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Abstract In this paper we give BMO (bounded mean oscillation) space estimates for commutators of
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1. Introduction and Main Results

Heisenberg groups play an important role in several branches of mathematics, such as quantum physics, Fourier
analysis, several complex variables, geometry and topology; see [23] for more details. It is a remarkable fact

that the Heisenberg group, denoted by H  , arises in two aspects. On the one hand, it can be realized as the

boundary of the unit ball in several complex variables. On the other hand, an important aspect of the study of the
Heisenberg group is the background of physics, namely, the mathematical ideas connected with the fundamental
notions of quantum mechanics. In other words, there is its genesis in the context of quantum mechanics which
emphasizes its symplectic role in the theory of theta functions and related parts of analysis. Analysis on the
groups is also motivated by their role as the simplest and the most important model in the general theory of
vector fields satisfying Hormander’s condition. Due to this reason, many interesting works have been devoted to

the theory of harmonic analysison H in[6, 8,9, 19, 20, 23, 26, 27].
We start with some basic knowledge about Heisenberg group in generalized Morrey spaces and refer the reader
to [8, 11, 9, 23] and the references therein for more details. The Heisenberg group H, is a non-commutative

nilpotent Lie group, with the underlying manifold R*" xR and the group structure is given by
n
(x,t)o(x,t )= (x+ X, t+t +22(x2jx'2j71 —Xpj1%; )J
j=1

Using the coordinates g = (X,t) for points in H , the left-invariant vector fields for this group structure are

x2j—1:L+2X2j£y j=l,...,n,
2j1 ot
0 0
xzj:ax_2j+zxzj,1a, j=1,...,n
=

£
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These vector fields generate the Lie algebra of H  and the commutators of the vector fields (Xl,..., XZn)
satisfy the relation

|_Xj1xn+jJ:_4X2n+1' i=l...n,
with all other brackets being equal to zero.

The inverse element of g = (X,t) is g"l = (— X,—t) and we denote the identity (neutral) element of H, as
e=(0,0)e R*™. The Heisenberg group is a connected, simply connected nilpotent Lie group. One-
parameter Heisenberg dilations &, : H, — H, are given by &,(x,t)= (rx,rzt) for each real number
r > 0. The Haar measure on H  also coincides with the usual Lebesgue measure on R These dilations
are group automorphisms and Jacobian determinant of &, with respect to the Lebesgue measure is equal to re,
where Q =2n+2 is the homogeneous dimension of H_ . We denote the measure of any measurable set
Qc H, by |Q|.Then
5, (@) =r°Qd,  d(s,x)=rx.

The homogeneous norm on H  is defined as follows

2 1/4
2n
i, =Wl =|[ 6] |

and the Heisenberg distance is given by
d(g,h)=d(g*h0)=|gh|.
This distance d is left-invariant in the sense that d(g, h) = ‘g’lh‘ remains unchanged when ¢ and h are

both left-translated by some fixed vector on H . Moreover, d satisfies the triangular inequality (see [15], page
320)
d(g,h)<d(g,x)+d(x,h),  g,x,heH,.
Using this norm, we define the Heisenberg ball
B(g,r)= {h eH, g < r}

with center ¢ = (X,t) and radius I and denote by B (g, I’) =H,\ B(g, r) its complement, and we denote

by B, = B(e, r) = {h eH, :|h| < r} the open ball centered at €, the identity (neutral) element of H  , with

radius I . The volume of the ball B(g, r) is CQI’Q , where C, is the volume of the unit ball B, :

1
27zn+2F(2)
¢, =|B(e,1) =

(n+1)r(n)r(”+1j'

2

For more details about Heisenberg group, one can refer to [8].
In the study of local properties of solutions to of second order elliptic partial differential equations (PDES),

together with weighted Lebesgue spaces, Morrey spaces LM(Hn) play an important role, see [10, 16]. They

were introduced by Morrey in 1938 [18]. For the properties and applications of classical Morrey spaces, see [4,
5, 13] and the references therein. We recall its definition on a Heisenberg group as

S
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A

Lp,/l(Hn): f :”f”Lp‘i(Hn) = sup or p||1:||Lp(B(g,r)) S

geH >
where f € L';°(Hn), 0<A<Qand 1< p<oo.

