yOba+zpaz

bs

by

E

x2'by + t'ag + ybbs + zpag
a3

a2

x'by + t'ag + ybbs + zpag

as az+bo

x'ba+t' az+yObz+zpas +

_ as
x'bz+t' az+ybba+zpaz

2/ (a2+b3)+t' (a3+b2)

> 0.

x'bs + t'az + yOby + zgpag}

(14)

Since 2’ > x,0 > 1,/ >t and ¢ > 1 so the factors 2’ — z,t' —¢,6 — 1 and
¢ — 1 can be ignored and (14) can be simplified as

and

bo az+b3

x'ba+t' az+yObs+zpas _: z’(a2+b3)+t’ (az+b2)
_ 3
z'bz+t'az+ybba+zpaz

=+ az+bo

a
x'ba+t'az+yObs+zpas z’(a2+b3)+t’' (a3+b2)
as

- z'bz+t'az+ybba+zpaz

>0

In particular, setting ay; = a3 = 0 in inequality (15) implies

b b by .

x'by +ybbs  x'bs +t'by  x'b3 + ybby
[t'by + 227b3] yObs + [y?07 — t'y0 + (/)] b3 >
(«)?* >

yo (t' —y0)

(15)

(16)

(17)
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and setting by = b3 = 0 in inequality (16) implies

(05} as as
+ — > 0
t'as + zpas  x'as +tas tas+ zpas
[2t'as + 2'as] zpas + [27* + (') — 2'2¢] a5 > 0
(t)? > 2p(a’ —2p) (18)

Other combinations of a;s and b;ys do not provide any other condition on
x, 2t y, z. Setting as = by = ¢ =d =0 (13) implies

x'a; + by + yObs + zpas
@ =0+ =y (0= Db+ (0= Da
x'bs + t'az + yoby + zpay

{(x’—x)al—i-(t/—t)bl%—y(é’—1)bg+z(<p—1)a3}

(.T, — 1’) (CLl -+ bg) + (t/ — t) (663 + bl)
_|: x’(a1+b3)+t/(a3+bl) :|ZO

_ a1+b3
x’(a1+b3)+t’ (a3+b1)

Fy (0 —1) { bs + i }

r'ay + t'by + yObs + zpaz  x'bs + t'az + ybby + zpaq

+z(p—1) { @ + o }

x'a; + t'by + ybbs + zpas  x'by + t'az + yOby + zpaq

ay 4 b3
= (1_/ o Z’) ' a1+t'b1 +ybbs+zpas z'bz+t' az+ybb1+zpar

> 0.

_ asz+by
2/ (a1+b3)+t' (az+b1)

b
/ $’a1+t’b1+1y€b3+cha3 + $’b3+t’a3—7—§/0b1+zgoa1
+ (' —1) b

Since 2’ > x,0 > 1,/ > t and ¢ > 1 so the factors '’ — z,t' —¢,0 — 1 and

¢ — 1 can be omitted and this leads to the inequality (19) and the inequality
(20),

- a1+b3
z'(a1+b3)+t' (a3+b1)

ai + bs
' a1+t'b1 +ybbs+zpas z'bz+t' az+ybb1+zpar > 0 (19)

and

_ asz+by
@’ (a1+b3)+t' (az+b1)

b1 as
[ z’a1+t'b1+y0bs+zpas + b3+t az+yOb1+zpar ] > 0 (20)
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In particular, setting a; = a3 = 0 in inequality (19) implies

bs b3

— >0
.T/bg + y961 .T/bg + t/bl -

= bg (xlbg + t/bl) - bg (.T/bg + y9b1) Z 0
= t'>yb

and by setting b; = b3 = 0 in (19) leads to
t'>zp

That is,
t' > max (y0, zp) (21)

Similarly a3 = b; = 0 in (19) leads to the conditions (2/)* > yz0¢ and by
setting a; = a3 = 0 and by = b3 = 0 in (20) implies

2’ > max (y0, zp) (22)
and a; = by = 0 in inequality (20) gives
(t')? > yzp
Combining these two conditions (21) and (22) lead to
min (z/,¢") > max (y6, zy) (23)

