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EXTENDED IDEALS
OF ALMOST DISTRIBUTIVE LATTICES

Noorbhasha Rafi and Ravi Kumar Bandaru

ABSTRACT. The concept of extended ideals in an Almost distributive Lattice
is introduced and studied their properties.

1. Introduction

After Booles axiomatization of two valued propositional calculus as a Boolean
algebra, a number of generalizations both ring theoretically and lattice theoreti-
cally have come into being. The concept of an Almost Distributive Lattice (ADL)
was introduced by Swamy and Rao [6] as a common abstraction of many existing
ring theoretic generalizations of a Boolean algebra on one hand and the class of
distributive lattices on the other. In that paper, the concept of an ideal in an ADL
was introduced analogous to that in a distributive lattice and it was observed that
the set PI(L) of all principal ideals of L forms a distributive lattice. In [3], the
notion of extended filter of a filter associated to a subset of Rl—monoids is defined
and derived some properties. In this paper, we introduced the concept of extended
ideals in Almost distributive Lattices and studied their properties.

2. Preliminaries

First, we recall certain definitions and properties of ADLs that are required in
the paper.
We begin with ADL definition as follows.

DEFINITION 2.1. ([5]) An Almost Distributive Lattice with zero or simply ADL
is an algebra (L, V, A,0) of type (2,2,0) satisfying:

L.(zvVyhz=(xAz)V(yA=z),

222N (yVvz)=(xAy)V(zAz),
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3.(xVy Ny =y,
4. (xVy Nx =z,
5.2V (zAy) =uw,
6.0Nx =0 and
7.2V0==x

for all z,y,z € L.

EXAMPLE 2.1. Every non-empty set X can be regarded as an ADL as follows.
Let xp € X. Define the binary operations V, A on X by

:c\/y{x if ©#x w/\y{y if x# xg

y if z=ux¢ ro if x = xg.
Then (X, V, A, x) is an ADL (where zg is the zero) and is called a discrete ADL.

If (L,Vv,A,0) is an ADL, for any a,b € L, define a < b if and only if a = a A b
(or equivalently, a V b = b), then < is a partial ordering on L.

THEOREM 2.1 ([5]). If (L,V,A,0) is an ADL, for any a,b,c € L, we have the
following:
).aVb=a<aAb=D
)avVb=bsaAb=a
). A is associative in L
)-aANbAc=bAaANc
). (avb)Ae=(bVa)Ac
).anb=0&bAa=0
.aV(bAc)=(aVb)A(aVc)
)-an(aVd)=a, (aNb)Vb=bandaV (bANa)=a
)a<aVbandaANb<b
0). aha=a andaVa=a
1).0Va=a andaN0=0
2). Ifa<c, b<cthenaAb=bAaandaVb=bVa
3).avb=(aVb)Va.

It can be observed that an ADL L satisfies almost all the properties of a dis-
tributive lattice except the right distributivity of V over A, commutativity of V,
commutativity of A. Any one of these properties make an ADL L a distributive
lattice. That is

THEOREM 2.2 ([5]). Let (L,V,A,0) be an ADL with 0. Then the following are
equivalent:
1). (L,V,A,0) is a distributive lattice
2).avb=>bVa, foralla,be L
3).anb=bAa, for alla,be L
4). (anNb)Ve=(aVe)A(bVe), for all a,b,c € L.

As usual, an element m € L is called maximal if it is a maximal element in the
partially ordered set (L, <). That is, for any a € L, m < a = m = a.
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THEOREM 2.3 ([5]). Let L be an ADL and m € L. Then the following are
equivalent:
1). m is mazimal with respect to <
2). mVa=m, foralla € L
3). mAa=a, foralla € L
4). a vV m is mazimal, for all a € L.

As in distributive lattices [1, 2], a non-empty subset I of an ADL L is called
an ideal of L ifavb € I and aAx € I for any a,b € I and x € L. Also, a non-empty
subset F' of L is said to be a filter of Lif aAb € F and xVa € F for a,b € F and
z € L.

