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Abstract  

     In this paper a Г-ring M is presented. We will study the concept of orthogonal 

generalized symmetric higher bi-derivations on Г-ring. We prove that if M is a 2-

torsion free semiprime    Г-ring ,    and    are orthogonal generalized symmetric 

higher bi-derivations  associated with symmetric higher bi-derivations             
respectively for all n ϵN. Then the following relations are  hold for all             
and n N: 

  ( )   (   )   (   )    (   )   (   ) =(0)          (   )    (   )+ 

         (   )   (   )    . 
   (  )            are orthogonal  and   (   )   (   )=  (   )   (   )=(0) . 

  (   )          are orthogonal and   (   )    (   )=  (   )   (   )=(0) . 

  (  )           are orthogonal symmetric higher bi-derivations .  

  ( )                             . 
  (  )             . 
 

Keywords: Symmetric Bi-derivations Г-ring, higher bi-derivations Г-ring, 

generalized higher bi-derivations Г-ring ,orthogonal generalized symmetric higher 

bi-derivations Г-ring .    

 

 تعميم Г–وليت من النمط المشتقاث الثنائيت المتناظرة على الحلقاث شبه الأتعامد 

 

 *سماح جابر شاكر، ح صلاح مهدي صال

 العراق ،بغداد  ،ة المستنصرية الجامع ، كلية التربية ، قسم الرياضيات 

 

 الخلاصة
. سوف ندرس مفهوم تعميم تعامد المشتقات الثنائية المتناظرة  Г-هي حمقه من النمط   Mفي هذا البحث      

من النمط طميقة الالتواء شبه اولية  حمقة  Mسوف نبرهن اذا كانت  . Г-من النمط عمى الحمقات شبه اولية  
–Г  هما تعميم لممشتقات الثنائية المتناظرة المرتبطة بالمشتقات الثنائية المتناظرة       وكانت       

                                                                                                                                . اذأ العلاقات التالية متحققة لكل من N n𝜖ل عمى التوالي لك
  ( )   (   )   (   )    (   )   (   ) =(0)          (   )    (   )+ 

         (   )   (   )    . 
   (  )            are orthogonal  and   (   )   (   )=  (   )   (   )=(0) . 

  (   )          are orthogonal and   (   )    (   )=  (   )   (   )=(0) . 

  (  )           are orthogonal symmetric higher bi-derivations . 

  ( )                             . 
  (  )             . 
 

1. Introducation  

      Let M and Г be two additive abelian groups, M is called a Г ring if the following    conditions are 

satisfied for any      𝜖M and    𝜖Г: 

       ISSN: 0067-2904  
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 ( )     𝜖  

 (  )   (   )          
         (   )          
        (   )           
 (   ) (   )     (   ) 
 

  The notion of a Г-ring was first introduced by Nobusawa 1964 [1] and generalized by Barnes 1966 

[2] as above definition  .It is well known that every ring is Г-ring . M is called prime if xГMГy=0 

implies that x=0 or y=0 and its said to be           if xГMГx=0 implies that x=0 for all x,y ϵ M ,[3] 

, also M is said to be n-torsion free if nx=0 ,xϵM implies that x=0 where n is positive integer.  

In [4] Jing defined a derivation on Г-ring as follows :"An additive mapping d:M→M is said to be 

derivation on M if d(xαy)=d(x) αy +xα d(y) for all x,y ϵ M and α ϵГ" . 

 

     Sapanci and Nakajima in [5] are defined a Jordan derivation on Г-ring as follows: "An additive 

mapping d:M→M is said to be Jordan derivation on Г-ring if d(xαx) = d(x) αx +xα d(x) for all x ϵ M 

and α ϵГ . It is clear that every derivation of a Г-ring M is Jordan derivation of M". 

 

     Ceven and Ozturk in [6] are defined a generalized  derivation on Г-ring as follows :" An additive 

mapping D:M→M is said to be generalized  derivation on M if there exists a derivation d:M→M such 

that  D(xαy)= D(x) αy+ xα d(y) for all x,y ϵ M and α ϵГ ",also defined a Jordan generalized derivation 

on Г-ring as follows:"An additive mapping D:M→M is said to be Jordan generalized derivation if  

there  exists a Jordan  derivation d:M→M such that D(xαx) = D(x) αx + xα d(x) for all xϵ M and α ϵГ 

.It is clear that every generalized derivation on Г-ring M is Jordan generalized derivation of M ". 