Note that L, =L,(H,) and L, =L, (H,).1f A<0or 2>Q, then L, , =©, where © is the set
of all functions equivalentto 0 on H, . Itis known that L, ,(H,) is an expansion of L (H,) in the sense
that L, o =L, (H,).

We also denote by WL , =WL  ,(H,) the weak Morrey space of all functions f eWL'SC(Hn) for which

A

[, =1 = 907 "1 by <
!

where WL (B(g, 1)) denotes the weak L, -space of measurable functions f for which

||f|IWLp(B(g,I’)) = H f;(B(gvf)

WL (Hp)
=supzlth e B(g,r) | f (h) > o "
>0
= su r”"(f ) 7) < o,
0<r§|BI(:)g,r)| ZB(W) )

Here g* denotes the non-increasing rearrangement of a function ¢ .
Note that
WL, (H,)=WL,,(H,) L,,(H,)eWL, ,(H,) and | f]|

<
WL (Hp) _”f”prl(Hn)'
Let | B(g,r)| be the Haar measure of the ball B(g,r). Let f be a given integrable function on a ball
B(g,r)c G. The fractional maximal function M f , 0<a <Q, of f is defined by the formula

M, f()=sup|B(g.n)| © [ |f()]dh

r>0 B(g.1)

In the case of o =0, the fractional maximal function M, f coincides with the Hardy-Littlewood maximal

function Mf = Mof (see [8, 23]) and is closely related to the fractional integral
T.f(g)= jﬂdh 0<a<Q.

-1 Q-a
i [97N)

The operators M, and -Fa play an important role in real and harmonic analysis (see [7, 8, 23, 26]).

The classical Riesz potential |, is defined on R" by the formula

Iaf:(—A)‘%f, O<a<n,

where A is the Laplacian operator. It is known that

VR S L 0') B ey
Rty 7(a)an|X_ = dy=T.f(x)

=
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) . The Riesz potential on the Heisenberg group is defined in terms of the sub-

where 7(c)= F(—

Laplacian L = A, .

n

Definition 1 For 0 < o < Q the Riesz potential |, is defined by on the Schwartz space S(Hn) by
the formula

(24 0 a

1,t(g)=L2f(g)=[e" f(g)r? dr,
0
where

e (g)=—— [K,(h o)t (h)(n)

8

In [26], relations between the Riesz potential and the heat kernel on the Heisenberg group are studied.

is the semigroups of the operator L .

The following assertion [[26],Theorem 4.2] yields an expression for |, which allows us to discuss the
boundedness of the Riesz potential.

Theorem 1 Let G, (g) be the heat kernel on H, . If 0< ¢ < Q, thenfor f € S(H,)

1 7%

1, f(g)= s? q,()ds* f(g)
g F(gj‘) q g

The Riesz potential |, satisfies the estimate [[26], Theorem 4.2]
1, f(9) sT.f(g)

which provides a suitable estimate for the Riesz potential on the Heisenberg group. It is well known

= 1 1
that, see [8, 23] for example, T is bounded from Lp(Hn) to Lq(Hn) forall p>1and —— —=

a = Q ). _ _ _
6 >0,and T isalso of weak type | 1,——— |(i.e. Hardy-Littlewood Sobolev inequality).

Spanne (published by Peetre [21]) and Adams [1] have studied boundedness of the fractional integral
operator -Fa on Lp,ﬂ (R” ) This result has been reproved by Chiarenza and Frasca [3], and also studied in [12].

After studying Morrey spaces in detail, researchers have passed to generalized Morrey spaces. Recall
that the concept of the generalized Morrey space Mp’(p EI\/IW(HH) on Heisenberg group has been
introduced in [11].

=
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Definition 2 [11] Let ¢(g,r) be a positive measurable function on H % (0,90) and 1< p <oo.

