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ABSTRACT

The parameter estimation of the Marshall- Olkin eaged Burr 1l (MOEBIII) distribution,
which is a generalization of the Burr Ill distribort is considered. The maximum likelihood (ML) ewtition of
the parameters of the MOEBIIIdistribuatis introduced by Al-Saigei al. (2016). However,ML is often used to

estimate the parameters of the Burr 11l distribatithis method is very sensitive to the presenceudfers in the data.

This paper presents M-estimation as a robust metiased on the quantile function to estimate thiampaters of
the MOEBIII distribution for complete data with @iats. A simulation study and areal data are usedlustratethe
performance of M-estimator and ML estimator. Thenetical results show that the M-estimator, gengriallappropriate

than the ML, in terms of the bias and mean squace ehen there are outliers in the data
KEYWORDS: Marshall- OlkinExtended Burr Ill, Maximum Likelihdo M-estimator, Robust estimator, Outliers
1. INTRODUCTION

In(1942) Burr introduced a family of distributioris, which, the Burr type Il distribution is one tfis family.
The Burr type 11l distribution covers a wider regim the skewness and kurtosis plane,including regstributions such
as the gamma family, Weibull family, lognormal fadyniand the bell-shaped beta distributions, seelkBadalla (1980).

It has been widely used as a model in many aredsasienvironmental, economics and reliability gsial

Marshall and Olkinin (1997) proposed a new familysworvival functions based on adding a parametebtain a

family of distributions, this distribution is calleMarshall —Olkin extended distribution.

Using the survival function of any distributioRi(x), the survival function of the new distributi@(x; o) can be

defined as follows:

G(x;a) = __x,—oo<x<oo,0<a<oo 1)

wherex =1 —ais an additional positive parameter and they havalled@ the tilt parameter
[See Marshall and Olkin (2007)]. The cumulativetriliition (cdf) and the probability density funatigpdf) for the new

distribution are given respectively by:

F(x) aF (x)

Cos0) =5 =1~ arey @
__afx)
g, @) = s €©)
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There have been various studies reported in tertitre dealing with the parameter estimation nustior Burr
Il distribution. Lindsayet al. (1996) compared between the Burr type Il distiifu with four parameters and the Weibull
distribution using the diameter data. Shao (2060¢stigated the constrained ML method to estimfa¢eparameters of
the Burr type Il distribution for toxicity data.8b et al. (2008) used of the extended Burr type Il disitibn under
the re-parameterization method in low-flow frequeanalysis, where the lower tail of the distributis of interest and
used three methods of estimation, method of momprbability-weighted moments, and maximum likeblkd method to

estimate the unknown parameters of the distribution

An alternative robust estimation method based orsiimators and AM-estimators estimation method for
the parameters of Burr Ill distribution have beeopwsed by Wang and Wen Lee (2010, 2011 and 2@bpectively as

follows:

In (2010) theyused the M- estimator to estimate ghmmeters of the extended three- parameter Bper il
distribution for complete data with outliers andrgmared it with ML and least squares methods. I1{2@hey introduced
M- estimator and ML and AM- estimator, when theada asymmetric to estimate the parameters of e &pe Il
distribution for complete data with outliers andrgmared the results. Also, in (2014) they discuskedM-estimator for

estimating the Burr type Ill parameters with ouiand compared it with ML and least squares method

However, there is not much work concerning MOERBIiHtribution. The parameters of MOEBIII distributisvas
estimatedby using ML estimation method by Al-Saiaal. (2016).However, it is well established that, ie fresence of
outliers in the data, the traditional methods dbprovide reliableestimators. Therefore, robusinestion methods can be
used for estimating the parameters of the MOEB8#fribution, if the data contains outliers.

This paperis organized as follows: In Section 2, Marshall- Olkin extended Burr Ill (MOEBIII) dighution is
described.In Section 3, the maximum likelihood #mefobust M-estimator are introduced. A simulatstndy and a real
data to illustrate the performance ofML estimatod M-estimator are illustrated in Sections 4 arrdSpectively. Finally,

concluding remarks are given in Section 6.
2. MARSHALL-OLKIN EXTENDED BURR Il DISTRIBUTION
The cumulative distribution (cdf) and the probdbitiensity function (pdf) for a two shape parameter 0,

k > 0 Burr type lll distribution are given by:

F(x;e,k)=(1+x 7%, x>0 (4)
and
flx;c,k) = kex DA+ x7¢)~k+ D x > 0 (5)

where c, k are shape parameters.