Setting a3 = by = ¢ = d = 0 (13) implies

(@ —x) (a1 + b2) + (t' —t) (a2 + by)

{ 2’ (a1 + by) + 1 (ag + by) ]

N [(x’—x)a2+(t’—t)bg+y(9— )b+ 2z (¢ — 1)a1]
x'as + t'by + yOby + zpay

B [(:c’—x)al+(t’—t)b1+y(0—1)b2+z(go—1)a2

, >0
x'ay + t'by + yOby + zpas



23 Aslam Javed, Ashraf, Husnine

a1+ba 4
( / ) z/(a1+b2)+t’ (a2+b1) 96 a2+t’b2+y9b1+zwa1

r —X
Tz a1+t/b1+y9b2+z<pa2

b1 b2

Yy (0 B 1) / / T !

xag+tb2+y6’bl+zg0a1 $a1+tb1+y8bg+zg0a2

ay a2

+z(p—1 -

¥ (SO ) |:ZL‘/CL2 + t/bg + y9b1 + 2@an x’al + t/bl + y@bg + ZQOCLQ:|

az+by + bo
+ (t/ . t) z/(a14b2)+t' (az+b1) b$’a2+t’b2+y0b1+cha1

: > 0.
T Tai+t'by +yOba+zpaz

Since 2’ > x,0 > 1,/ > t and ¢ > 1 so the factors '’ — z,t' —¢,0 — 1 and
¢ — 1 can be omitted and this leads to the inequality (24) and the inequality
(25),

a1+bs 4
@’ (a1+b2)+t (az+b1) ST a2+t’b2+y9b1+zsoa1 (24)
T Tai+t'bhy +y9b2+z<pa2
and
az+by +
x'(a1+b2)+t (az+b1 T a2+t/b2+y9b1+zgoa1
o)ty (25)
Tz 'a1+t'b1+y0ba+zpaz
In particular, setting a; = ay = 0 in the inequality (25) implies

by by by

+ - > 0
.T/bg + t/bl t/bg + y9b1 t/bl + y@bg
[2by + 2'b1] ybby + [(')* — 2'y0 + y*6°] b} > 0
(t')? > yb(' —yh). (26)

In particular, setting by = by = 0 in the inequality (24) implies

ai a2 ai

+ - > 0
r'ay +tay  Tas+ zpay  x'ap + zpas
22ay + t'as) zpas + [2°0% — 'z + ()] ] > 0
(@) > 2p(t' —2p). (27)
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Other combinations of a;s and b;ys do not provide any other condition on
z, 2’ t, 'y, z. Above conditions (17) and (27) can be combine to

(#')* > max(yf (t' — yd) , 2 (' — 2))

and conditions (18) and (26) can be combine to

(t')? > max(yf (z' — yb) , 2 (2 — 2¢0)).

Thus
min ( 2',¢') > max (yb, zp)
ANa')* = max(yf (' —yb), z¢ (' — zp))
AE)? = max(yf (2 — yb) , 2 (2" — 2p))

are the required necessary conditions for family to be W -transitive.

3 Transitivity of Similarity Measures

A common approach for comparing two objects is to select an appropriate list
of features then prepare a binary vector of {0, 1} based on the fact that if the
object has certain feature will be recorded as 1 and 0 otherwise. The degree
of similarity of the two objects is then expressed in terms of cardinalities of
these binary vector sets A and B in a finite universe X as

xaap +twap+ ydap + 2vap
T'oaap+twap+yoap+2vap

with A, B € P(X),wap = max (|A\B|, |B\A|), aap = min (JA\B|, |B\4|),
dap = |ANB|, vap = |(AUB)°| and parameters z,2',t,t',y,y, 2,2 €
{0,1}. The similarity measure is symmetric, that is, for all A, B € F(X),
S(A, B) = S(B, A) and fuzzy reflexive for any A € F(X),S(A, A) € [0,1].
Janssens et al [34| used four parameters to test the various properties
of monotonicity and transitivity for Lukasiewicz, Product and Min t-norms.
Some members of the family (28) with parameters discussed by Janssens [34]
in the light of eight parameters are given in Table 2. Many other measures
cannot be discussed under parametric family of similarity measures using
four parameters, some of them are given in Table 3. Some of these measures
are explored in this section by using all eight parameters. Fuzzy similarity

S(A,B) = (28)
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Tab. 2: Some members of Family (28) with 4 parameters.