 

     Ashraf and Jamal in [7] are introduced the definition of orthogonal derivation on Г-ring  as  

follows :" Let d and g be two derivations on M are said to be orthogonal if d(x) ГMГ g(y) =(0)= g(y) 

ГMГ d(x) for all x,y ϵM " , also Ashraf  and  Jamal are defined the orthogonal generalized derivation 

on Г-ring   as  follows :"  Let D and G be two generalized derivations on  M is said to be orthogonal if 

D(x) ГMГ G(y)=(0)=G(y) ГMГ D(x)  for all x,y ϵM ". 

 

     In [8] Ozturk et al. are defined a symmetric bi-derivation on Г-ring M as follows: "A mapping 

d:MxM→M is said to be symmetric if d(x,y)=d(y,x) for all x,y ϵM . "A mapping f:M→M defined by 

f(x)=d(x,x), where d:MxM→M is a symmetric mapping, is called the trace of  d and the trace f of d 

satisfies the relation f(x+y)=f(x)+f(y)+2d(x,y) for all x,y ϵM . A symmetric bi-additive mapping on 

M M into M is said to be symmetric bi-derivation on M if d(xαy,z)=d(x,z) αy +xα d(y,z) for all x,y,z 

ϵ M , α ϵГ and d is said to be Jordan bi-derivation on M if d(xαx,y)= d(x,y) αx + xα d(x,y) for all x,y ϵ 

M ,α ϵ Г " , and authers  in [8] introduced the notion of generalized bi- derivation and Jordan 

generalized bi- derivation on Г-ring as follows: "A symmetric bi-additive mapping D:MxM→M is 

said to be generalized bi-derivation if there exists          bi-derivation such that 

D(xαy,z)=D(x,z) αy + xα d(y,z) for all x,y,z ϵ M , αϵ Г, and  D is said to be Jordan generalized bi-

derivation if there exists a Jordan bi-derivation d:MxM→M such that D(xαx,y)=D(x,y) αx + xα d(x,y) 

for all x,y ϵ M ,α ϵ Г". 

 

     Marir and Salih  in [9] are introduced the concept of higher bi- derivation on Г-ring M as follows 

: " Let D=(  )      be a family of  bi-additive mapping on on            is said to be higher bi-

derivation if   (xαy,zαw)=∑   (   )   (   )       for all x,y,z,w ϵ M , α ϵГ " , and D=(  )     be a 

family of bi-additive mapping on MxM into M is said to be Jordan bi-derivation if dn 

(xαx,yαy)=  ∑   (   )   (   )           all x,y ϵ M , α ϵ Г , and authers in[9] are defined the 

generalized higher bi-derivation on Г-ring M as follows: " Let D=(  )       be a family of bi-additive 

mapping on     into M is said to be generalized higher bi-derivation if there exists a higher bi-

derivation          such that   (xαy,zαw)=∑   (   )   (   )        for all x,y,z,w ϵ M ,α 

ϵГ, and D= (  )    be a family of bi-additive mapping on             is said to be Jordan 

generalized higher bi-derivation if there exists           a Jordan higher bi-derivation such 

that   (       )   ∑   (   )   (   )          all x,y ϵ M , α ϵГ ". 
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     In this paper we will extend of this results to present the concept of orthogonal generalized 

symmetric higher bi –derivations on           Г-ring, and we proved same of lemmas and theorems 

about arthogonality     
 

 

2. Orthogonal Generalized Symmetric Higher bi-Derivations on           Г- Rings 

 

     In this section we will the definition of orthogonal generalized symmetric higher bi-derivations on 

a Г-ring M and we introduced an example and some Lemmas used in our work.  

Now, we start with the following definition  

 

Definition (2. 1):  

     Let D=(  )    and G=(  )     are two generalized symmetric higher bi-derivations on Г-ring M 

,then   and   are  said to be orthogonal if for every x,y,z ϵ M ,n ϵ N : 

   (x,y) ГMГ   (y,z) =(0)=   (y,z) ГMГ   (x,y) . 