_ . : loc
We denoteby M) =M (H,) the generalized Morrey space, the space of all functions f € L,°(H,)

with finite quasinorm
1
”f”Mp,w ) geSHl:,FrLo(p(g’ r)ill B(g.1] p”f"Lp(B(g,r))'

Also by WM =WM p’(/,(Hn) we denote the weak generalized Morrey space of all functions
| .
f eWL*(H,) for which

1
[fha,, = sup_o(@.071B@N" [Tl o0 <

According to this definition, we recover the Morrey space LM and weak Morrey space WLM under

A-Q
the choice @(g,r)=r ° :
L,, =M WL, , =WM

P«ﬂ' A-Q°
p

P | AQ
p(g.r)=r P

p(g.r)=r

In [11], Guliyev et al. prove the Spanne type boundedness of Riesz potentials Ia, a e(O,Q) from one

1
generalized Morrey space M P‘/’l(H”) to another M, oy (H,), where 1< p<g<oo, ——====, Qs
' ’ P

. They also prove the Adams type boundedness of the Riesz potentials | |,

a

a €(0,Q) from M E(H") to another M

p

(H,) for 1< p <q < oo and from the space Ml,w(Hn)

Q-

p.@
to the weak space WM

q.¢

(Hn) for 1< q<oo.

Q|

Lo

For a locally integrable function b on H, , suppose that the commutator operator Tb]a , A E (O,Q)

represents a linear or a sublinear operator, which satisfies that for any f e Ll(Hn) with compact support and
X ¢ suppf

RO

1.1
[gh [ -

T (@G, [ 1b(g)~b(h) |

Hp

where C, is independent of f and .

The condition (1.1) is satisfied by many interesting operators in harmonic analysis, such as fractional
maximal operator, fractional Marcinkiewicz operator, fractional integral operator and so on (see [17], [22] for
details).

Let T be a linear operator. For a locally integrable function b on H, , we define the commutator
[b,T] by
[0, T (x) =b()TE (x) =T (bf )(x)

=
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for any suitable function f .
Let b be a locally integrable function on H  , then for 0 < & < Q, we define the linear commutator

generated by fractional integral operator and b and the sublinear commutator of the fractional maximal
operator as follows, respectively (see also [17]).

[b,T.1 () =b(9)T f(9)-Tu(bf)(9) = [Ib(g)-b(h)]— 5~

H

f (h)
dh,
g7h e

M,.,(fX9)=sup| B(g. )| "o [ Io(g)-b(h)| (h)|dh.
B(g.r)
Now, we will examine some properties related to the space of functions of Bounded Mean Oscillation, BMO,
introduced by John and Nirenberg [14] in 1961. This space has become extremely important in various areas of
analysis including harmonic analysis, PDEs and function theory. BMO -spaces are also of interest since, in the

scale of Lebesgue spaces, they may be considered and appropriate substitute for L_ . Appropriate in the sense
that are spaces preserved by a wide class of important operators such as the Hardy-Littlewood maximal
function, the Hilbert transform and which can be used as an end point in interpolating Lp spaces.

Let us recall the defination of the space of BMO(H ) (see, for example, [8, 17, 24]).

Definition 3 Suppose that b e L*°(H, ) , let

1
|b(h)—bg, | dh <o, (1.2)
. geH r>0|B( )IB(L) 8.
where
e o (h)dh.
09 " TB(g r)|B(£r)
Define

_ [ )
BMO(H,) ={b € L¥“(H,):[p], <o}
Endowed with the norm given in (1.2), BMO(H,) becomes Banach space provided we identify functions

which differ a.e. by constant; clearly, ||b||* =0 for b(h)= c ae.in H,.

Remark 1 Note that L (H,) is contained in BMO(H, ) and we have
o], <2,
Moreover, BMO contains unbounded functions, in fact the function Iog|h| on H,,isin BMO but it is not
bounded, so L, (H,) = BMO(H,).

Remark 2 (1) The John-Nirenberg inequality [14]: there are constants C,, C, > 0, such that for
all be BMO(H,) and >0
{g e Bib(g)—bs > B)<C,|Ble @ vBcH,.
A
N
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(2) The John-Nirenberg inequality implies that

1
Ib = [ Ib(h) by, I° dh ’
oS [ ~bggg, (L3)
gery 0l | B(91) gy ry Blo.n
for 1< p<oo.
(3) Let be BMO(H,). Then there is a constant C > O such that
‘bB(g‘r) —bg g 0| <Clp|. In%for 0<2r<r, (1.4)

where C is independentof b, g, r and 7.

