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ABSTRACT  

The mathematical model for substantiation of engineering factors of machineries for centrifugal type 

mineral fertilization is developed. 

It is proposed the design of the disk application for which one could improve evenness of mineral 

fertilizers spreading by centrifugal type spreaders. Simplified formulas for agricultural engineering usage, 

givingthe opportunity to explain the construction of the fertilizer spreader which provides qualitative 

spreading for the given bandwidth, are also presented. 

 

РЕЗЮМЕ 

Розроблено математичну модель для обґрунтування технологічних параметрів машин для 

внесення мінеральних добрив відцентрового типу. 

Запропонована конструкція диска, застосування якого може покращити рівномірність 

розсівання добрив розкидачами відцентрового типу. Виведені спрощені для інженерного 

застосування формули, що дають можливість обґрунтовувати конструкцію дискового розкидача 

добрив, який забезпечує якісне розсівання на смугу заданої ширини. 

 

INTRODUCTION 

The uneven distribution of fertilizers on the surface of the field determines the variability of crops 

management, yields, the different periods of maturation of crops, debris, deterioration of product quality 

(Kravchuk et al., 2004;  Ning et al, 2015, Velychko, 2015; Vasylieva and Pugach, 2017). More than 90% of 

modern machinery for fertilizer application equips centrifugal spreaders that successfully transfer granular 

and crystalline fertilizers to the soil (Petcu et al., 2014; 2015; Tijskens et al., 2008).  

Consequently substantiation of design and options of fertilizer distributor’s centrifugal tool is very 

relevant (Allaire and Parent, 2004; Biocca et al., 2015; Nukesheva et al, 2016). The composition of the 

spreaders includes a disk with blades. This disk is placed under the spout and is rotationally driven around 

the vertical axis. In this case the fertilizer, which is uniformly distributed by the spout from the hopper, is 

received on the working surface of the rotating disc. Here it is captured by the vanes and forced into a rotary 

motion. Under the action of centrifugal forces particles of fertilizer are moving with acceleration on the 

working surface of the disc along the blades (from the disk centre to the periphery). The fertilizer particles are 

much faster after the disappearance of the disk (Antille et al., 2013; Šimaet al., 2013). The velocity vector is 

directed horizontally or at a certain angle to the horizon upwards.  

The theory of single part movement on horizontal disk which turns around vertical axis as well as on 

disk with straight or curve blade was developed in numerous studies (Petcu et al., 2015; Vilette et al., 2005). 

However, despite the fundamental surveys in the theory of granule and disk interaction and numerous 

improvements of the working body design, evenness of mineral fertilizer spreading is far from perfect 

(Reumers et al, 2003).  

Centrifugal machines are characterized by a significant separation of unilateral fertilizer to fractions 

and mixed components (Hofstee, 1992).Significant uneven distribution of fertilizers in width of the spreaders 

centrifugal type is due to the ballistic properties of the fertilizer particles. The list of ways to improve 

centrifugal devices include the following: a) the use of conical disks (Ancza et al., 2009; Dong et al., 2013),  
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b) blades with different length and tapered pointed shape, c) the discs installed in several tiers with 

inclination to the horizontal and at a considerable height above the ground (Hijazi et al., 2014); d) create a 

windproof device-specific profile (Fulton, et al.,2001). 

 

MATERIAL AND METHODS 

The process of granules distribution on the field surface is multivariate probabilistic in nature. In the 

general case this process cannot be normal. Meanwhile, the distribution of the granules may be close to 

normal if we can provide a sufficient number of variants of the granules original climbing from the disk 

surface. Graphical interpretation of this situation is shown in Fig.1.  

 

Fig. 1 - Graphical interpretation of fertilizer granules distribution on the field surface in the presence of other (a) 
two (b) three and (c) vanishing points from a disk surface:  

1 – single distribution law; 2 – a plot of the normal distribution 
 

The amount of distributions on the type 1 allows obtaining plots of the type 2, which are close to a 

normal distribution. Thus, it is necessary to provide the gathering from disk multiple streams of pellets with 

different initial speeds. It is necessary also to avoid overlapping of flows during the flight.  