The set I(L) of all ideals of L is a bounded distributive lattice with least element
{0} and greatest element L under set inclusion in which, for any I, J € I(L), INJ is
the infimum of I and J while the supremum is given by IVJ := {aVb |a € I,b € J}.
A proper ideal P of L is called a prime ideal if, for any z,y € L, x Ay € P =
x € Pory € P. A proper ideal M of L is said to be maximal if it is not
properly contained in any proper ideal of L. It can be observed that every maximal
ideal of L is a prime ideal. Every proper ideal of L is contained in a maximal
ideal. For any subset S of L the smallest ideal containing S is given by (S] :=
{{(Vs)Nz]|s; €S,xeLandne N} If S = {s}, wewrite (s] instead of (5].

i=1

Similarly, for any S C L, [S) :={zV(A i) | s € S,z € Landn € N}. If S = {s},

[>:

we write [s) instead of [5).

THEOREM 2.4 ([5]). For any x, y in L the following are equivalent:
1. (2] € (y]
2. yhez =z
3. yva=y
4). [y) € [2).
For any z,y € L, it can be verified that (z]V (y] = (zVy] and (z] A (y] = (x Ay].
Hence the set PI(L) of all principal ideals of L is a sublattice of the distributive
lattice I(L) of ideals of L.

THEOREM 2.5 ([4]). Let I be an ideal and F a filter of L such that INF = (.
Then there exists a prime ideal P such that I C P and PN F = ().

3. Extended ideals of ADLs

The concept of extended ideals of an ideal associated to a subset of an ADL is
defined and related properties are investigated.
Now, we begin with the following.

DEFINITION 3.1. Let I be an ideal of an ADL L and A C L. We define the
extended ideal of I associated with B as follows

Eif(A)={zeL|xzNa€cl, foralaec A}
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We denote Ey(a) instead of Er({a}).

THEOREM 3.1. Let I be an ADL L and A C L. Then E;(A) is an ideal of L

ProOF. Clearly, 0 € Ef(A). Then Er(A) is a non-empty set. Let z,y € Er(A).
Then x Aa € I and y Aa € I, for all @ € A. Since I is an ideal of L, we get
(xANa)V (yANa) €T and hence (zVy)Aa € I. Therefore x Vy € Er(A). Let
x € Ef(A) and r € L. Then z Aa € I, for all a € A. Since [ is an ideal of L, we
have x Aa Ar € I and hence x Ar Aa € I. Hence x A1 € Er(A). Therefore Er(A)
is an ideal of L. Let « € I. Since I is an ideal of L, we have z Ax € I, for all a € A.
Therefore x € Er(A). Hence I C E;(A). O

DEFINITION 3.2. An ideal I of an ADL L is said to be a stable relative to a
subset B of L if Ef(B) =1.

THEOREM 3.2. Let I, J be two ideals of L, and B, C C L. Then

1. IfB g C then E](C) Q E](B)

If I C J then E;(B) C E;(B)

E;/(B)=Lifand onlyif BCI

B C Ei(Ei(B))

If1CJ then Ex(J)nJ=1

E/(E/(B)) N Ey(B) = I

If m is any maximal element of L with m € B then I is stable relative to
B

8. E(B) = E;((B]), where (B] is the ideal generated by B.

N otk

PROOF. 1. Assume that B C C. Let « € Ef(C). Then z Ac € I, for all ¢ € C.
That implies z A b € I, since B C C. Therefore E;(C) C E;(B).

2. Assume that I C J. Let « € Ef(B). Then x A b € I, for all b € B. That
implies A b € J and hence x € E;(B). Therefore E;(B) C E;(B).

3. Assume that E;(B) = L. Let b € B. Then b € E;(B). That implies bAb € [
and hence b € I. Therefore B C I. Assume that B C I. Let x € L and b € B. Then
x Ab € I. That implies « € E;(B) and hence L C Ey(B). Therefore E;(B) = L.

4Let x € B and y € Ef(B). Then y Az € I. That implies x A y € I. Since
y € E(B), we have x € Ej(E[(B)). Therefore B C E;(E(B)).

