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Abstract

In this paper we outline the European interest rate swaption pricing formula from
first principles using the Martingale Representation Theorem and the annuity
measure. This leads to an expression that allows us to apply the generalized Black-
Scholes result. We show that a swaption pricing formula is nothing more than the
Black-76 formula scaled by the underlying swap annuity factor.

Firstly, we review the Martingale Representation Theorem for pricing options,
which allows us to price options under a numeraire of our choice. We also
highlight and consider European call and put option pricing payoffs. Next, we
discuss how to evaluate and price an interest swap, which is the swaption
underlying instrument. We proceed to examine how to price interest rate
swaptions using the martingale representation theorem with the annuity measure
to simplify the calculation. Finally, applying the Radon-Nikodym derivative to
change measure from the annuity measure to the savings account measure we
arrive at the swaption pricing formula expressed in terms of the Black-76 formula.
We also provide a full derivation of the generalized Black-Scholes formula for
completeness.
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Notations
The notation in table 1 will be used for pricing formulae.

Table 1. Notations

Notation | Definition

AfRixed | The swap fixed leg annuity scaled by the swap notional

A%"’at The swap float leg annuity scaled by the swap notional

b The cost of carry, b =r — ¢

c Value of a European call option

K The strike of the European option

l The Libor floating rate in % of an interest rate swap floating cashflow
m The total number of floating leg coupons in an interest rate swap
M, A tradeable asset or numeraire M evaluated at time t.

n The total number of fixed lef coupons in an interest rate swap
N, A tradeable asset or numeraire N evaluated at time t.

N The notional of an interest rate swap

N(z) |Thevalue of the Cumulative Standard Normal Distribution
P Value of a European put option

Market | The market par rate in % for a swap. This is the fixed rate that makes the swap

fixed leg price match the price of the floating leg.

P(t,T) teT
A call or put indicator function, 1 represents a call and -1 a put option.
0] In the case of swap 1 represents a swap to receive and -1 to pay the fixed leg
coupons.
q The continous dividend yield or convenience yield
r The risk-free interest rate (zero rate)
rFixed The fixed rate in % of an interest swap fixed cashflow
S The Libor floating spread in basis points of an interest rate swap floating
cashflow
S For options the underlying spot value
g The volatility of the underlying asset
T The time to expiry of the option in years
T The year fraction of a swap coupon or cashflow
v Value of a European call or put option
Xr The option payoff evaluated at time T
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1. Introduction

A swaption is an option contract that provides the holder with the right, but
not the obligation, to enter an interest rate swap starting in the future at a fixed
rate set today. Swaptions are quoted as N x M, where N indicates the option
expiry in years and M refers to the underlying swap tenor in years. Hence a 1 x 5
Swaption would refer to 1 year option to enter a 5 year swapl.

Swaptions are specified as payer or receiver meaning that one has the option
to enter a swap to pay or receive the fixed leg of the swap respectively.
Furthermore swaptions have an associated option style with the main flavours
being European, American and Bermudan, which refer to the option exercise
date(s), giving the holder the right to exercise at option expiry only, at any date up
to and on discrete intervals up to and including option expiry respectively.
Swaptions can be cash or physically settled meaning that on option expiry if
exercised we can specify to enter into the underlying swap or receive the cash
equivalent on expiry. In what follows we consider how European Swaptions on
interest rate swaps with physical settlement are priced.

In reviewing swaption pricing firstly we outline the necessary preliminaries
namely the Martingale Representation Theorem (MRT), which provides us with a
mechanism to replicate, hedge and evaluate option payoffs with respect to a
hedge instrument or numeraire of our choice?. Secondly, since interest rate
swaptions have payoffs determined by the underlying interest rate swap (IRS) we
look at how to price the underlying IRS in order to better understand the swaption
payoff, highlighting that Interest rates swap prices can be expressed in terms of an
annuity numeraire. We also outline the canonical call and put payoffs to help
identify that payer swaptions correspond to a call option on an IRS and likewise
receiver swaptions to put options.

