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ABSTRACT

In this study, a recent added member of the infetyamsform family the ‘Aboodh transform’ is cougleith the
Adomian decomposition method to solve linear andlinear heat conduction equations in what we called
Aboodh decomposition method. The Aboodh decompositiethod works perfectly for both the linear and
nonlinear heat conduction problems considered, tedresults obtained are in full covenant with wisabbtained

in the literature.
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INTRODUCTION

Heat conduction process has been a field of intévemngineers and many mathematicians for decawesy to its
great applications industrially. Carslaw and Jasgbkook [1] discussed different heat conductionbf@ms in
different dimensions and situations. Nuruddeen Zadhan [2-3] solved heat conduction problems arisimg
circular cylinders. Polyaniet al [4] obtained the solutions of nonlinear steady ansteady heat and mass-transfer
problems using the method of generalized separaifovariables. As a method, the Adomian decompmsiti
method [5-6] is however found to be an efficienttimegl for solving heat conduction problems in maityagions.
Ashfaqueet al [7] used the Adomian decomposition method to aeiee the solution for nonlinear heat equations
with temperature dependent thermal properties. @oehand Ayadi [8] solved heat conduction probleriesthe
use of Adomian decomposition method. Jelkaml [9] used the Adomian decomposition method to deitee the
solutions for nonlinear heat equations with expadiaémonlinearities, while Ali [13] solved severBbundary
value problems with heat-like equations inclusivmoag others. Further, since the Adomian decompuusiti
method [5-6] is found to be an efficient method $olving heat conduction problems, we now feel celtepl to
couple this same Adomian decomposition method thi¢ghrecently introduced integral transform by Able¢O],

the ‘Aboodh transform’ to handle linear and nondindeat conduction problems in what is known as oo
decomposition method. However, the compulsion igivated by the successful use of the Aboodh transftm
solve partial differential equations in [11] and@koupled with the homotopy perturbation methoddive fourth
order parabolic partial differential equations witlriable coefficients [12].

ABOODH TRANSFORM

The Aboodh transform of the functions of expondridiaer belonging to a clags whereA = {u(t): 3 M, k;, k, >
0s.t.lu(t)]<Me“Lif t € (—1) x [0,0)} whereu(t) is denoted by[u(t)] = U(v) and defined as

1
Afu(t)} = ;f e "u()dt =UWw) v € (ky,ky). (D
0
Some properties of Aboodh transform are giventabte below
LA} == 28{t"} = =5, n =0
3.Alsin(a0)} = ;' 4. A (©)) = VU W) — Tih
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DERIVATION OF THE METHOD

To present the Aboodh decomposition method, we idenshe more general nonhomogeneous nonlineaiapart
differential equation
Lu(x,t) + Ru(x,t) + Nu(x,t) = h(x,t) (2)

with the initial conditions

u(x,0) = f(x), u(x,0) = g(x) 3

where L is the second order linear differential operatdthwan inverse operator when existedLa¥(.) =

fot fot(.)dtdt, R is the remaining linear operator less tlamNu(x,t) is the nonlinear operator andx, t) is the
nonhomogeneous term.
Now, on taking the Aboodh transform of equationi()t’ we get

Af{Lu(x, t)} + A{Ru(x, t)} + A{Nu(x,t)} = A{h(x, t)}. 4)
From the differentiation property of Aboodh tréorsn, equation (4) becomes
v2Au(x, )} — u(x,0) — %ut(x, 0) + A{Ru(x,t)} + A{Nu(x,t)} = A{h(x,t)} (5)
which can be simplified as
Afu(x, )} = —u(x, 0) — —u,(x, 0) + — A{Ru(x, )} + — A{Nu(x, )} = - A{h(x, 1)} (6)
Now, replacing the unknown functiar(x, t) by an infinite series af,,'s i.e.,
u(x: t) = 21‘2:0 um(x! t)' (7)
and the nonlinear term by an infinite series of Aldemian polynomiald,,’s given by
Nu(x,t) = Ym_o A (Ug, Uy, Uy, ...), m=012,.., (8)
where
A = === [F(EZoAu)]l1z0m = 0,12, ., 9)

Substituting equations (7) and (8) into equationwé obtain

AfZim=0tm(x, 0} = 7 u(x,0) = 51, (x,0) + 25 (A{Z 50 Rum (x, D} + AZim0 A (x, D)) = ZA{R(K, D} (10)
Also, on substituting the initial conditions givenequation (3) we obtain

Ao tm(, )} = Zu(x, 0) + 5w (x,0) + — Afh(x, )} — — (AT Rity (6, D} + A{Zin0 A (£, )] (11)

Finally, on comparing both sides of equation (Iid thereafter taking the inverse Aboodh transfdrih, we obtain
the general solution given recursively by

up(x, ) = f(x) + tg(x) + A {S Alh(x, 0} ), n =0

1 (12)
Uy (x,8) = —A71 {V—ZA{Run(x, t) + An}}, n = 0.