Where  

  (x,y) ГMГ   (y,z)=∑   
 
   (   )     (   )    

For all m ϵM and α,β ϵГ . 

 

The following example clarify   orthogonal generalized higher bi-derivations on Г-ring M. 

 

Example (2. 2): 

     Let           are two symmetric higher bi-derivations on Г-ring M. Put         and 

       , we define   
 
 and   

   on     into  itself  such that   
 ((   ))  (  ( )  )  and 

  
 ((   ))  (    ( ))   for all  (   )     and     . More over if  (     )  and (     ) are 

generalized symmetric higher bi-derivations on M , we defined   
  and   

  on    into itself such that 

  
 ((   ))  (  ( )  ) and   

 ((   ))  (    ( ))  for all  (   )    and     .Then (  
    

 
 )  

and (  
    

  ) are generalized symmetric higher bi-derivations such that    
  and  

   are orthogonal . 

 

Lemma (2. 3): [11]  

     Let M be a 2-torsion free           Г-ring and a,b the elements of M. If for all α,β ϵГ, then the 

following conditions are equivalent: 

(i)         
(ii)         
(iii) aαMβb+bαMβa=0 

(iv) aαMβb+bαMβa=0 

If one of these conditions is fulfilled, then             
 

Lemma (2. 4): [10] 

     Let M be a 2-torsion free           Г-ring and a, b the elements of M such that 

                                        for all       ,then                 
 

Lemma (2. 5): 

     Let M be a           Г-ring .Suppose that   and    are bi-additive mappings satisfies   (x,y) 

ГMГ  (x,y)=(0) for all x,y𝜖M ,n𝜖N . Then   (x,y)ГMГ  (y,z)=(0)  for all x,y,z 𝜖M and n𝜖N . 

 

Proof:    

Suppose that   (x, y) ГMГ   (x,y)=(0) 

  (x,y) ГMГ   (x,y) =∑   (   )     (   )   
 
                                                                                       (1) 

for all α,β𝜖Г 

Replace x by x+z in (1) for all z𝜖M we get 
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 ∑   (     )     (     )      
 
    

 ∑ [  (   )    (   )]   [  (   )    (   )]   
 
                                  

 ∑   (   )     (   )    (   )     (   )    (   )     (   )    (   )     (   )   
 
    

 

By equation (1) we get 

∑   (   )     (   )    (   )     (   )   
 
     

  ∑   (   )     (   )   ∑   (   )     (   )
 
   

 
                                                                      (2) 

Multiplication (2) by    ∑   (   )     (   )               
 
   and    𝜖   we get 

∑   (   )     (   )
 
      ∑   (   )     (   )        

 
     

 

Since M is            we get  

 ∑   (   )     (   )   
 
                                                                                                                                 (3) 

Replace   (   )by   (   )in (3) we get  

 ∑   (   )     (   )   
 
    

Hence     (   )     (   ) = (0) 

 

Lemma (2. 6): 

  Let M be a 2-torsion free semiprime  Г-ring such that              , two generalized symmetric 

higher bi-derivations           associated with two symmetric higher bi-derivations  

          respectively for all n N. Then    and    are orthogonal if and only if    (   )   (   )  
  (   )   (   )    for all                           
 

Proof: 

   Suppose that    (   )   (   )    (   )   (   )    
∑   (   )   (   )    (   )   (   )   
 
                                                                                        (1) 

Replace          in (1) for all w𝜖M we get 

 ∑   (     )   (   )    (     )  (   )    
 
    

∑   (   )   (   )   (   )    (   )   (   )   (   )   
 
                                                         (2) 

Replace   (   ) by   (   ) in  (2) we get  

 ∑   (   )   (   )   (   )    (   )   (   )   (   )   
 
     

 

By Lemma (2-4) we get  

 ∑   (   )   (   )   (   )  ∑   (   )   (   )   (   )   
 
   

 
                                                (3) 

Replace    (   )  by m in (3) for all m𝜖M we get  

   (   )       (   )    (   )       (   )  ( ) 
 

Thus   and     are orthogonal   

Conversely , suppose that    and     are orthogonal  

   (   )       (   )=(0)=   (   )       (   ) 
 ∑   (   )     (   )    ∑   (   )     (   )