We then proceed to apply the Martingale Representation Theorem, selecting
the annuity numeraire, which was a key component in the underlying IRS price.
We make this choice to simplify the mathematics of the expected payoff, which in
this case leads to a Black-Scholes type expression.

This allows us to use the generalized Black-Scholes (1973) result to arrive at
an analytical expression for the swaption price, which we show is the Black-76
formula scaled by an annuity term. To help readers to identify and apply the

! Note the underlying 5 year swap in this case would be a forward starting swap, starting
in 1 year with a tenor of 5 years and ending in 6 years from the contract spot date.

2Subject to the numeraire being a tradeable instrument which always has a positive
value. This is so that the corresponding probability measure is never negative.
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Black-Scholes result we take an extra unnecessary step to apply a change of
numeraire to the expected payoff to simplify and transform the expected
swaption payoff into the more classical and recognizable savings account
numeraire or risk-neutral measure. Finally, we provide a derivation of the
generalized Black-Scholes result for completeness.

2. Martingale Representation Theorem

In probability theory, the martingale representation theorem states that a
random variable that is measurable with respect to the filtration generated by a
Brownian motion can be written in terms of an It6 integral with respect to this
Brownian motion.

The theorem only asserts the existence of the representation and does not
help to find it explicitly; it is possible in many cases to determine the form of the
representation using Malliavin calculus. Similar theorems also exist for
martingales on filtrations induced by jump processes, for example, by Markov
chains. Following Baxter (1966), Hull (2011), and Burgess (2014), we established
the martingale representation theorem that provides us a framework to evaluate
the price of an option using the below formula, whereby the price V; at time t of
such an option with payoff X; at time T is evaluated with respect to a tradeable
asset or numeraire N with corresponding probability measure Q.

Vi X7 |
— =EW |— | F, 1
=B [ R &
or equivalently as:
X }
Ve = NEO | =5 | F, 2)
| Ny ]

where V; is the option price evaluated at time t; N, is the numeraire evaluated at
time t; E9V is an expectation with respect to the measure of numeraire N; Xris at
time T.

A European Option with payoff X; at time T takes the below form for a European
Call:

Xr = max(Sy — K,0) 3)
= (ST - K)+

and likewise for a European Put Option:
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Xr = max(K — S7,0) 4)
=(K— ST)+

3. Swap Present Value

An interest rate swaption is an option and an interest rate swap (IRS).In order
to evaluate the swaption payoff we need to understand the IRS instrument and
how to determine its price or present value.

In an interest rate swap transaction a series of fixed cashflows are exchanged
for a series of floating cashflows. One may consder a swap as an agreement to
exchange a fixed rate loan for a variable or floating rate loan. An extensive review
of interest rate swaps, how to price and risk them is outlined in Burgess (2017a).

The net present value PV or price of an interest rate swap can be evaluated
as follows.

PVSwap — (l)(PVFixed Leg __ PVFloat Leg) (5)
n m
— ¢ z NrFixed o p(eg,6) — Y N(L_y + )T, P(tg, &)
i=1 j=1

where PVFixed Leg refers to The present value of fixed coupon swap payments.
Receiver swaps receive the fixed coupons (and pay the floating coupons) and
payer swaps pay the fixed coupons (and receive the floating coupons). The
pyFloat Leg refers to the present value of variable or floating Libor coupon swap
payments. Each coupon is determined by the Libor rate at the start of the coupon
period. When the Libor rate is known the rate is said to have been fixed or reset
and the corresponding coupon payment is known.