/

~

Measure Expression z= 2 t t y vy 2z =z
Jaccard [28] il 001 01110 0
Simple Matching [29] 1-— @ 01 01 1 1 1 1
Dice [30] TetE 0 1 0 1.2 2 0 0

Rogers & Tanimoto [31] o ﬁig 0 2 0 2 1 1 1 1
Sokal & Sneath 1[32] o5z 0 2 0 2 1 1 0 0
Sokal & Sneath 2 [33] 1— 258 0 1 0 1 2 2 2 2

measure will hold fuzzy reflexivity for ¢ = y6, 2’ = z¢ with 6,0 > 1, and
the above relation of similarity measure can be written as

raap +twap +ydap+ 2B
Yasp+twap+yloas+ zpvap

S(A,B) = (29)
For simplicity, if we use only four parameters, that is, x = ¢,2’ = t/, the

above relation becomes

T AAB +y5A,B + 2va B

S(A, B) =
(4.5) ' Mg p +y0oa s+ zpvap

(30)

which is an extension of four parameters of Janssens’ to six parameters

T AAB +y5A,B + 2va B

S(A,B) = 31
( ) ¥ Aap +YoaB+ 2Va B (81)
Tab. 3: Some members of Family (28) with 8 parameters.
Measure Expression x 2 t t oy vy z 2
Sokal & Sneath 3 e o 1.0 1 1 0 1 0
Faith [35] | - ZABHIAOBIT o 9 g 2 2 2 1 2
: AnB

Kulczynski 1 B 01 01 1 0 0 O
Russell & Rao [29] AN 0 1 01 1 1 0 1

n

These similarity measures are symmetric for any fuzzy subsets A, B and
will be fuzzy reflexive if 4/ = yf and 2/ = zp for 6, > 1. That is with
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positive real parameters x, 2’ ¢, y,z. S(A,B) € [0,1] if 0 < = < 2’ and
0 <t < t'. This section is focused to characterize the Lukasiewicz-transitive
members of family (28).
Theorem 3 The W-transitive members of family (30) are characterized by
the necessary condition

' > max(yb, zp).

Proof: To determine the conditions on parameters x, 2’, y, and z for transi-
tivity, the similarity measure S is W-transitive if it holds that

W (S(A, B),S(B,C)) < S(A,C)
S(A,B)+ S(B,C) —1< 5(A,C)

Applying N (z) = 1 — z to both side of above inequality, we have

1—-S(A,B)|+[1-5B,C)]-[1-S(A,C)]>0

In terms of family (30), the above inequality can be written as

| _ % 8aBp+Yoapt2Vap Ll _Thse +ydp.c + 2vpc
¥ Mg +y0oa B+ zpva B ¥ Ao +ybopc + 2pvp o

_ |:1 T Aac +y(5,4,c + zvac

_ >0
x! Aac +y05147c + zprac

{(x’ —x) Aap+y (@ —1)0ap+2(p—1) I/A7B:|
' Aap +yboap+ zpvap
n [(IB' —x) Apc+y (0 —1)dpc+2(p—1) VB,C]
' A +y953,c + zpvp ¢

B { (@' =) dac +y (0 —1)dac+z2(p—1rvac

, E
T Ao +y¢9(5,4,c + zpvac

Let us assume that Axp= |A A B|, dap = |[ANB|, vap = [(AUDB)‘|.
Similarly, AB,C: ‘B A O|, (5370 = ‘Bﬂ0|, VBc = ‘(BUO)C|, and AA,C:
|AAC|,0ac=]|ANC|, vac = |(AUC), then above inequality becomes
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(' —x)|AABl+y(@—1)JANB|+z(¢—1)|(AU B)|

[ o' |AAB|+y0|AN B+ zp (AU B)°| }

+{(m’—xﬂBAC|+y(9—1)|BﬂC\+z(gp—1)|(BUC)Cq
2 |BAC|+y8|BNC|+ zp|(BUCO)