 
   

 
    

 ∑   (   )     (   )    (   )     (   )   
 
    

 

By Lemma (2-3) we get  

 ∑   (   )   (   )  
 
   ∑   (   )   (   )

 
      

 ∑   (   )   (   )    (   )   (   )   
 
     

Hence    (   )   (   )    (   )   (   )     
 

Lemma (2. 7): 

     Let M be a 2-torsion free           Г-ring such that             , two generalized symmetric 

higher bi-derivations           associated with two symmetric higher bi-derivations           
respectively for n  N.Then           are orthogonal if and only if   (   )   (   )    or 

  (   )   (   )    for all                         
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Proof: 

     Suppose that    (   )   (   )    
   (   )   (   )  ∑   (   )   (   )  

 
                                                                                       (1) 

 

Replace           in (1) for all     we get  

∑   (     )   (   )  
 
      

 ∑   (   )   (   )   (   )   
 
                                                                                                        (2) 

 

Replace    (   )                    we get  

 ∑   (   )     (   )   
 
    

 

Hence we get the require result. 

     Similarly way if   (   )   (   )    we get          are orthogonal . 

 

Conversely   suppose that           are orthogonal 

 

   (   )     (   )  ( ) 
 ∑   
 
   (   )     (   )    

By Lemma (2-3) we get   

 ∑   (   )   (   )   
 
     

Hence   (   )   (   )    
And by   (   )     (   )  ( ) 
 ∑   (   )     (   )   
 
     

By Lemma (2-3) we get  

 ∑   (   )   (   )   
 
     

Thus    (   )    (   )    
 

Lemma (2. 8): 

     Let M be a 2-torsion  free semiprime Г-ring             , two generalized symmetric higher  

bi-derivations           associated with two symmetric higher bi-derivations 

           respectively for n ϵN .Then           are orthogonal iff   (   )   (   )    or 

  (   )   (   )    for all      𝜖     𝜖       𝜖    
 

Proof: 

     Suppose that   (   )   (   )    
   (   )   (   )  ∑   (   )   (   )    

 
                                                                                 (1) 

  

 Replace          in (1) for all w𝜖M we get  

 ∑   (   )   (     )    
 
     

 ∑   (   )   (   )   (   )    
 
                                                                                                    (2) 

 

Replace   (   ) by   (   )in (2) we get  

 ∑   (   )   (   )   (   )    
 
    

 

By Lemma (2-3) we get 

 

∑   (   )   (   )   
 
     

   (   )   (   )    
By Lemma (2-7) we get           are orthogonal . 

 

Similarly we if   (   )   (   )      we get            are orthogonal . 

 

Conversely , suppose that           are orthogonal. 
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By Lemma (2-7) we get  

   (   )   (   )      
 ∑    (   )   (   )   
 
                                                                                                                     (3) 

 

Replace z by w    in (3) for all w𝜖M we get  

 ∑   (   )   (     )   
 
    

 ∑    (   )   (   )   (   )   
 
     

 

By Lemma (2-3) we get  

 ∑   (   ) 
 
     (   )    

Hence    (   )    (   )    
 

And replace x by w   in (3) we get  

 ∑    (     )   (   )   
 
    

 ∑   (   )   (   )   (   )   
 
                                                                                                     (4) 

 

Multiplication (4) by   (   )   (   )  for all  𝜖   we get  

 ∑   (   )   (   ) 
 
     (   )   (   )   (   )     

Since M is             we  get  

 ∑   (   )   (   )   
 
    

Hence   (   )   (   )      
 

Lemma (2. 9): 

     Let M be a 2-torsion free           Г-ring             , two generalized symmetric higher 

bi-derivations           associated with two symmetric higher bi-

derivations             respectively for all  n ϵN . Then           are orthogonal if and only if  

  (   )   (   )=  (   )   (   )=0 for all                            
 

Proof: 

     Suppose that             are orthogonal 

By Lemma (2-7) we get  

   (   )   (   )=0                                                                                                                            (1) 

 

And by Lemma (2-8) we get  

   (   )   (   )                                                                                                                             (2)  

From (1) and (2) we get   (   )   (   )    (   )   (   )    
 

Conversely , suppose that    (   )   (   )    
By Theorem (2-7) we get  

Hence           are orthogonal 

Now, if    (   )   (   )    
By Theorem (2-8) we get  

            are orthogonal. 