In the swaps market investors want to enter swaps transactions at zero cost.
On the swap effective date or start date of the swap the swap has zero value,
however as time progresses this will no longer be the case and the swap will
become profitable or loss making. To this end investors want to know what fixed
rate should be used to make the fixed and floating legs of a swap transaction
equal, which we denote pMa”“”t . Such a fixed rate is called the swap or par rate.
Interest rate swaps are generally quoted and traded in the financial markets as
par rates, i.e. the rate that matches the present value of the fixed leg PV and the
float leg PV. Thus, swaps that are executed with the fixed rate being set to the par
rate and called par swaps and they have a net PV of zero.
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PYPer Swap = ¢ | N NrPed g P (e, ) = ) N(yy +5)5P(tz,6)| =0 (6)

n m
i=1 j=1

Since par swaps have zero PV we derive,

n m
Z NrFived £ p(ty t) = Z Ny + )T P(tg, t;) )
i=1 j=t

Furthermore, par swaps have a fixed rate equal to the par rate, i.e. rfixed =

Market

p
n m
Z NpMaTket TiP(tE' tl) = 2 N(lj—l + S)'L}'P(tE, t]) (8)
i=1 j=1
- ~— ~ ' ~
Fixed Leg Float Leg

Following Burgess (2017a) we can represent the float leg as a fixed leg traded at
the market par rate p%%€t and hence (8) becomes,
n m

PV = | NG — pMerket Yo Pty 6) = > NstP(ts, )| (9)

i=1 j=1
— ¢[(rFixed _ pMarket )Aﬁxed _ sAxloat]
In the case when there is no Libor spreads on the floating leg this simplifies

to:

n m
pVSwar = ¢ Z NrFixed o.p(te,t,) — z N _17iP(tg, t;) (10)
i=1 j=1

- ¢[A§ixed (,rFixed _ pMarket )]

4. Swaption Price

In a receiver swaption the holder has the right to receive the fixed leg
cashflows in the underlying swap at a strike rate agreed today and pay the float
leg cashflows. A rational option holder will only exercise the option if the fixed leg
cashflows to be received are larger than the float leg cashflows to be paid. The
corresponding option payoff X; can be represented as:
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n m

i=1 j=1
— max(Axixed K — A%ixed pMarket 0)
— A%ixed max(K _ pMarket , 0)
— A%ixed (K _ pMarket )+
As can be seen by comparing (11) and (4) a receiver swaption payoff
replicates the payoff of a put option scaled by the swap fixed leg annuity A§*¢¢ .

Likewise a payer swaption extends the holder the right to receive the fixed
cashflows from the underlying swap and has payoff X;.

m

n
i=1

j=1
— max(Axixed pMarket _ A%ixed K, 0)
— A%ixed max(pMarket - K, 0)
— A%ixed (pMarket _ K)+

Again by comparing (12) and (3) a payer swaption payoff replicates the
payoff of a call option scaled by the swap fixed leg annuity Aﬁxed.

It can be easily seen from the swaption payoff that a payer swaption
represents a call option payoff and a receiver swaption a put option payoff.

Both options give the right but not the obligation to enter into a swap
contract in the future to pay or receive fixed cashflows respectively in exchange
for floating cashflows with the fixed rate set today at the strike rate K.

In the general case we can represent a swaption payoff as,
XT — Agixed(d)(pMarket _ K))+ (13)
where ¢ = 1 for a payer swaption and -1 for a receiver swaption.

Applying the martingale representation theorem from section (2.1) we can
price the swaption using equation (2) using the swaption payoff from (13) giving:

Xr
V, = NJEW [— F]
t t NTl t
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Fixed Market __ +
AV (9 K)) P

= N,EW N A

(14)

Following Burgess (2017a) we may select a convenient numeraire to simplify
the expectation term in (14). In this case we select the annuity measure Aﬁxed
with corresponding probability measure Q4 which leads to,

i +
A%lxed (T) (¢ (pMarket _ K)) I v
Axixed (T) t

Vt — A%ixed(t)EQA

— Agixed(t)EQA [(¢(pMarket _ K))+ | Ft] (15)

We could at this stage see that expectation term in (15) can be evaluated
using the generalized Black-Scholes (1973) formula as shown in (21) below.
However for completeness we change the measure from the annuity measure Qq4
to the more familiar and native Black-Scholes (1973) measure, namely the risk-
neutral or savings account measure Q. This is merely to help readers identify the
Black-Scholes expectation and is not an actual requirement.