APPLICATIONSOF THE METHOD

We consider some heat conduction problems comprisifinear, heat-like and nonlinear heat condurcpooblems
in order to demonstrate the effectiveness of theotlh decomposition method as follows

Example One
Consider the one dimensional heat equation given by

Up = Uyy (13)
with the initial condition
u(x,0) = ae*, (14)

wherea and k are constants.

Now, on taking the Aboodh transform of both sidéeauation (13), we obtain

Afuc} = Afu} (15)
And on using the differentiation property we get

vAu(x, )} — - u(x,0) = Aluy,}, (16)
which gives

Afu(e, D} = Zu(x, 0) + = Afuy} 17)

Thus, on assuming the infinite series solutionha& tnknown function u(x, t) and then comparing bsittes of
equation, thereafter we take the inverse Aboodtsfoam; we get the general solution recursively as

uy(x, t) = u(x,0), n=0
{ (18)

Ui (x, ) = A7 {%A{unxx} }, n = 0.
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We now determine the first few terms as follows
uo(x,t) = ae**
-1 1
u(x,t) =4A {;A{ugxx}}
akzekx A—l{v%}
= ak?te~,
_1 (1
U, (X, t) =4 ! {;A{ulxx} }
ak4ekxA—1{vi4}
_ ak4tzek"
21
_1 (1
Uz (X, t) =4 ! {;A{uZxx} }
— akﬁekxA—l{vis}
_ ak6t3ekx

Y
and so on. Thus, on summing the above iterationthepsolution is given by

4.2 kx 643, kx
ux, t) = Y2 u,(x, t) = ae* + ak?te** + g tle” pakite

2! 3!
24\2 2.3\3
= qek* (1 + (kzt) + % + %.’_ ) — aek(x+kt)'

Example Two
Consider the heat-like equation
U = %xzuxx
with the initial condition
u(x, 0) = x?
From the above procedure, equation (19) has thergksolution recursively given by

uy(x, t) = u(x,0), n=20
{un+1(x, t)=471 {%A {%xzunxx} }, n = 0.
Thus, we get the first few terms are determinefbisws
ug(x, t) = x2
—1(1 1
w0 =47 (Ao,
2
AT
= x°t,

w0 = a7 (4, )
.
x2t?

uz(x,t) = Az_ll {%A {%xzuz""} }
= A—l{j—:
2f3

TR
and so on. Thus, on summing the above iterationgetie
x?t3

0 x2t?
u(x,t) = Xpsoun(x,t) = x* +x’t + ——+——+ -

2 3
= x2 (1+t+t2—|+t3—|+ ) = xZ%el.
Example Three
Consider a two dimensional nonlinear heat equation
U + UU, = Uyy
with the initial condition

u(x,0) = 2x
From the procedure described above, equation @2jHe general solution
uy(x, t) = u(x,0), n=20
{un+1(x, t)=A"1 {%A{unxx - A} }, n=0,

whereA,,'s are the Adomian polynomials of the nonlinear tgimen some few terms as

AO = uouox, Al = uoxul + uoulx, AZ = uoqu + ulxul + uzxuo e
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Now, few terms of the solution are as follows

uy(x, t) = 2x

u(x,t) = A1 {%A{uoxx — Ao} }
= A
= —4xt,

uy(x,t) = At {%A{ulxx - Ay} }
= A—l{%"

__ 16xt?
T
_1(1
u3(x, t) = A 1 {;A{uzxx - Az}}
=A_1{—4-8x}
_ —96xt3
T

and so on. Summing the above iterations, we geidhgion as

16xt?  96xt3
ux, t) = Yoo un(x, t) = 2x — 4xt + > 3

= 2x(1 + (=2t) + (—20)% + (=2¢)> + )
2x

v5

= T2t
CONCLUSION

In conclusion, the newly introduced integral tramsef to solve ordinary differential equations, palrtiifferential
equations and integral equations, the Aboodh toamsis coupled with the celebrated decompositiothod, the
Adomian decomposition method in what we called ‘thigoodh decomposition method’ to solve both linead
nonlinear heat conduction problems arising in sméeand engineering processes. The coupling wonrles dind
yields remarkable exact solutions for the linead aronlinear heat conduction problems considered, the
solutions obtained agree with the existing exakittigms that are available in the literature.
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