 

3. Main Results 

    In this section, we present and study some basic Theorems of orthogonal  generalized symmetric 

higher bi-derivations on Г-ring M. 

 

Theorem (3. 1): 

     Let M is a 2-torsion free          Г-ring              ,     and     are orthogonal      

generalized symmetric higher bi-derivations associated with symmetric higher bi-

derivations             respectively for all n ϵN. Then the following relations are hold for all x, y, z 

 M ,α   Г and n N.  

 ( )   (   )   (   )    (   )   (   )              (   )    (   )      (   )   (   )    . 
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  (  )            are orthogonal  and   (   )   (   )=  (   )   (   )=(0) . 

 (   )          are orthogonal and   (   )    (   ) =   (   )   (   ) =(0) .                

  (  )           are orthogonal symmetric higher bi-derivations . 

  ( )                             . 
  (  )             . 
 

        ( ) 
     Suppose that             are orthogonal   

By Lemma (2-7) we get  

   (   )   (   )          (   )   (   )     
   (   )   (   )    (   )   (   )     
Hence   (   )   (   )    (   )   (   )     
  

        (  ) 
      Suppose that              are orthogonal   

By Lemma (2-8) we get  

   (   )   (   )                                                                                                                             (1)  

 ∑   (   )   (   )   
 
                                                                                                                      (2) 

Replace          in (2)  w ϵM ,β ϵГ  we get  

 ∑   (      )   (   )   
 
    

 ∑   (   )   (   )   (   )   
 
                                                                                                     (3) 

Replace    (   ) by m in (3) m ϵM we get  

 ∑   (   )     (   )   
 
                                                                                                                (4) 

And from ( )   (   )   (   )    
∑    (   )   (   )   
 
                                                                                                                      (5) 

Replace          in (5) we get  

∑   (   )   (     )   
 
     

∑   (   )   (   )   (   )   
 
     

By Lemma (2-3) we get   

 ∑   (   )   (   )
 
      
  (   )    (   )                                                                                                                             (6) 

And by  ∑   (   )   (   )
 
     ,replace z by w    we get  

 ∑   (   ) 
 
     (     )     

 ∑   (   )   (   )   (   )   
 
                                                                                                     (7) 

Replace    (   )  by    (   )  in (7) we get  

 ∑   (   )   (   )   (   )   
 
                                                                                                     (8) 

Replace   (   ) by m in (8) we get  

 ∑   (   )     (   )   
 
                                                                                                                (9) 

From (4) and (9) we get            are orthogonal  

From (1)and (6) we get  

  (   )   (   )    (   )   (   )     
 

Proof: (iii) 

     Similarly way used in the proof of (ii) 

 

Proof: (iv)  

     From ( )   (   )   (   )    
 ∑   (   )   (   )   
 
                                                                                                                     (1) 

                                   ( )             we get  

 ∑   (     )   (     )   
 
     

 ∑   (   )   (   )   (   )   (   )   
 
                                                                                     (2) 

Replace   (   )  by m in (2) for all m ϵM we get  

 ∑   (   )   (   )     (   )   
 
                                                                                                (3) 

Multiplication (3) by   (   )     (   )   for all  𝜖   we get  



Salih and Shaker                            Iraqi Journal of Science, 2018, Vol. 59, No.2A, pp: 711-723 

 

217 

 ∑   (   )     (   )   (   )   (   )     (   )   
 
     

Since M is           we get  

∑   (   )     (   )   
 
     

   (   )     (   )  ( ) 
Hence           are orthogonal symmetric higher bi-derivations. 