Following Baxter (1966), Hull (2011) and Burgess (2014), we apply the Radon-
Nikodym derivate allows us to change the numeraire and associated probability
measure of an expectation and is often used in conjunction with the Martingale

Respresentation Theorem. The Radon-Nikodym derivative (dZM) is defined as,
N
(325)
= () Gr)

(%):(%) N,/ \M;
T

To change numeraire from Qp to Qy, we can multiply V; by Radon-Nikodym

(16)

derivative (d ) giving,

N
V, = EQ [N—t Xr | Ft]

- 50 [1 (Go) s 1 1)

N, (Np\ (M
= £ [ (5) () 47 1]

Q M,
= E N [M—TXT | Ft] (17)
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Utilizing Radon-Nikodym derivative to change the measure from the annuity
measure Q, to the risk-neutral savings account measure Q in (15) leads to a
generalized Black-Scholes formula type expression as shown below.

v, = 4 ©EC (o) (6 - ) 1] (18)

() .
T( (Market_ )) |

) [ rt AFixed T +
— A%Lxed(t)EQ <:7>< N ( )) (¢(pMarket —K)) |Ft]

— Agixed (t)EQ

Agixed (t)

) [ AFixed T
- g [omrro (20N Gyt - o) ]
L N

A%ixgd(t)
Noting that e ™" ~9 is the discount factor operator from time T to t under
savings account measure. If we discount the spot annuity A§*¢? (T) back to time t

' i AFixed(T) " e—r(T—t) +
=A§1xed(t)EQ < N (d)(pMarket_K)) |Ft

by applying the discount factor operator we have the A{*¢? (T) x e 7(T=0) =
AN (t) giving,
‘ AFixed t
v, = afpei B (229 (et )" 1
ANLxe (t)
- Agixed(t)EQ [(¢(pMarket _ K))+ | Ft] (19)
— _J
YT

Black-Scholes Formula

In case where our underlying swap has a Libor spread on the floating leg

A%loat(T) +

Market + S< i ) _ K) F
<¢ <p Aﬁxecj (t) I t

. A\ T
— Axlxed(t)EQ [(¢(pMarket _ K)) | Ft] (20)
— _/

~
Black-Scholes Formula
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where

K, ks (Axloat (T))

A%ixed (t)

5. Generalized Black-Scholes and Black-76 Formulae

The generalized Black-Scholes formula for European option pricing, see Black-
Scholes (1973), is popular amongst traders and market practictions because of its
analytical tractability. The formula relies heavily on dynamic delta hedging, see
Derman and Taleb (2005) for details. It evaluates the price (V,) at time t of a
European option with expiry at time T as follows,

VES = pe TS, e?TD N(¢pd;) — KN(¢d,)] @D
where
g
1 o (T—1)
and

d2=d1—01/(T—t)

Furthermore, as outlined in Burgess (2017b) setting the carry term b = 0 leads to
the Black-76 formula for pricing interest rate options namely,

V76 = ¢ e TD [S,N(¢pd;) — KN(¢pd,)] (22)
where
S 1
In(5£ =0%(T —
dl:n(K)+20( t)
o (T —1)
and

dzzdl_dﬂ(T_t)
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As outlined in the appendix we should now recognise that the swaption
pricing formula from (19) is nothing more than the generalized Black-Scholes
(1973) formula scaled by the annuity factor A5*¢¢ (¢). In this particular case the
underlying asset is an interest rate, therefore we customize the generalized Black-
Scholes formula as outlined in Burgess (2017b) to price interest rate options by
setting the carry term b to zero, which leads to the Black-76 formula, see Black
(1976).

Note that comparing the Black-76 formula from (22) and our swaption pricing
formula (19) we have additional discounting term e "=t which we eliminate by
setting the zero rate r = 0 to make this additional term equal to unity.

Therefore, applying the generalized Black-Scholes (1973) result to (19) with
the carry term b = 0 and zero rate r = 0 leads to following result. European
swaptions can be priced using the Black-76 analytical formula scaled by the
interest rate swap fixed leg annuity term A5~ (¢).