One of the significant reasons of spreading unevenness is explained in fig.2, where is shown the 

possible distribution of granules which are thrown by disk in ideal conditions: all granules are thrown with 

equal speed and evenly (the same amount thrown in a sequence of time), the granules have equal size and 

as a consequence drop out at the same distance B from the centre, in the case when the machine-tractor 

aggregate doesn’t move. 

 
Fig. 2 - Scheme for analysing the uneven fertilizer spreading along the working width  

if centrifugal working body rotates evenly 

 
If all granules, while disk unloads, are thrown at the equal distance B from the centre, in case the 

aggregate doesn’t move, then while the aggregate is moving the compaction spreading on the periphery of 

working width becomes more obvious. Based on accepted idealized schematic layout of spreading, it may be 

concluded that granules amount is attributable to ∆x by working width, proportional to appropriate length of 

semi-circular arc ∆s. It gives an opportunity to define intensity of spreading area, which is being processed, 
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in ratio ∆s/∆х = ш. In other words, the ratio of arc length to the working width is corresponding to it. This 

gives the opportunity to characterize the intensity of the sowing area, which is being processed, the ratio 

∆s/∆X.  

During the work of the spreader, the upper disk will sow three lanes, the second two and the third - 

one. It was established that for providing spreading uniformity, it is necessary that materials amount which 

will drop out from the middle disk additionally on second and third lane be 53.56% of the amount spread by 

the upper disk. On the first lane from the bottom disk will drop 11.24% fertilizers from the same amount. That 

way, spreading materials between bands can be evaluated by equation: 

V=X+0.5366X+0.1124X                                                               (1) 

V – Total fertilizers outlay, X- delivery, provided by the upper disk. 

Eq.1 gives an opportunity to estimate that the upper disk should provide delivery 0.61V; middle – 

0.325V; nether – 0.065V. 

The spreader three-tier design was proposed for spreading evenness improving (fig.3). 
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Fig. 3 – Design of spreader’s construction 

 

RESULTS 

 According to the proposed spreader design, it was estimated the distribution of materials flow provided 

by conical feeder with disks which turns around. The cross section of the feeder is divided by vertical 

partitions into separate sectors, the area of which is correlated in accordance with the weight of material to 

prepare separate discs. To ensure the desired distribution of fertilizer flow, it is necessary to determine 

diameters of three disks of the spreader.  

 The dependence between disk diameter and flying distance with assigned angular velocity is 

established. For estimation of escaping velocity of separate granule from a disk, its relative motion is 

considered.  
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 The design model for movement analyse is shown in fig.4. 
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Fig 4 - Scheme of forces distribution that influences the granule during disk rotation  

 
 Vector equation of the granule relative motion has the following form:  

 𝑚𝑊𝑟
    = 𝐹 𝑒

𝑖𝑛 + 𝐹 𝑓𝑏 + 𝐹 𝑓𝑑 + 𝐹 с
𝑖𝑛 + 𝑁 𝑝 + 𝑁 𝑑 + 𝑃                                              (2) 

 According to the known granules weight –m, angular velocity of the disk ω and friction coefficient f, 

forces that influence the granule in relative motion along the axis ОХ (fig. 2) are defined as:  

𝐹 𝑒
𝑖𝑛 - inertia transfer,  𝐹 𝑒

𝑖𝑛=mω
2
x; 

𝐹 с
𝑖𝑛 - Coriolis’ inertial force, 𝐹 с

𝑖𝑛=2mωẋ; 

Ffb – frictional force during interaction with edge; Ffb=2fmωẋ; 

Nр – edge pressure; Nр=𝐹 с
𝑖𝑛 ; 

𝑁 𝑑  – disk reaction; 𝑁 𝑑=Р; 

P – weight; P=mg; 

Ffd – frictional force when granule is interacting with disk, Ffd =fmg; 

Wr – relative acceleration Wr=ẍ; ẋ - relative velocity.  