5. Assume that I C J. Let z € Ef(J)NJ. Then z € E;(J) and = € J. That
implies z € I. Therefore Ef(J)NJ = 1I.

6. Let x € Er(Er(B)) N Er(B). Then z € Ef(E(B)) and x € Ef(B). that
implies & € I. conversely, assume that « € I. Then zAy € I, for ally € Er(B). Since
I - E][(B)7 we get that = € E[(EI(B))QE[(B) Therefore I = E[(E[(B))HE[(B)

7. Let m be any maximal element of an ADL L with m € B. we prove that
I = E;(B). Clearly, we have that I C E;(B). Let « € E;(B) then 2 Ab € I, for
all b € I. That implies z A m € I and hence m A x € I. Therefore x € I. Thus
I = E;(B).
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8. Since B C (B], we have that E;((B]) C E;(B). conversely, let © € Er(B).

Then x Ab € I, for all b € B. Let z € (B]. Then we can write (\/ ¢;) A z = z, for
i=1
some ¢; € B, and n € N. Now

xANz=xzAN(crVeaV---Ve,)Az
=(@AzAha)V(@AzAc)V(xAzAe3)V---V(xAzAcy) €1,
since A z A¢; € I, for 1 < i < n. Therefore € E;((B]) and hence E;(B) C
E;((B)). Thus E;(B) = E;((B]). 0
COROLLARY 3.1. Let I, J be ideals of an ADL L and B,C C L. Then
1. E[(I) = E](O) = E[(E[(B)) NB=1L;
2. E[(B) = E](E](EI(B))),
3. I is stable relative to the (;
4 Ep,5)(C) = Ep,(c)(B);
5. If 1 C B then (B] N E((B]) = (B].
COROLLARY 3.2. Let I be an ideal of an ADL L and B C L. Then the following
conditions are equivalent:
1. I is stable relative to B;
2. I is stable relative to (B];
3. E;(E((B)) = L.

THEOREM 3.3. Let P be a prime ideal and Ep(B), a proper ideal of an ADL
L. Then P is stable relative to B.

PROOF. Let © € Ep(B). Then 2 Ab € P for all b € B. Since P is prime, we
get t € Porbe P.Ifbe P, Then B C P and hence Ep(B) = L, which is a
contradiction. Therefore b ¢ P. So that x € P. Thus Ep(B) = P. O

THEOREM 3.4. Let M be a mazimal ideal and Ep;(B) be a proper ideal of an
ADL L. Then M is a stable relative to B

THEOREM 3.5. Let B C C C L and I be an ideal of an ADL L. If I is stable
relative to B, then I is a stable relative to C.

PROOF. Assume that I is a stable relative to B. That is I = E;(B). By theorem
3.2, we get that I C E;(C) C Er(B) = I. Therefore E(C) = 1. O

PROPOSITION 3.1. 1. If {I;}ica is a family of ideals of an ADL L and B C L
then

() Er(B) = En 1.(B).
ieA iea

2. If {L}ien is a chain of ideals of an ADL L and B C L then
U En(B) = By 1(B)

i€eA €A
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PROOF. Let {I;};ca be a family of ideals of an ADL L and B C L. Now,

x€ () E,(Byexe E,(B),forallic AsaAbel, forallbe Bandi € A &
1€EA

rAbe () I, forallbe€ B« x € En(,)(B). Therefore () E,(B) = En ,(B).
1€EA i€EA iI€EA iEA
Similarly, we get that |J Er,(B) = Ej 1,(B), when {[;};ca is a chain of
i€EA i€EA
ideals of an ADL L. O

THEOREM 3.6. Let I,J be ideals of L and B C L. Then
L/QEmJ(B) = L/QEI(B) n L/HEJ(B)’
where
L/HEI(B) N L/HEJ(B) = {x/@EI(B) ﬁy/GEJ(B) | LU/QEI(B) ﬂy/@EJ(B) 7& @}
ProOOF. Let x/@Em‘,(B) S L/GEIQJ(B)' Then
/0,0, ={y €L | (2,y) €05, }
={yeL|aVvVaz=aVy, for some a € Ern;(B)}
={yeL|aVxz=aVy, for some a € E;(B)NE;(B)}
:x/HEI(B) ﬂa:/HEJ(B) O

THEOREM 3.7. Let I be ideal of ADL Ly and J be an ideal of ADL Lo and
Bl Q L17B2 g LQ~ Then E[X](Bl X BQ) = E[(Bl) X EJ(BQ)