Substituting (4) and (5) in (2) and (3) the cdf &nel pdf of MOEBIIlare given respectivelyas:

-cy—k
atx) x>0 6)

G(x;a,c,k) = [1_(1_a)[1—(1+x_c)_k]] ’
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and

—(c+1) —cy—(k+1)
g a,c k) = akex a+x7) ;x>0 @)
[1—(1—a)[1—(1+x—c)—k]]

where, « is called tilt parameter, when= 1, the original distribution i.e., Burr type Il digoution with two
parameters is obtained.

MOEBIII distribution is more flexible than the Builir distribution, because of the presence of theitahal
shape parameter. Figure 1 shows the plots of pdf MOEBIII distribution for some values of the parat@rs
[See Al-Saiarkt.al. (2016)]
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Figure 1: Plot of the PDF of the MOEBIII distributi on. (1) @ = 0.8,k=0.1,c=2,
() a=3,k=0.1,c=2, (IMHa=0.8k=5,¢c=2,(IVm=3,k=5,c=2

The gthquantile of the MOEBIII is given by
- 1/k e
xq=G‘1(q)=[[(E)+1] —1] ;0<q<1 @)
3. PARAMETERS ESTIMATION

In this section, MLestimation method to estimatee tparameters of theMOEBIII distributionis first

reviewed.Therobust estimators based on the M-estimanethod given by Huber (1964) are introduced.
3.1 The Maximum Likelihood Method

Suppose tha = (x, x5, ..., x,) is a random sample of size n from MOERB#)c, k), then the log-likelihood
functionl(a, ¢, k) is given by:

l(a,c,k) =n(loga + logc + logk) — (c + 1) Y log(x) — (k+ D) Y log(l +x7¢) -2, 1 —
I-a)[1-Q1+x")" =0 9)
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To obtain ML estimates of the parameters, equa8pis maximized by taking the partial derivatiweish respect

toa, candk setting it to 0 as follows:

-k
dl(ack) _n 2y 1-(1+%;79)
da @ i=

=t 1—(1—&)[1—(1+xi—?)_k]

=0 10}

dl(a,c,k) n n ~ n x;¢log(x;)
B RO RGP o

xi_elog(xi)(l+xi_e)_(E+1)

1—(1—&)[1—(1+xi—f)_k]

21— kY™, =0 (11)

-k N
(14x;,7¢) “log(1+x;7¢) _
)9 (12)

1—(1—&)[1—(1+xi‘?)_

d(a,ck) iy A
0;; =%—Z?:1log(1 +x; C) +2(1-a) ¥,

Since equations (10) - (12) are non-linear equatidh cannot be solved analytically;numerical meiho

shouldbeused to obtain the ML estimates.
3.2 M- Estimation Method

The robust M-estimator methodis used to estimateptirameters of the MOEBIII distribution from a gdenof

nobservationg, , x;, ..., x,) = x". As follows:
x=fi(@)+usi=1,..,n (13)

wheréd” = (a, ¢, k), f;(8)is the quantile function of the MOEBIII distributicand; is the error term with mean
equals zero and varianceequdls Gilchrist (2000) introduced the robust propertgséd on the quantilefunction.

For the robust regression method, it is necessesydle the invariant error, as follows:

e; = = (14)

N

MAD(u)
0.6745

wheres =

andAD (u) = MAD (uy,uy, ..., u,) = Median{|u — Median(u)|}
[See Hampet.al. (1986)]

The M-estimator method for estimating the MOEBI#rameters is defined by minimizing the objectivection

of all invariant errorg(e;)as follows:
Minimize .7, p(e;)(15)

To estimate the three unknown parameters of the BI@Bistribution, a simple comparison among twéfelient
p objective functions is used. The selected objectifunctions areTukey'sBisquare and Huber's weight
[See Huber (1981)].

Tukey'sBisquare objective function is derived as:
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’ ei)? 3.
ple) = a?<1_(1‘(;)) iflel <a .