V., = AR*d(t)Black — 76(pMe*et, K, (T — t), o(K, t),r = 0) (23)
guoting this explicitly we have,
Ve = pA ™ (0)(p"“* ' N(¢pdy) — KN(¢d3)) (24)

where

Market 1
ln(p 7 )+702(T—t)

a/(T —t)
dz =d1 _0'1/(T_t)

and ¢ = 1 denotes a payer swaption and ¢ = —1 a receiver swaption. In the case

where our underlying swap has a Libor floating spread we adjust the strike as
, Float
outlined in (20) replacing K with K’ where K = K —s (AN (T)).

Agixed ©

6. Conclusion

In conclusion we reviewed the martingale representation theorem for pricing
options, which allows us to price options under a numeraire of our choice. We
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also considered the classical European call and put option pricing payoffs to help
us identify that payer swaptions are comparible to call options and likewise
receiver swaptions to put options.

Since interest rate swaptions are options on interest rate swaps, we also
discussed how to evaluate and price an interest swap to better understand the
swaption payoff. In particular we highlight a key component of the underlying
swap price is the annuity term, which was pivotal in selecting a numeraire to
evaluate the expected swaption value.

We examined how to price interest rate swaptions using the Martingale
Representation Theorem to derive a closed form analytical solution. We chose the
annuity measure to simplify the expected swaption payoff. This reduced the
pricing calculation to a Black-Scholes (1973) like expression. To make this more
transparent we took an extra unnecessary step and applied the Radon-Nikodym
derivative to change probability measure from the annuity measure to the savings
account numeraire or risk-neutal measure, which is more classical and
recongnizable, to arrive at a swaption pricing formula expressed in terms of the
Black- 76 formula.

We showed that the interet swaption pricing formula is nothing more than
the Black-76 formula scaled by the underlying swap annuity factor. In the
appendix we also provide a full derivation of the generalized Black-Scholes
formula for completeness.
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Appendix
Al. Derivation of the Generalized Black-Scholes Model

We first assume that the underlying asset S, follows a Geometric Brownian
Motion process with constant volatility c namely,

dS; =rS;dt + oS;dB; (25)
and more generally for assets paying a constant dividend g,

For a log-normal process we define Y, = In(S;) or S; = e and apply Ito’s
Lemma to Y; giving,

dy, = ar ds; + 1d2ytd52 27
dy, 1\ d?%y, 1
Now we know d_SZ = (S_c)' tht = (— W) and dS? = 6%S2dt , therefore we have
1 1 1\ ,.,
ay, = (—) ((r — @)S,dt + 05,dB;) + = | —— | 02SZdt (28)
Si 2\ §f
giving
1
dYt=(r—q—Ecz)dt+0dBt (29)
which leads to
1
dinsS, = (r _q- 502) dt + odB, (30)
expressing this in integral form we have,
T T . T
JlnS(u)du = f (r—q—zoz) du+J0dB(u) (31)
t t t

which impIies3

InS(T) - InS(t) = <r - %02) (T — t) + 6B(T) (32)
ln<%> = (r—q —%02) (T —t) + oB(T)

8 Note that when evaluating the stochastic integrand B(t)=0
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knowing the dynamics of our normally distributed Brownian process, namely
B(T)~N(0,T — t) and applying the normal standardization formula (Central Limit
Theorem) with mean p and variance 6> we have that

_x—u_( B()
2=( )_<\/(T—t)> ©3)

B(T) = z(T —t) (34)

where z represents a standard normal variate. Applying (34) to our Brownian
expression (32) and rearranging gives

which we rearrange as

Knowing (35) we could choose to use Monte Carlo simulation with random
number standard normal variates z or proceed in search of an analytical solution.