Inspired by [11], in this paper, provided that b e BMO(Hn) and Ty, ae(O,Q) satisfying
condition (1.1) is a sublinear operator, we find the sufficient conditions on the pair (¢, ®,) which ensures the

Spanne type boundedness of the commutator operators Ty , from Mp’(pl(Hn) to MW2 (H,), where

a
l<p<qg<w, 0<g<=, —=—-— . We also find the sufficient conditions on ¢ which ensures the

Adams type boundedness of the commutator operators T, , from M | (Hn) to another M | (Hn) for

p

q

p.e q.¢

1< p<(qg<oo.Inall the cases the conditions for the boundedness of Tb’a are given in terms of Zygmund-

type (supremal-type) integral inequalities on ((pl,goz) and @ which do not assume any assumption on
monotonicity of ¢, @, and @ in I . Our main results can be formulated as follows.
Theorem 2 (Spanne type result) Let 1< p<oo, 0<a <=, —= ——— and b e BMO(Hn).

Let T, , be a sublinear operator satisfying condition (1.1) and bounded from L (H,) to L,(H,). Letalso,

the pair (@, @,) satisfies the condition

Q
-  essinf ¢,(g,s)s”

I(“'”Fj it <Coy(o.r), (L5)
r Tq

Then, the operator T, , is bounded from M p’(/,1(Hn) to MW2 (Hn). Moreover

<
Mot =IBLIE,
0.9, P.

From Theorem 2 we get the following new result.

s
1?‘: =
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Corollary 1 Let 1< p<oo, 0<« <%, %:%—g, be BMO(Hn) and the pair (¢, ®,)

satisfies condition (1.5). Then, the operators M , and [b, T «] are bounded from M p,¢1(Hn) to

MWZ(HH).

Theorem 3 (Adams type result) Let 1< p<q<oo, 0<a < 9 be BMO(Hn) and let go(g,z')

p
satisfies the conditions
Q \P Q
sup 7 "(1+In—j essinf (g,s)s? <Cgp(g,r), (1.6)
r<r<oo r t<s<oo
and
° ) ., 1dr —%
I 1+InF *p(g,7)p — <Cr P, (L7)
g T

where C does not depend on g € H, and r >0. Letalso T, be a sublinear operator satisfying condition
(1.1) and the condition

Mo (Zoe Xa) s 7°M, 1 (g) (L8)
holds for any ball B(g, r).

Then the operator T, , is bounded from M (Hn) to M (Hn). Moreover, we have

o |~
Q|-

q.¢

p.¢
Mot <IBLITL, -

p.@

[

|
o |-

q9.9

From Theorem 3, we get the following new result.

Q

Corollary2Let 1< p<oo,0<a<—, p<q, be BMO(Hn) and let also qo(x,f) satisfies
p

conditions (1.6) and (1.7). Then the operators M, , and [b,fa] are bounded from M, (Hn) to

poP

At last, throughout the paper we use the letter C for a positive constant, independent of appropriate
parameters and not necessarily the same at each occurrence. By A< B we mean that A<CB with some
positive constant C independent of appropriate quantities. If A<SB and B < A, we write A~ B and say
that A and B are equivalent.
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2. Some Lemmas
To prove the main results (Theorems 2 and 3), we need the following lemmas. Firstly, for the proof of
Spanne type results, we need following Lemma 1.