 

Proof: (v) 

     Since by (ii)   (   )   (   )    
   (  (   )   (   )  )    for all  𝜖  

 ∑   (  (   )   (   )  )   
 
                                                                                                          (1) 

Replace           in (1) for all w ϵM , β ϵГ we get  

 ∑   (  (      )   (   )  )   
 
     

 ∑   (  (    )   (   )   (   )  )   
 
     

 ∑   (  (   )  )   (  (   )  )   (  (   )  )   
 
                                                                  (2) 

Replace   (  (   )  )   by   (  (   )  ) in (2) we get  

 ∑   (  (   )  )   (  (   )  )   (  (   )  )   
 
     

Since M is           we get  

 ∑   (  (   )  )   
 
    

Thus                                                                                                                                              (3) 

And by (ii)   (   )   (   )    
   (  (   )   (   )  )    
 ∑   (  (   )   (   )  )
 
                                                                                                                          (4) 

Replace         in (4) for all  𝜖  we get  

 ∑   (  (     )   (   )  )   
 
    

 ∑   (  (   )   (   )   (   )  )   
 
    

 ∑   (  (   )  )   (  (   )  )   (  (   )  )   
 
                                                                           (5) 

Replace   (  (   )  )  by   (  (   )  ) in (5) we get  

 ∑   (  (   )  )   (  (   )  )   (  (   )  )   
 
    

 Since M is           we get 

∑   (  (   )  )   
 
     

Thus                                                                                                                                              (6) 

From (3) and (6) we get  

               
Similarly way to prove that              
 

Proof: (vi) 

      Since           are orthogonal 

   (   )     (   )  ( ) 
   (  (   )     (   )  )  ( ) for all  rϵM 

 ∑   (  (   )     (   )  )   
 
     

 ∑   (  (   )  )   (   )   (  (   )  )   
 
                                                                                (1) 

Replace   (  (   )  ) by   (  (   )  ) we get  

 ∑   (  (   )  )   (   )   (  (   )  )   
 
     

Since M is            we get  

 ∑   (  (   )  )   
 
      

Thus        ….(2)  

And by   (   )     (   )  ( )  
   (  (   )     (   )  )  ( )  
 ∑   (  (   )     (   )  )   
 
     

 ∑   (  (   )  )   (   )   (  (   )  )   
 
                                                                                (3) 

Replace   (  (   )  )  by   (  (   )  )  in (3) we get  

 ∑   (  (   )  )   (   )   (  (   )  )   
 
     

Since M is           we get 
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∑   (  (   )  )   
 
      

Thus                                                                                                                                             (4) 

 

From (2) and (4) we get  

             
 

Theorem (3.2): 

      Let M be 2-torsion free          Г-ring            ,           are generalized symmetric 

higher bi-derivations associated with symmetric higher bi-derivations           respectively for all  

n N. Then the following relations are equivalent for all                 : 
 

 ( )           are orthogonal  

 (  )  (   )   (   )    (   )   (   )    
 (   )  (   )   (   )    (   )   (   )      
 

Proof: ( )  (  ) 
  Suppose that            are orthogonal  

By Theorem  (3-1) ( ) we get  

   (   )   (   )    (   )   (   )     
Hence   (   )   (   )    (   )   (   )     
                 (   )   (   )    (   )   (   )     
By Lemma (2-6) we get  

Hence           are orthogonal  

 ( )  (   ) 
Suppose that             are orthogonal  

By Lemma (2-8) we get  

   (   )   (   )                                                                                                                             (1) 

And by Theorem (3-1) ( ) we get  

   (   )   (   )    
 ∑   (   )   (   )   
 
                                                                                                                      (2) 

Replace              ( )       𝜖  we get  

 ∑   (     )   (   )   
 
    

 ∑   (   )   (   )   (   )   
 
                                                                                                      (3) 

Multiplication (3) by    (   )   (   )            𝜖   we get  

 ∑   (   )   (   )   (   )   (   )   (   )   
 
    

 

Since M            we get  

 ∑   (   )   (   )   
 
    

   (   )   (   )                                                                                                                            (4) 

From (1) and (4) we get  

  (   )   (   )    (   )   (   )     
                    (   )   (   )    (   )   (   )     
 ∑   (   )   (   )    (   )   (   )   
 
                                                                                    (5) 

Replace              (5) for all   𝜖   we get  

 ∑   (      )   (   )    (      )   (   )   
 
     

 ∑   (   )   (   )   (   )    (   )   (   )   (   )   
 
                                                       (6) 

Replacing   (   )       (   )      (   )      (   )in (6) we get 

 ∑   (   )   (   )   (   )    (   )   (   )   (   )   
 
                                                      (7)  

Replace  (   ) by    (   ) in (7) we get  

 ∑   (   )    (   )   (   )    (   )    (   )   (   )   
 
     

By Lemma (2-4) we get  

 ∑   (   )    (   )   (   )
 
   =∑   (   )    (   )   (   )

 
   = 0  

Hence            are orthogonal  
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Theorem (3. 3): 

     Let M be 2-torsion free              Г-ring              ,                generalized 

symmetric higher bi-derivations associated with symmetric higher bi-derivations              
respectively for all nϵ N. Then             are orthogonal iff   (   )   (   ) =0 for all 

     𝜖      𝜖  and          =0. 