 

According to the above written, the differential equation of granule relative motion can be written in the 

form: 

mẍ=mω
2
x-2fmωẋ-fmg, 

 

or                                                                  ẍ+2nẋ-ω
2
x=fg                       (3) 

 

where n=fω 

 

Solving of the differential equation (3) looks like: 

х=c1e
ω√(1+f2-f)t)+ c2e

-w√ (1+f2+f)t)- 
𝑓𝑔

𝜔2
                                                       (4) 

Whence 

ẋ=c1ω√(1 + 𝑓2)e
ω√(1+𝑓2 − 𝑓)𝑡 -c2(ω√(1+𝑓2)+f)e

-ω(1+𝑓2 + 𝑓)t                          (5) 

 

 Given that the initial relative velocity is zero from the equation (5) we get: с1 = с2   1 + 𝑓2 + 𝑓 2 

 Taking that at the time t=0, x = rз equation (4) we have: 

𝑟 =  𝑐2  1 + 𝑓2 + 𝑓 )2 + 𝑐2 −
𝑓𝑔

𝑤2, 

              than             𝑐2 =
𝑟𝑤2+𝑓𝑔

(( 1+𝑓
2

+𝑓)
2

+1)𝑤2
,     and            с1 =

(𝑟𝑤2+𝑓𝑔)( 1+𝑓2+𝑓)2

 1+𝑓2+𝑓)2+1
. 

 

 Thus, formulas (4) and (5) make it possible to determine at any time not only the position of a 

granule, which moves along the edge, but also its relative velocity. Absolute velocity of the granule can be 
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found as a vector sum of relative (5) and portable velocity. The vector sum of velocities is determined for the 

current value of coordinate x by the formula (4), as 𝑉𝑒 = 𝑤𝑥.  
The graphical dependence between the current coordinate of the granule on the disk and the absolute 

speed is made using a table processor Excel (fig.5).  

In the example above, it was assumed that the relative motion begins at the time when x=r, where r – 

feeder radius (r = 0.05 m); angular velocity w =56.7 rad/s; the friction coefficient during granule sliding by 

disk f= 0.1. 

 

Fig. 5 - The dependence of granule escaping velocity on the disk radius  

 
As shown in Fig. 5, for real values, the length of the edge is within range: 0.05≤ х≤ 0.4. Under these 

conditions, dependence of the absolute velocity on granule coordinate on the disk is close to the linear one. 

It is clear that the given dependence (for given output values) can be used when assigning the diameter of 

the disk to provide the required granule escaping velocity from the disk. 

To determine the range of flight it is necessary to investigate the movement of a granule that will fly 

from a spreader with a horizontal initial velocity V0.  

In the coordinate system ХОY differential equations of flight have the form (Fig.6). 

mẍ=Q cosα;  m𝑦 =P – Q sinα, 

where  

Q - air resistance, which we consider like proportional to the flight velocity, i.e. Q=μV;  

Р – granule weight; α – angle that formed by velocity vector and axis х. 

 

Taking into account that V= 𝑥 2 + 𝑦 2, cosα=
ẋ

 𝑥 2+𝑦 2
  and sinα=

ẏ

 𝑥 2+𝑦 2
    instead of equations (6) 

and (7) we will get 

mẍ=-μẋ;        (8) 

 

mӱ=mq-μẏ      (9) 

 

 
Fig. 6 - Diagram of granules flight analysis  
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From the differential equation (8) we will get 
𝑑ẋ