B {(x'—a:ﬂAAC’|+y(«9—1)|AﬂC’\+z(gp—1)|(AUC’)C\

>
o |[ANCl+yf|ANC| + 29| (AU O] ]_O

Consider the setting in figure, and substituting the cardinalities (5), the
above inequality implies

{(x/—x)(al+bg+a2+bl)+y(0—1)(bg+c)+z(<p—1)(a3+d)}

@' (a1 + by +ag + b1) +yb (bs + ¢) + zp (az + d)

n [@’—x><a2+bg+a3+62>+y<e—1><bl+c>+z<so—1><a1+d>]
2/ (ay + b3+ az + by) + y0 (b + ¢) + z¢ (a1 + d)

B {(x'—x)(al+b3+a3+bl)+y(9—1)(bz+0)+2(@—1)(a2+d)} >0
@’ (ay + by + az + b1) + yb (by + ¢) + 2z (a2 + d) B

(32)

Similarly setting as = by = ¢ = d = 0, the inequality (32 ) implies that

|i(ZL’/—ZL’) ((11+b1)+y(6—1)b3+2(@—1)a3:|
@' (a1 + by) + yObs + zpas
{(37'—90) (bs +as) +y (0 —1)bi+z(p— 1)a1} [(x’—x)}
+ — >0
' (bs + az) + ybby + zpay x!

=>(x’—x)[ by +ay n bz + as _l]
' (a1 + by) + yObs + zpas  x' (bs + az) + ybby + zpay '

ro-1)| s d }

+
' (a1 + by) + ybbs + zpas ' (bs + az) + ybby + zpay
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as aq
_|._
o' (ay + by) + ybbs + zpas ' (bs + as) + yoby + zpa,

+z(p—1)

Since ' > z,0 > 1 and ¢ > 1 so the factors ' — x,0 — 1 and ¢ — 1 can be
omitted and we obtain

by + aq bs + as 1
+ —— >0 33
' (a1 + by) + ybbs + zpaz ' (bs + az) + ybby + zpay (33)

In particular, setting a; = a3 = 0, the inequality (33) leads to the results

by N bs 1 0
x'by +ybbs  x’bs +ybby 2
blbg ((.CE,)2 — y292) Z 0

which is fulfilled only if 2’ > y6 and setting b; = b3 = 0, the inequality (33)
leads to the results

a1 as

0

/ + / /
T'ay + zpas  2'as +zpa; o«
araz ((2/)? = 2%¢*) > 0

v

which is satisfied if 2’ > z¢. Similarly, setting a; = b3 = 0, in the inequality
(33) as
b1 1 as

- - N _l’_ - - @
'y + zpas '  x'asg+ yOby
and by = ag = 0, in the inequality (33) as

aq 1 i b3
r'ay +yObs ' T'bs+ zpa;

lead to the result
()2 > yz0p

These conditions can be combine into a single condition as

' > max(yf, zp). (34)
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Setting a1 = by = ¢ =d = 0, and a3 = b3 = ¢ = d = 0 the inequality
(32) does not imply any further condition on x,z’,y and z. Thus (34) is the
necessary condition for transitivity.

Theorem 4 The W-transitive members of family (29) are characterized by
the necessary condition

min (z/,¢') > max (yb, zy)
AP > max((x' — y8) o, (&' — 2p) 29)
Aa)? > max ((t' —y0) yb, (' — 2¢) zp)

Proof: To determine the conditions on parameters xz,z’,t,t',y, and z for
transitivity, the similarity measure .S is W-transitive if it holds that

W (S(A, B),S(B,C)) < S(A,C)
S(A,B) + 8(B,C) —1< S(A,C)