 

Proof:  

     Suppose that                orthogonal 

By Theorem (2-7) we get  

   (   )   (   )                                                                                                                            (1) 

And by Theorem (3-1) (i) we get  

   (   )   (   )    
   (   (   )   (   )  )     
 ∑   (   (   )   (   )  )   
 
                                                                                                        (2) 

Replace           in (2) for all  𝜖  we get  

 ∑   (  (     )   (   )  )   
 
    

 ∑   (  (   )   (   )   (   )  )   
 
     

 ∑   (  (   )  )   (  (   )  )   (  (   )  )    
 
                                                                  (3) 

Replace   (  (   )  ) by   (  (   )  ) in (3) we get  

 ∑   (  (   )  )   (  (   )  )   (  (   )  )    
 
    

Since M is            we get 

 ∑   (  (   )  )   
 
    

                                                                                                                                                     (4) 

Also by Theorem (3-1) (iv) we get  

   (   )     (   )  ( ) 
   (  (   )     (   )  )  ( ) for all  𝜖  

 ∑   (  (   )     (   )  )   
 
    

 ∑   (  (   )  )   (   )   (  (   )  )   
 
                                                                                (5) 

Replace   (   ) by   (   )  in (5) we get  

 ∑   (  (   )  )   (   )   (  (   )  )   
 
    

Since M is           we get  

 ∑   (  (   )  )   
 
      

                                                                                                                                                     (6) 

From (1) and (4), (6) we get  

   (   )   (   )                    
           , suppose that    (   )   (   )                                                                                (7) 

And        
 (    )(     )     
 ∑   (  (     )  )   
 
    for all m ϵM  

 ∑   (  (   )   (   )  )   
 
    

∑   (  (   )  )   (  (   )  )   
  
                                                                                               (8) 

Replacing  (  (   )  ) by (x, y) and    (  (   )  )   by   (   ) in (8) we get  

 ∑   (   )   (   )   
  
    

   (   )   (   )                                                                                                                             (9) 

From (7) and (9) we get  

   (   )   (   )    (   )   (   )    
By Lemma (2-9) we get             are orthogonal 

 

Theorem (3. 4): 

     Let M be a 2-torsion free            -ring such that              and    be a generalized 

symmetric higher bi-derivations associated with symmetric higher bi-derivations    for all n𝜖N. 

If    (   )   (   )    for all x, y, z 𝜖M ,    𝜖 ,n 𝜖N then         . 
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Proof: 

    Suppose that   (   )   (   )    
 ∑   (   )   (   )   
 
                                                                                                                     (1) 

Replace              (1) for all   𝜖     𝜖  we get  

 ∑   (   )   (     )   
 
     

 ∑   (   )   (   )   (   )   
 
    

By Lemma (2-3) we get  

 ∑   (   )   (   )   
 
                                                                                                                     (2) 

Multiplication (2) by    (   )  for all    𝜖   we get 

 ∑   (   )    (   )   (   )   
 
    

Since M is            we get  

 ∑   (   )    
 
    

                                                                                                                                                        (3) 

And multiplication (1) by δ   (x, y) we  get  

 ∑   (   )   (   )   (   )   
  
    

Since M is           we get  

 ∑   (   )   
 
    

  =0                                                                                                                                                       (4) 

From (3) and (4) we get  

         
 

Theorem (3.5): 

      Let M be a 2-torsion free            -ring. Let U be an ideal of M and V= Ann. (U) .If 

(      )is generalized symmetric higher bi-derivations for all n𝜖N such that   (M) ,   (M) ϹU  then 

  (V)=   (V) = 0 . 