ẋ
=-

𝜇

𝑚
𝑑𝑡,   i. e.  ln ẋ= - 

 𝜇

𝑚
𝑡 + 𝑐 

Given that the escaping velocity is known V0 we will get: 

ln𝑥 =-
𝜇

𝑚
𝑡 + 𝑙𝑛𝑉0 

Than  ln 
ẋ

𝑉0
= −

𝑚

𝑚
𝑡     from here ẋ=V0𝑒

−
𝜇

𝑚
𝑡
 

Than х=-V0

𝑚

𝜇
𝑒−

𝜇

𝑚
𝑡 + 𝐶1, or taking into account, that the flight began at the edge of disk, where x0=R 

x=V0

𝑚

𝜇
 1 − 𝑒−

𝜇

𝑚
𝑡                                                       (10) 

While integrating the differential equation (9) we will get: 

𝑑ẏ

𝑞−
𝜇

𝑚
ẏ
=dt 

Whence  ln (q-
𝜇

𝑚
ẏ) = −

𝜇

𝑚
𝑡 + 𝐶2. 

Taking into account that ẏ0=0  we will get   ln
𝑞−

𝑚

𝑚
ẏ

𝑞
= −

𝑚

𝑚
𝑡 

Whence  1 -
𝜇

𝑞𝑚
ẏ = 𝑒−

𝜇

𝑚
𝑡
 

i.e. 
𝜇

𝑞𝑚
ẏ = 1 − 𝑒

−𝜇

𝑚
𝑡
. 

Whence 𝑑𝑦 =
𝑞𝑚

𝜇
  1 − 𝑒−

𝜇

𝑚
𝑡 dt 

Than y=
𝑞𝑚

𝜇
𝑡 +

𝑞𝑚

𝜇
·
𝑚

𝜇
𝑒−

𝜇

𝑚
𝑡 + 𝐶3 

Taking into account that y0=0 for С3 we will get 

С3=-
𝑞𝑚

𝜇
·
𝑚

𝜇
 

Than  

y=
𝑞𝑚

𝜇
(𝑡 −

𝑚

𝜇
 1 − 𝑒−

𝜇

𝑚
𝑡 )                                                      (11) 

Formula (11) allows determining flight time of granule depending on height of disk placement (fig. 4). 

 Formula (10) allows determining the initial escaping velocity of granule, which provides required 

range of flight (bandwidth) l. 

𝑉0
(х−𝑅)𝜇

𝑚(1−𝑒
−
𝜇
𝑚 𝑡)

. 

Thus, the initial velocity, which should provide the disk rotation, can be found from the flight analysis of 

the granule. The diameter of the disk is determined based on developed dependence shown in fig. 5. 

A diagram that qualitatively describes the distribution of granules at the simultaneous screening of 

three edges is shown in fig.7. 

 
Fig. 7 - The distribution of the three streams 
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Square curve limited distribution intensity. On each of the three units, the width of the swath is 

approximately equal. Each strip has approximately the same number of pellets. Given the distribution 

pattern is idealized.  All the pellets fly up from the surface of one of the ribs at the same distance. The reality 

is that the granules are not the same in shape and volume. They have different aerodynamic characteristics 

that provide a different range and improve the uniformity of their distribution. 

 

CONCLUSIONS 

 The distribution of fertilizer granules on field surface is a multifunctional dependence. Taking into 

account all input parameters, for an analytical study it is too complicated by mutual influence of 

factors one to other.   

 The three-tier mineral fertilizer spreader designed to provide high-quality spreading without the 

intersection of streams that escapes from the current tier is substantiated.  

 The mathematical model of the process of granules interaction with disk and subsequent spreading 

of granules is provided. Air resistance affects the final distribution of fertilizer granules on soil 

surface. Basically, the influence is shown in changing the flight range of individual granules. 

 The calculation diagram of spreading disks diameters is shown. Analysis of possible variants of 

centrifugal working body constructions for mineral fertilizing allowed accepting the spreader scheme, 

construction of which involves the formation of granules streams location during loading. 
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