Lemma 1 (Our main lemma) Let 1< p <o, 0<0(<9 l_l_ﬁ be BMO(Hn),and

p'g p Q
T, , is asublinear operator satisfying condition (1.1) and bounded from L (H,) to L ,(H,). Then, the

inequality
Q Q,
q
o gy <I0L P [0 e 1,0 e
holds for any ball B(g,r) and forall f € LY°(H,).
n 1 1 «
Proof. Let 1< p<o, 0<a@ <— and —=———. For an arbitrary ball B = B(g, r) we set
Y g p n

—

f=1f+f, where f,="fy,,, f,= fZ(ZB)C and 2B=B g,2r).Then we have

”Tbﬂ f HLq(B) < ”Tb:a leLq(B) +”Tbﬂ fZHLq(B)

From the boundedness of T, , from L (H,) to L ,(H,) (see, for example, [8, 24]) it follows that:

”Tbﬂ leLq(B) < ”Tbﬂ leLq(H )
SOl ) = IRLIE ], ey

Itisknownthat g€ B, he (ZB)C , which implies 1‘h’lvv‘ < ‘g’lh‘ < g‘hlw‘ . Then for g € B, we have

T, | bin)-b 1“ " g
(28

Hence we get

HTb,afZHLq(B) j[ [ b(h) t(])| dh] dg

 b(n)-b 1‘” Jg
B)C

[ |b(h)—b(9)|‘g|_f1::f?)!a dh} dg
B)C

o

A
o,

o |-

+
(o
~

=J,+J,.

oy

=/
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1 1
We have the following estimation of J1 .When — +— =1, by the Fubini’s theorem
U

o j|b —by| A= |th —dh

o7
oro [ Ib(h)-by ]| (n) j TQd—fdh

(28)° o7

Qw

<t |b(h)—bB||f(h)|thQd—lT

2r2rs‘g* <r

Sre j j |b by |f(h)dh—37_

2rB g, r
is valid. Applying the Holder s inequality and by (1.3), (1 4) we get

Q+1 a

j j \b h)|dh s
2ngr
+rE”bB(g,r)_bB(gyr) _[ h)dh LQHa
2r B(g,7)
Quw
<00 [|b()— by . } Qﬂ .
2r

goo
+1° [|bg (g b
2r
900
StoLe (1l .

2r

1odr
)B(g,Tll p m

In order to estimate J, note that

| |f(h) dh

1, |Q-«
g ))(ZB)C ‘g 1h

By (1.3), we get

Q
3,5, ro '_dh.
2 || ||* 2!)(: ‘gflh‘Q

On the other hand, by the Fubini’s theorem, we have

.[ |f W)| dW~ _[| W)|I Q+1a

(2B)C ‘g W‘ 28)C ‘g_lw‘
~ j I WXdW Q+l a
2r2r<‘g w|<

D
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<[ﬁ _[ |f (Wldw—— Q+la'

2rB(g,7)
Applying the Holder’s inequality, we get

| [ f (w)

o dw
(2B)C ‘gilw‘
* dr
S[ﬁ”f”Lp(B(g ) Q (22)
2r Z_q
Thus, by (2.2)
- %w dr
e N | L
2r Tq
Summing up J, and J,, forall p e(l,oo) we get
900
[t o S f[1 Y11 @3
4 2r z.q
Finally, we have the following
900
[t S+ I [0 Y1 55
2r Tq
On the other hand, we have
2 ¢ odr
L L R
2r _q
T
<rd j ||f|| (2.4)

q
T
which completes the proof of Lemma 1 by (2.4).

Secondly, for the proof of Adams type results, we need some lemmas and theorems about the estimates
of sublinear commutator of fractional maximal operator in generalized Morrey spaces on Heisenberg groups.

Q1l 1 «

Lemma 2 Let 1< p<oo,0S0(<—,—:——6,beBMO(Hn).Thentheinequality
p g p

re sup(l jT q”f”L o (B(9,7)

holds for any ball B(g,r) andforall f e L'SC(Hn).