For vanilla European option pricing we can evaluate the price as the
discounted expected value of the option payoff namely as follows for call options

C(t) = e "TDEQMax(S(T) — K, 0)] (36)
and likewise for put options
P(t) = e "TT-DEQMax(S(T) — K, 0)] (37)

for a call option we have

S(TY—K, ifS(T) =K

Max(S(T) - K, 0) = { 0 otherwise

from (35) we have

(38)

_(rER)-C-a-ze)a-o -

o (T —1t)
We can evaluate the call payoff from (38) using and evaluating (39) for S(T) > K
giving,
K 1,
ln(Tt)) (r q—50 )(T t)

o (T —1t)

SMH=2K=z> (40)

Next we define the RHS of (40) as follows
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K 1
- In(55) ~ (r-a-39%) -0 ()

o (T —1t)

multiplying both sides by minus one gives
S(t 1
ln(%) + (r—q —702)(T—t)

o (T —1t)

Substituting our definition of S(T) from (35) and d, from (42) into our call option
payoff (38) we arrive at,

r— —10'2 - g —t)z .
Max(S(T) ~ K, 0) = {5(T> = Sl 127 NItV TD2 it 7> g,y
k otherwise

dy = (42)

from the definition of standard normal probability density function PDF for Z
P(Z=2) = ——e 7" (44)
=7)=—e
\V2m

We proceed to evaluate the risk neutral price of the discounted call option payoff
from (36). Note we eliminate the max operator using (43) by evaluating the
integrand from the lower bound d, which guarantees a positive payoff.

C(t) = EQMax(S(T) — K, 0)]

— e_r(T_t)f (S(t)e(r—q—%gz)(T—t)+m/(T—t)z _ K) Le—%zzdz
—dy Vam

N

' I
PDF
Payoff
S(t)e T o 12 JT=D 12
— (e(r—q—fo )(T—t)+a (T-t)z _ K) 6_72 dz
V2w —dy
—r(T—t) (o —r(T—t) (o
— S(t)e i e(r—q—%az)(T—t)ﬂrmz e—%zzdz _ Ke™ e—%zzdz 45
— —F (45)
V2w —dy V2w —dy

factorizing the exponential r and g terms give

S(t)e 1T-t) o 15 12 Ke™(T—t) ro 12
C(t) — ( ) (e—?o' (T—t)+o./(T—t Z) e—fz dz — 6—72 dz
VZT[ _d2 VZT[ —dz
-t [© 1 200 —, 12 -r@-t) [ _1:
— S(t)i/ﬁ (20T t)+o/(T—t)z 2 )dZ_Kem f e 2% dz (46)
—dy \— ~— —d3
Term 1
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We now complete the square of term 1 in (46) to get

[« ) o
_ S(t)e—a(T-t) (—%(z—a\/(T—t)) ) Ke~T(T—t) _12
C(t) = T e\ dJZ - T i e 2 dz (47)
—d; "
Term 2

Next we make a substitution namely y £ z — o./(T — t) such that term 2 in (47)
becomes a standard normal function in y. When making this substitution our
integration limits change; from a lower bound of z=—-d; to y = —d; —

0+ (T —t) £ d; and from an upper bound of z = o to y = oo leading to

( ) S(t)e—q(T—t) oo 1y2 Ke—T(T—t) 0 122
C(t)=——— e 2 dy ——— e 2° dz (48)
V 2T —dq V 2 —d;
from the definition of standard normal cumulative density function we know that
1 [® _1, 1 (7% _1,
P(Z=2)= —f e 20 dz=— e 2% dz 49
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Since standard normal distribution is symmetrical we can invert the bounds to
give

S(t)e‘q(T‘t) dq 1y2 Ke T(T—t) rdz L2
C(t) =——— e 2 dy———— e 2 dz 50
® V2m — Y Vo — (>0)

applying the standard normal CDF expression (49) into (50)

C@t) =S)e 1T-IN(d,) — Ke "T"IN(d,) (51)

Finally applying put-call super-symmetry and with minor rearrangement we arrive
at the generalized Black-Scholes result namely

V(t) = pe T I[S()e" TN (pd;) — KN(¢d)] (52)
where ¢ is our call-put indicator function and d; = d; + VT —t giving
ln<¥) + (r—q +%02)(T—t)
d, = (53)

o (T —1t)

and

o) mager) a0 o

o (T —1t)
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