%aziflel-l >a

with the derivative

2
2
Yle) =1 ((1 - (%) > iflel <a

0 ifle;l >a
where a= 4.685 and;is the scale invariant error in (14).

Huber’s weight objective function is derived as:

1
~(e)?ifle;l < a
p(ei) = 2 1 5. (17)
ale;| —5a iflegl =z a

with the derivative

iflel <a
asigne; ifle)l = a

peeo ={%

where a= 1.345 ang;is the scale invariant error in (14).

The estimators of the parameters can be obtainettifortwo selected objective functions are derived b
differentiating (15) with respect dpcandkrespectively, and equating to zero. Then, the sanebus equations can be

obtained, as follows:

> v =" peox [[( )+1]%-1]_

x [(=2 )+1] [“ D = 0(18)

Z;w( L)— Z Pe) x “( - )+ 1]%_ 1]

- 1] 0 (19)

==

X log [[(1 10) 4 4]

I SNSRI e

1=

< [(9) + 1 tog [(52) + 1] = o (20)
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Since equations (18)-(20) are non-linear equationgnerical iterative methods can be used to olitaénM-

estimators for the parameterscandk.
4. SIMULATION STUDY

In this section, a simulation study to comparepgormance of the MLand the robust M-estimatocsigied out

in the presence of outliers. The data were gergfaten the MOEBIII distribution for several diffanevalues of
0T =aq, c andk.
The steps of simulation study are given as:
» Step 1. Generate n random sampigsw,, ..., w,, from uniform distribution~U (0, 1).

» Step 2 Generate a random samplieom the MOEBIII distribution for specified valued a, candk distribution

using equation (8) for different valuegaf= 1,2, ..., n.

» Step 3. Select different sample sizes, 20, 40,100 to represent the small, moderate laadarge sample sizes,

respectively.

« Step 4. The outliers are generated for each rarsiomple from the uniform distribution as ¥+ 4S,X + 7S),
wherelthesamples mean ofis= (xl,xz_ ...,xn)andS is the sample standard deviation of X. Théieositare
generated by shifting the largest observationd¢oright in the X direction. For the small sampteegn = 20)
one outlier is taken, for the moderate sample @ize 40) two outliers are taken and for the largmgle size (n =
100) five outliers are taken. [See Wei and Fun®@}p

» Step 5. Different initial parameter values #oic andk are taken.
» Step 6.0btain the ML estimates using equations{102).
e Step 7.0btain the M- estimates using equations (2A@).

» Step 8.calculate the bias and mean square errdB&)Mf the estimates derived in the steps 6 andinguhe

following formulae:

Bias(9) =E(8) -0
MSE = %i(é - 0)°

whereE (8) = %Z?’zl 7
* Step 9. Repeat steps (1-7), N=1000 time.

The results in Tables 1-3 clearly indicates thhe tobust estimator based on Tukey'sBisquarefunclias the
smallest bias and the smallest MSE in most of #ees are with outliers. In addition, the robusinestior based on
Huber’s function outperforms ML estimator in terwfsbias and MSEwhen the data set contains outfiersexample, it

can be seen from Tables 1-3 that, the largestrdiffee of the bias for parameter c arises in Talitg the cases (0.2, 2.0,
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0.2) and (0.3, 2.0, 0.1). Similarly,one can obseswperiority of the robust estimators in terms iafstand MSE in Tables
1-3.Moreover, in Table 3 it can be noted that wkism number of outliers increase, the ML estimatocsease when
compared to the robust estimators. It can be degn bias and the MSE values are very large forMheestimators. In

general, it is advised to use the MOEBIII distribatinstead of using classical methodswhen thezepatential outliers in

the data.