HMW f HLq(B(g,r))

7=
:‘é; N
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Q 1 1 «

Proof. Let 1< p<oo, 0<@ <~ and ===——. For an arbitrary ball B =B(g,r) we set
qa p

f=1f+1f, where f,="fy,;, f,= fZ(ZB)C and 2B = B(g,2r). Hence,
HMbﬂ f HLq(B) < HMbva leLq(B) +HMM fZHLq(B)

From the boundedness of M, , from L (H,) to L,(H,) (see, for example, [2, 8, 24]) it follows that:
Moo <l

g (Hg)
SIoLIfL )= 1Pl oy

Let h be an arbitrary point in B. If B(h,r)m(ZB)C;tQ, then 7>r. Indeed, if
eB(h,7)n(2B)°, then r>‘h‘1V\42‘g‘1V\4—‘g‘1h‘>2r—r:r. On the other hand,

B(h,z)n(2B)° = B(g,27). Indeed, for we B(h,z)n(2B) we have
‘g‘lw‘ s‘h‘lvv‘ +‘g_1h‘ < T+ < 27. Hence,
1
My b)=sup—L— [ [o(w)-b{n)]  (w)a

>0

B(h 2')| Q B(h,r)~(2B)C

<29 sup—>—— j Ib(w)—b(h)| f (w)dw
>r B(g 2T)| Q B ng

=29 sup; j Ib(w)—Db(h)| f (w)dw

T>2r|B(g T)| Q Bgr

Therefore, for all h € B we have

Mb,afz(h)SZQ“sup; j Ib(w)—b(h)| f (w)dw.
>2r B(g z_)| Q Bgr
Then
1
q q
1
M £, ) = jsup—la | |b —b(h)| f (w)dw | dg
q B T>2r|B(g,T)| "0 B(g.e

< j[sup — I|b bB||f(W)|dw] dg

>2r B(g T)| 0 Bg‘r

- Journal of Scientific and Engineering Research
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q

+ _[sup : j |b —bg|| f (w)dw | dg
B >2r B(g T)| _6 B g r

=J,+J,.

Let us estimate J,.
Q
J=risup———— j Ib(w)—bg | f (w)dw
>2r B(g T)| Q Bgr

Q

~r supr“‘Q j Ib(w)—bg | f (w)dw.
B(9.7)

1 1
Applying the Holder’s inequality, by (1.3), (1.4) and —+— =1 we get
HoPp

Js rd supr"‘Q j ‘b

T>2r

f (w)dw

(g,f)
B g, z'

Q
+19sup 7 2|y (q ) —Boq.r) j | (w)dw
e B(9.7)
Q Q

<srfsup Ta P H(b()_ bB(w)} L, (B(g.7))

>2r

Q

s 1
+re supt”"Q‘bB(g B(g,7) »
>2r

Q
||, r® sup(1+ln jt q”f”L 5 (B(0.)"

In order to estimate J, note that

J2 _H( B(g, r)}

supt"‘Q _[ | (w)dw.
2 B(9.7)

Lq(B(g.2))

By (1.3), we get
3,5]b. rqsupt“ Q I | £ (w)dw.
B(g.7)
Thus, by (2.2)

Q _Q
3a/s[bl.r supt ], oy,

Summing up J, and J,, forall p e (1,00) we get

Q Q
Mo, 1] o sl supt H(1em o]

oy

=/
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Finally, we have the following

M. £, <o

Q Q
o -y T
e+ 0L supt (1 E i,

s

Q Q
q a T
SIoLrtsupt * (14 1]

which completes the proof.

Similarly to Lemma 2 the following lemma can also be proved.

Lemma3Llet 1< p<oo, be BMO(H,) and M, is bounded on L, (H,) . Then the inequality

Q Q
q Tl
My, iy = 0L sup( 1410 )]
holds for any ball B(g,r) and forall f e L'SC(Hn).
The following theorem is true.
1 1 «o
Theorem4 Let 1< p<o, 0<a < 9 ~==_-= beBMO(H,) and let (¢,, ,) satisfies
P g p

the condition

a—=

Q Q
supt P [1+ In%jessinf ¢.(9,7)r” <Cep,(g.r),

r<t<owo t<r<wo

where C does not depend on ¢ and r. Then the operator M, , is bounded from Mwl(Hn) to
sz (Hn). Moreover

b

fl

*

M. fl, s
9.9y

M
P.¢q

Proof. By Theorem 4.1 in [11] and Lemma 2, we get

Q
_1 T g
Moo, SIBL stp oo st e,

Q
1 5 _
S”b”* geSHl:E>O§”1(g1 I’) rP ” f |||_p(B(g,r)) - ”b”*” f ||M boy

In the case of @ =0 and P = (, we get the following corollary by Theorem 4.
Corollary3Let 1< p<oo, be BMO(Hn) and ((pl, (pz) satisfies the condition