Applying N (z) = 1 — z to both side of above inequality, we have

[1— S(A,B) +[1—S(B,C)] —[1—S(A,C)] >0

In terms of family (29), the above inequality can be written as

{1 _zaapt+iwap+ydap+ivas ]
vy p+twap+y0dap + 2prap

N {1 __zapc tilwpe +yopc + 2Be ]

rapc +twp e+ ylop e + zovp o

_ |:1_ [BO&A70+twA7c+y(5A7c+ZVA7C ] >0
oo+ twac+ y(%A,c +zpvac| T
Let us assume that

agp = min([A\B|,[B\A|) = [A\B],
wap = max(J[A\B[,|B\A|) = |B\AJ,
dap = |ANDB|,

vap = |[(AUB)].
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Similarly,
age = min([B\C[,|C\B]) = [B\C],
wpe = max(|B\C|,|C\B|) = |C\B],
dpc = |BNnC|,
vee = [(BUCO)T,

and

agc = min(JA\C],|C\A|) = [A\C],
wac = max (|[A\C[,|C\A]) = [C\A],
dac = |ANCY,

VA,C = ’(AUC)C‘,

then above inequality becomes

{1_ z|A\B|+t|B\A| +y|AN B|+ z|(AU B)‘| }
' |[A\B| +t |B\A| + y0 |AN B| + z¢|(AU B)‘|
{1_ xz|B\C|+t|C\B|+y|BNC|+z|(BUC) ]
o' |B\C| 4+t |C\B| +y0 | BN C|+ z¢|(BUC)‘|
_{  z|A\C|+EO\A[+y|ANC + 2 |[(AUCO)] ] -0
o J[A\C|+t' |C\A| + y0|[ANC|+ zp |[(AUC)|| —
Consider the setting in figure, and substituting the cardinalities (5), the
above inequality implies

{(1"—37)(@1+bz)+(t'—t)(@2+bl)+y(9—1)(b3+0)+2(90—1)(a3+d)}
x’(a1+b2)—|—t/(a2—|—bl)+y9(b3+c)+zgp(a3+d)

+{(x’—@(aﬁbg)+(t’—t)(a3+bz)+y(9—1)(61+c)+z(so—1)(a1+d)]

x/(a2+bg)+t’(a3+b2)+y9(b1+c)+z<,0(a1+d)

B [(a:’—x)(al+bg)+(t’—t)(a3+bl)+y(«9—1)(bg+c)+z(g0—1)(a2+d)
z' (a1 + bs) + 1 (ag + b1) + yb (by + ¢) + 2z (az + d)

} >0
(35)
Similarly setting a; = by = ¢ = d = 0, the inequality (35 ) implies that

(@' —2)bo+ (' —t)as+y (@ —1)bs+ 2 (¢ —1)as
x'by + t'ag + yObs + zpas
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|

(' —2)b3+ (' —t)az+y (0 —1)ba+ 2 (p— 1) a

(' —x) (ag + b3) + (t' — t) (ag + bo)

! (CLQ + bg) +t (CL3 + bg)

|

|

x'bs + t'ag + yObs + zpas

bo az+b3

(x'—x)[

63 bg
+y(0—1) |— / —— /
'by + t'as + yObs + zpas  x'bs + t'az + yObs + zpas
as (05}
1 _
tele—1) [55/52 +tay +yobs + zpaz  x'by + t'az + ybby + zpay

+W—U[

z'ba+t' az+ybbs+zpas b

+ x’(ag+b3)+t' (az+b2)

|

_ 3
b3+t az+y0ba+zpaz

E

|

a as +b2

+

|

2'ba+t' a2 +y0Obs+zpas

_ as
/b3 +t'az+ybba+zpaz

x! (ag+b3)+t' (az+b2)

> 0.

Since ' > z,0 > 1 and ¢ > 1 so the factors ' — z,0 — 1 and ¢ — 1 can be
omitted and we obtain

ba =+ az+b3

and

x'ba+t' as+ybHbs+zpas ) x/(az+b3)+t' (a3+b2)

_ 3
z'b3+t' az+yOba+zpas

a3+b
z'(a2+b3)+t' (az+b2)

a
x'bo+t a2 +ybbs+zpas

+

— as
z'bz+t' az+ybba+zpaz

(36)

>0 (37)