 

Proof: 

    If x,y𝜖V ,   𝜖  then (x y) α U =0  

By hypothesis we have  

    (M)  U     (U)   U   

Hence      (     ) 
   ∑    (     )

 
    

   ∑    (   )    (   )
 
                                                                                                                    (1) 

Multiplication (1) by     (   ) for all  𝜖   we get  

   ∑     (   )   (   )     (   )
 
    

Since M is           we get 

   ∑     (   )
 
   𝜖     

    (   )    
Similarly, since (x y)α U =0 for all  x,y𝜖V ,  𝜖  
    (     )  
   ∑   (     )

 
    

  ∑   (   )   (   )
 
                                                                                                                      (2) 

Multiplication (2) by    (   ) we get  

   ∑   (   )   (   )   (   )
 
    

Since M is           we get  

   ∑   (   )
 
    𝜖     

   (   )    
 

Theorem (3.6): 

      Let M be 2-torsion free              Г-ring                                      , 

              generalized symmetric higher bi-derivations associated with symmetric higher bi-

derivations            respectively for all n    N .Then             as well as            are 

orthogonal iff            or      = 0. 
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Proof: 

     Suppose that             as well as            are orthogonal 

By Theorem (3-1) (iii) we get  

   (   )   (   )    
 ∑   (   )   (   )   
 
                                                                                                                     (1) 

Multiplication (1) by    (   ) for all   𝜖  we get  

 ∑   (   )   (   )   (   )   
 
    

Since M is           we get  

 ∑   (   )   
 
    

                                                                                                                                                        (2) 

And by Theorem (3-1) (ii) we get  

   (   )   (   )    
  ∑   (   )   (   )   
 
                                                                                                                    (3) 

Multiplication (3) by    (   )  we get  

 ∑   (   )   (   )    (   )   
 
    

Since M is           we get  

 ∑    (   )   
 
    

                                                                                                                                                        (4) 

Now, by Theorem (3-1) (iii) we get  

   (   )   (   )     
 ∑   (   )   (   )   
 
                                                                                                                     (5) 

Multiplication (5) by    (   ) we get  

 ∑   (   )   (   )   (   )   
 
     

Since M is           we get  

∑   (   )   
 
     

                                                                                                                                                        (6) 

And by Theorem (3-1) (ii) we get  

   (   )   (   )    
 ∑    (   )   (   )
 
                                                                                                                       (7)  

Multiplication (7) by    (   ) we get  

 ∑     (   )   (   )
 
       (   )    

Since M is           we get 

 ∑     (   )   
 
    

                                                                                                                                                        (8) 

From (2) , (4) and (6) ,(8) we get  

                    
                                            
   (     )    
   (  (     )  )    
 ∑   (  (     )  )   
 
    

 ∑   (  (   )   (   )  )   
 
    

 ∑   (  (   )  )   (  (   )  )   
 
                                                                                              (9) 

Replacing   (  (   )  ) by (   ) and  (  (   )  ) by (   )  in  

(9) we get  

 ∑   (   )   (   )   
 
    

   (   )   (   )    
By Theorem (3-1) (iii)  

Hnce           are orthogonal  

 Similarly , if         we get  

                 are orthogonal 

 

Theorem (3.7): 

     Let M be a 2-torsion free            -ring,              generalized symmetric higher bi-

derivations for all n N.Suppose that      =        then                are orthogonal . 
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Proof:   

     Suppose that      =      , then for         : 
  [(     ) (     )  (     ) (     )](   ) 
  [ (     ) (     )](   )  [(     ) (     )](   ) 
  ∑ [ (     ) (     )](   )  ∑ [(     ) (     )]

 
   

 
   (   )             

  ∑ (                       )(   )  ∑ (                       )
 
   (   ) 

     
∑   (   )   (   )    (   )   (   )    (   )   (   )    (   )   (   )  
 
   

∑   (   )   (   )      (   )   (   )    (   )   (   )    (   )   (   )
 
    

 Therefore ∑ [ (     ) (     )](   )  ∑ [(     ) (     )]   
 
   

 
    

By Lemma (2-4) we get  

 ∑ [ (     ) (     )](   )
 
   =0=∑ [(     ) (     )](   )

 
    

Thus                    orthogonal  
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