Q Q
sup t p[1+ In %jessinf ¢,(9,7)c® <Cop,(g,r),

r<t<oo t<r<owo

f,«
Z
:g‘: =

BN
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where C does not depend on ¢ and . Then the operator M, is bounded from M p'(/)1(Hn) to M 0.0y (H,)

. Moreover

M, 1], <

3. Proofs of the main results
3.1. Proof of Theorem 2.

Proof. To prove Theorem 2, we will use the following relationship between essential supremum and
essential infimum

-1
. 1
essinf f xj = essup——, (3.1)
( xeE ( ) XeEp f(X)
where f is any real-valued nonnegative function and measurable on E (see [25], page 143). Indeed, since
feM by’ by (3.1) and the non-decreasing, with respect to 7, of the norm || f ||Lp(B(g’T)), we get
L
e ]
essinf ¢,(9,5)s" ?,(g,9)s”
0<r<s<wo
[
sesp—t=gsf], @2
ACIDEE
For 1< p < oo, since (¢, ¢,) satisfies (1.5) and by (3.2), we have
j(mn j||f|| odr
g T
Q
w . ”f”Lp(B(g,r)) essinf ¢,(g,s)s” dr
7<S<00
< J.(1+ In— 3 3 —
' essinf ¢,(g,s)s” ¢
7<S§<00
Q
o essinf ¢, (g,s)s’
<cff], j(mn Tj coe 7 dr
Py r -~ T
Z'q
<C|f || e (g,r). (3.3)

Then by (2.1) and (3.3), we get

”Tbvaf”'vlq,(/,z - SUp (”2(9 r)*IB(g, r)| ’ HTD”‘ H Ly (B(g.1)

er

<|b]. sup K2 (g,r 1I(1+In )|f||

geH

This completes the proof of Theorem 2.

i‘ ‘1\
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3.2. Proof of Theorem 3.
1 1 «
Proof. Let 1< p <oo, 0<0¢<g and —=———, p<qand feM . For an arbitrary
P a p 5

p.¢

ball B=B(g,r) weset f="f +f, where f =Ty, f,=fy  and 2B=B(g,2r). Then we

(28)

”Tbﬂ f HLq(B) < ”Tbxa leLq(B) +”Tbﬂ fZHLq(B)

have

For g € B we have

T f2(9)is [ [oh)-b(g) '”“Q)'a dh
(28)° g

Analogously to Section 2, forall p € (1,00) and g € B we get
o0 Q
T a——-1
. SB[ 1) 0

Then from conditions (1.7), (1.8) and inequality (3.4) we get

2 a—gfl
\Tb,af(g}snbn*rambf<g>+||b|u(1+m§jr LI
J‘(1+ In— )z' 1) g r):) dz
g T

er

1
0o?
M1 (g)+ blr 1],

1
poP

p.¢

M, f(g)

o |~

Hence choosing I = forevery g € H, , we have

L
T (0] S[BLM, f (@) ],,*
p«pB
Consequently the statement of the theorem follows in view of the boundedness of the commutator of the

maximal operator M ,in M (Hn) provided by Corollary 3 in virtue of condition (1.6).

PP

Therefore, we have

/)

)

)
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‘ﬁbafu = sup>0(p(gr o HTbafH
a8
1—£ _i ,9 £
Sl | s slac)ie T,
poP
P
1 q
1 sup (p(gr pT p||M f||
p,rpB "
P
q
T
poP poP
L
poP

Remark 3 In the case of go(g, r) =r"?, 0< A <Q from Theorem 3 we get the following Adams

type result ([1]) for the commutators of fractional maximal and integral operators.

Corollary 4 Let 0<a<Q, 1< p<9 0<A<Q-op, l—i— 2__ and
a p g Q-4
b e BMO(H,, ). Then, the operators M, , and [b, T ] are bounded from LM(Hn) L(M(Hn).
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