Table 1: The Bias and MSE (in Parenthesis) for n=2&ith One Outlier

Parametera
Parameters ML Tukey’sBisquare Huber
(0.1,2.0,0.1) 0.2695 (0.1485) 0.2735 (0.1057 032661086)
(0.2,2.0,0.2) 0.2207 (0.1146) -0.0855 (0.0267 571(.0732)
(0.3,2.0,0.3) 0.1097 (0.1038) - 0.1758 (0.0419) 02B89(0.0528)
(0.3,2.0,0.1) 0.2470 (0.1225) -0.0606 (0.0502 8418.0926)
(0.8,2.0,0.1) -0.1333 (0.0742 -0.0279 (0.0043 16@7 (0.0682)

Parameter c

ML Tukey’sBisquare Huber

(0.1,2.0,0.1) -0.3315 (6.2178 -0.47301 (0.7879) .0661 (0.2523)
(0.2,2.0,0.2) 1.3283 (41.1222)) 0.2037 (9.3444 1857 (0.6362)
(0.3,2.0,0.3) -0.2962 (5.4922 -0.3118 (1.5008 62001 (1.0165)
(0.3,2.0,0.1) 1.1688 (32.7146 0.9089 (11.9765) 6053(5.2050)
(0.8,2.0,0.1) 0.0501 (11.1791 -0.3109 (3.2648|) .7966(0.8742)

Parameter k

ML Tukey’sBisquare Huber

(0.1,2.0,0.1) 0.6996(2.4519) -0.0316 (0.0019 091@12715)
(0.2,2.0,0.2) 0.0545(0.0638) -0.0772 (0.0122 0196M151)
(0.3,2.0,0.3) 0.4316 (1.0632) 0.0856 (0.2068 093@06877)
(0.3,2.0,0.1) 0.0418(0.0296) -0.0083(0.0086 0.0D6a078)
(0.8,2.0,0.1) 0.0427 (0.0159) -0.0279 (0.0043 53130.0055)

Table 2: The Bias and MSE (in Parenthesis) for n=@lwith 2 Outliers

Parameter a
parameters ML Tukey'sBisquare Huber
(0.1,2.0,0.1) 0.1162 (0.0319) 0.0876 (0.0293) 0114r0218)
(0.2,2,0.2) 0.3606(0.1803) 0.0022 (0.0556) 0.1486415)
(0.3,2,0.3) 0.1445(0.0904) -0.0557 (0.0474) 0.0@r@527)
(0.3,2.0,0.1) 0.2459 (0.1024) -0.0031 (0.0651) 0518.0729)
(0.8,2.0,0.1) -0.4973 (0.3170) -0.1038 (0.0552) .3085(0.1660)
Parameter c
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(0.1,2.0,0.1) 0.2669 (11.7336) -1.2805 (1.7296)  97H9 (1.1687)
(0.2,2,0.2) -1.2267 (1.7687) -0.6979 (0.7243) -2%.4339)
(0.3,2,0.3) -0.3030 (1.2793) -0.9431 (1.1152) -B8(L.2048)

(0.3,2.0,0.1) 0.3482(11.8764) -0.4349 (3.1586)  48%3(1.6942)

Table 2: Contd.,
(0.8,2.0,0.1) -0.4489 (1.9466) -0.8765 (1.6520) 6784 (1.1204)

(0.1,2.0,0.1) 0.1368(0.0356) 0.0386 (0.0083) 0.103202)
(0.2,2,0.2) 0.10367 (0.0286) -0.0399 (0.0089) 060@I0027)
(0.3,2,0.3) 0.1186 (0.1028) -0.1806(0.0472) 0.085854)

(0.3,2.0,0.1) 0.0768 (0.0269) 0.0162 (0.0208) 0B0BE0095)

(0.8,2.0,0.1) 0.1057 (0.0435) -0.0074 (0.0054)  980®.0217)

Table 3: The Bias and MSE (in Parenthesis) for n=1®with 5 Outliers

(0.1,2.0,0.1) |  0.2608 (0.1478) -0.0199 (0.0004 08(6.0696)
(0.2,2.0,0.2) |  0.1126 (0.0530) -0.0453 (0.0375 8376.0239)
(0.3,2.0,0.3) |  0.1207 (0.0581) -0.0991 (0.0319 D554(0.0410)
(0.3,2.0,0.1) |  0.2354 (0.0928) 0.0067 (0.0442 001(2e0397)
(0.8,2.0,0.1) | -0.4048 (0.2387 -0.0191 (0.0205 0209 (0.0213)