In particular, setting ay = a3 = 0, the inequality (36) leads to the results

by

bs bs

[21"63 + t/

— >

by + yObs | by 1ty by + y0by
b] ybbs + [(.I/)Q — (t' —yh) y@} b; >

() >

0

0

(t"—y0)yd  (38)

and setting by = by = 0, the inequality (37) leads to the results

as as B as S

tas + zpas  T'as +tas  tasz+ zpas T

[ as + 2t'as) zpas + [2%9% — 2'zp + (V)] a5 >
(t) >
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Other combinations of a;s and b;ys do not provide any other condition on
x, 2’ t, ', y, z. Similarly setting as = by = ¢ = d = 0, the inequality (35)
implies that

(@ —z)ar+ (' =) +y—1)bs+z2(p—1)as
x'ay + t'by + ybbs + zpag
L@ =2+ —tasty (@ - Db tz(e—Da
x'bs + t'ag + yOby + zpay

@ —x) (a1 +b3) + (' 1) (az + b)) -0
I‘l (a1 +b3) +t, (a3+b1) -
/ / 4 + / ! b3 |
($' _ $) x'a1+t b1+y(ﬁ3+wa3 al+:v3b3+t az+yob1+zpay
2/ (a1+b3)+t' (a3+b1) )
bg bl
0—1
y ) L:/al + t'by + yObs + zpas + x'bg + t'as + yOb, + zgoal}
as ay
-1
+2(p ) Lz:’al + t'by + yObs + zpas + x'bs + t'as + yOb, + zgpal}

_ az+by
z'(a1+b3)+t' (az+b1)

by as
+ (t/ _ t) [ x/a1+t/b1+y9b3+zg0a3 + x/b3+t/a3+y0b1+zgoa1 ] Z 0

Since 2’ > x,0 > 1,/ >t and ¢ > 1 so the factors '’ — z,t' —¢,6 — 1 and
@ — 1 can be ignored and above inequality leads to

_ a1 +b3
x’(a1+b3)+t' (a3+b1)

al + bB
a1+t b1 +yObs+zpa b3+t as+yOb1+zpa
1 1 3+zpas P 3 3 1tzpal 2 0 (40)

and

_ az+b1
z'(a1+b3)+t'(az+b1)

by + as
a1+t b1 +y0bs+zpas b3+t az+y0b1 +zpay > 0 (41)

In particular, setting a; = a3 = 0 and b; = b3 = 0 the inequality (40) leads
to the results
bs bs
x’bg + y961 I‘lb3 + t/bl
> yo
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and
aq . aq > 0
r'ar + zpas  x'ay +tas T
t > zp
respectively, which can be written in the form
t' > max (y0, 2p) . (42)

Also setting a; = a3 = 0 and by = by = 0, the inequality (41) leads to the
results

by b1 0
t,bl + y0b3 x’bg + t,bl -
> yb
and
as B as > 0
t'as + zpay  2'ay +tas T
¥ > zp
respectively, which can be combine in the form
' > max (y0, zp) (43)
The results (42) and (43) leads to
min (z',t") > max (y0, zp) (44)

Similarly setting a3 = b3 = ¢ = d = 0, the inequality (35) implies that

(' —x)(ag + b)) + (' — t) (az + by)
{ a' (a1 + ba) + 1 (ag + by) }

(@ —z)ag+ (' =) ba+y(@—1)bi+2z(p—1)as
[ r'as + t'by + yOby + zpay }

+

B [(:c’—x)alJr(t’—t)bl+y(0—1)b2+z(<p—1)a2

, >0
x'ay + t'by + yOby + zpas



Cardinality-based fuzzy similarity measures 34

a1+b2 4 az
(.CE/ o .CE) 2/ (a1+b2)+t (a2+b1) ' ag+t'ba+y0b1+zpaq

— ai
z’a1+t'b1+yOba+zpaz

b1 b2

+y (0 —1) —

I'/CLQ + t/bg + y9b1 + 2@an x’al + t,bl + y@bg + 2Pas

a1 a2

+z(p—1 -

* (SO ) |:ZL‘,CL2 + t/bg + y9b1 + 2@an x’al + t/bl + y@bg + Z(,OCLQ:|
az+by + bo
+ (t/ _ t) z'(a1+b2)+t' (a2+b1) b$’a2+t’b2+y9b1+290¢11 > ().
1 =