(0.1,2.0,0.1) |  0.4732(4.2175) -0.0575 (1.9262 00RE450503)
(0.2,2.0,0.2) | -1.2290 (1.8074 -0.7163 (0.5969 7087 (0.8123)
(0.3,2.0,0.3) | -0.7874( 1.0200 -0.6787 (0.7803 6569 (0.7127)
(0.3,2.0,0.1) |  0.0947 (5.3904) -0.6648 (1.1848 2364 (2.1846)
(0.8,2.0,0.1) | -1.1227 (1.5925 -0.7149(0.6458 0R3(0.8461)

(0.1,2.0,0.1) |  0.7522 (3.1906) 0.0112 (0.0072 060(D70258)
(0.2,2.0,0.2) |  0.1934 (0.0923) 0.0844 (0.0332 012@B1117)
(0.3,2.0,0.3) |  0.2987 (0.7993) 0.0035 (0.2025 060@60278)
(0.3,2.0,0.1) |  0.0621 (0.0219) -0.0179 (0.0033 030(9.0109)
(0.8,2.0,0.1) |  0.0833 (0.0102) -0.0068 (0.0046 060®.0089)
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5. APPLICATION TO REAL DATA

In this sectionthe data set given by Shao (2C is used. This data set is usedWgng and Wen Lee (2011 a
2014),to illustrate the Burr type Il distribution andettability of the M estimation method and A- estimation method.

This data are the result of the study of influeatthe proportion of toxicityoEhromium in marine wars.

The data set, which is given in Table 4, contai@$d@ chromium in marine waters. Thox plot of the dataset

given in Figure displays a potential outlier in the data

Table 4: Number Observed EffectConcentration (NOEC) Values for Chromiumin Marine Water

Marine Water
2000, 12.59, 199.53, 4, 56, 263.03, 776.25, 1258831.31, 39.81, 2630.27, 187.2, 8¢, 4.7¢, 8800, 10000
1600, 602.56, 2000, 199.5, 2.4, 728, 1122.02, 140,83, 540, 14%, 2511.891200, 478.63, 1174.89, 9.55, 309
602.56, 1995.26, 210.

Figure2: Box plotof the Chromium in Marine Water Data

The data set is used fit a MOEBIII distribution ancto estimate the unknown parametersc and |, using the
ML and the M-estimator based on twiferent objective functior:Tukey'sBisquare and Huberfunction. Table 5 gives
summary of fitting the MOEBIItistribution obtained from thelv, and the robust estimation methods for this datThe
95% confidence intervals af, ¢ andifor ML and M-estimator with théwo objective functios, Tukey'sBisquare and
Huber’s are shown in Table 5.In Tabledhe can see that, the confidence intervals of TgBéygquarare estimates are
better than the other fitted obtained from the Hulbed ML estimate.Also, it is found thatHuber estimates is bett

thanthe ML estimates.

Table 5: Parameter estimate,Standard Deviation (in Parenthesesand
Confidence Intervals [in Parentheses] forthe data Set

| Parameters | Method |
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ML Tukey’sBisquare Huber
5.1(0.852 5.¢(0.110 5.6(0.273
* [3.43,6.77] [5.784,6.215] [5.065,6.135]
c 0.65(0.073¢ 0.71(0.035 0.5¢( 0.058Y)
[0.40,0.795] [0.641,0.779] [0.476, 0.704]
K 7.8(1.705) 8.9(0.098) 8.3(0.197)
[5.66,11.14] [8.708,9.092] [7.914,8.686]

6. CONCLUSIONS

The M-estimator method based on the quantile fondbiy the Tukey'sBisquare and Huber objective fiomcto

estimate the MOEBIII parameters for complete dath wutliers are presented. The simulation reshtsved that the M-

estimator method outperforms the ML method regayditas and mean square error. The real data shtvaedhe M-

estimator method is suitable for estimating the NBOEparameters for complete data with outlierss@l the confidence

intervals of the MOEBIII parameters for M-estimatord ML are obtained using this data set. The denfie intervals of

Tukey'sBisquare estimates are comparably bettan tha other fitted, obtained from the Huber and BHtimates.The

Huber estimates is also better than the ML estimadtegeneral, it is advised to use the MOEBI|itrifisition instead of

using classical methods, when there are potentidiecs in the data.
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