T Tai+t'by +y0ba+zpaz

Since 2’ > xz,t' > t,0 > 1 and ¢ > 1 so the factors 2’ — z,t' —¢,6 — 1 and
@ — 1 can be ignored and above inequality leads to

ai+by =+ az
' (a1+b2)+t' (az+b ' ag+t'ba+ybb1+zpa
(a1+b2) _( 2+b1) G aattbatybhy 11 >0 (45)
z’'a1+t'b1+y0ba+zpas
and
as+by 4 b
z'(a14b2)+t' (a2+b1) x'az+t'ba+y0b1 +zpar
B by > 0. (46)
' a14t'b1 +yOba+zpaz

In particular, setting a; = as = 0, the inequality (46) leads to the results

by by by
+ - > 0
I‘lbg + t/bl t/bg + y961 t,bl + y@bg
2t'by + 2'bs] ybbsy + [(¥')* — 2'yb + y*6°] b} > 0
() > (@' —yb)yd  (47)

and setting by = by = 0, the inequality (45) leads to the results

ay a2 ay
+ - > 0
ray +tay  x'as+ zpar T'ay + zpas
(220> + (¢')? = t'zp] af + [t'as + 22ar] zpas > 0
(') > (' —2p)2p.  (48)

Now results (38) and (48) leads to

(2')? > max ((t' — y8) yb, (t' — zp) 20) (49)



35 Aslam Javed, Ashraf, Husnine

and results (39) and (47) merged to
(')* = max ((2' — y0) yb. (z' — 2) z¢0) . (50)

Thus the necessary condition for transitivity is obtained by (44, 49 and 50)
as

min (z/,¢) > max (yb, zy)
A)? > max((2' —y0)yb, (2" — zp) 20)
A')? > max ((t' —yb)yb, (t' — 20) zp) . (51)

Example
Suppose we want to compare three objects A, B, and C based on certain
features represented by binary vectors.

A : 101010101101
B : 010110010101
C : 100101101011

It is possible to find the values of the parameters which satisfy the necessary
conditions and the Lukasiewicz similarity and inclusion measures are transi-
tive. For example, putting x = 3,2/ = 10,y =2,y = 6,2 = 4,2/ =7,t = 2
and t' = 10 leads to the following similarity measure:

S(A, B) =

3min(|A\B|, |B\A|) + 2max(|A\B|, |B\A|) + 2|AN B| + 4|(A U B)*|
10min(|A\B|,|B\A|) + 10maz(|A\B|, |B\A|) + 6|AN B| + 7|(AU B)°|’

It is easy to verify that the necessary conditions (51) are fulfilled and the
similarity measure is transitive also. Jaccard coefficient of similarity J(A,B)
and similarity measured by parametric family of cardinality based for four
parameters [18, See Eq. 2.4| is measured to 0.30. The degree of similarity
measure between objects A and B using 8 and 6 parameters is also 0.303922
and 0.30 respectively for the values of the parameters given in the Table 4.
By assigning different weights to these parameters leads to different degree
of similarity. So if we are more concerned about the absent features, we can
assign more weight to them and can find the similarity between them.
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Tab. 4: Degree of similarity measures S (29), S; (30) and Sy (31).

x o y y =z Z t t Degree of Similarity

SAB) 0 1 1 — 0 - — — 0.3

SB,C) 0 1 1 — 0 - — — 0.1818
S(AC) 0 1 1 — 0 — — — 0.4

Si(A,B) 3 10 2 6 4 7 2 10 0.303922
S(B,C) 3 10 2 6 4 7 2 10 0.275229
S1(A,C) 3 10 2 6 4 7 2 10 0.316327
Se(A,B) 3 11 1 3 3 7 — -— 0.3

S»(B,C) 3 1l 1 3 3 7 — - 0.285714
S»(A,C) 3 11 1 3 3 7 — - 0.304348

4 Conclusion

In this paper, we try to tackle the problem arises due the limitation imposed
by four parameters and try to discuss the necessary conditions for transitiv-
ity of similarity and inclusion measure. This would help to compare objects
based not only on positive matching but also on the basis of negative match-
ings. This will play a significance role medicines, image processing, text
mining, etc. where negative match has a vital role. For future directions,
similar parametric family can be devised for multiplication of cardinalities.
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