ProOF. Now,

Erxj(B1 X By) ={(z, y) € L1 X La | (x,y) A (b,c) € I x J,

for all
(b,C)GBl XBQ}:{(x,y)ELl XL2 | (.’E/\b,y/\C)GIXJ
for all
beByand ce€ By ={(z,y) € Ly x Ly |zAbeTand yAce J
for all
b€ By, c€ Ba} ={(x,y) € L1 x Ly | v € Ef(By)
and

y € E;j(Bs)} = Er(B1) x Ej(Ba).
O

DEFINITION 3.3. A non-empty subset A of an ADL L, I, an ideal of L and
f an endomorphism. We define the f—extended ideal of I with respect to A as
follows Ef (A) = {z € L | f(z) Aa € I, for all a € A}.

LEMMA 3.1. Ef(A) is an ideal of an ADL L.
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PROOF. Since f(0) = 0, we have f(0) Aa = 0Aa =0 € I, for all a € A.
Therefore E{(A) is a non-empty set. Let z,y € E{(A) Then f(z) Aa € I and
fy)na € I, foralla € A. Now f(xVy)A = (f(z)Vf(y))Aa = (f(z)Aa)V(f(y)Aha) €
I, since I is an ideal of L. Therefore z V y € EIf(A) Let z € EIf(A) and r € L.
Then f(z)Aa € I, for all a € A. Now, f(zAx)ANa= f(z)A f(r)Aa € I. Therefore
TArE E{ (A) and hence E{(A) is an ideal of an ADL L. O

THEOREM 3.8. Let I, J be ideals of an ADL L, f be an endomorphism and
non-empty subsets A, A" of L. Then we have the following:

1. if I C J then EJ(A) C E}(4);
2. if AC A then Ef(A') C EI(A);
3. B{(U 4) = N Bf(4);

€A €A
4. E{(A) = N B{(a);

a€A
5. Bl 1. (A) = N B} (A);
i€EA €A

6. Bf((A]) = E{(A);

f f
7. Ker f C E{O}(A) and Ey,

(L) = Ker f.
PROOF. 1. Assume that I C J. Let # € EJ(A). Then f(z) Aa € I, for all
a € A. That implies f(x) Aa € J, for all a € A. Therefore © € E;(A) and hence
E{(A) - E;(A) 2. Assume that A C A'. let z € Ef(A'). Then f(z) Aa € I for all
a € A'. That implies f(x) Aa € I, for all a € A and hence z € E{(A) Therefore
B (4) C Ej(A).
3. Clearly, we have that A; C |J A;, for all ¢ € A. By (2), we have
i€A
Ef(U A) € N Bl (4). Let z € (| Ef(4). Then z € Ef(4;), for all i € A.
€A ieA ieA
That implies f(x) Aa € I, for all a € A;. That implies f(z) Aa € I, for all
a € |J A; and hence z € EJ(|J A;). Therefore () Ef(A;) € Ef (U A;). Thus
ieA

1EA i 1EA 1EA
EI(U A) = N ELA).
iEA iEA

4. Let z € Ef(A) Then f(z) Aa € I, for all a € A. That implies = €
Ef({a}), since {a} C A. Therefore z € () EJ({a}). Hence E{(A) C N E{({a}).
acA a€A

Conversely, let x € ) E{({a}) Then z € E}C({a})7 for all @ € A. That implies
acA

f(x)Na €I, for all a € A. Therefore = € E{(A) and hence E{({a}) C E{(A)
€A

Thus Ef (A) = QA Ef ({a}).
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5 Nowz e Bl (A& f(z)hae () L, foralla € A< f(z)Aa e I, for

ninL .
[N i€EA
aHieA¢>erﬂA%bnmieA¢$xeglEﬂA)TMWme%I&QZ
7 i1€EA
N EJ(A).
P€EA

6. Clearly, we have A C (A]. Then E{((A]) C E{(A) let © € E{(A) Then
f(x)ANa € I, for all a € A. Since A C (A], we get that a € E}c((A]) Therefore
E{(4) C B{((4)),

7. Let z € Ker f. Then f(z) = 0. That implies f(z) Aa = 0 € {0}, for all
a € A. Therefore z € E{o}(A). Hence Ker f C E{o} (A). Let z € E{o} (L). Then
f(z) Aa € {0}, for all @ € L. That implies f(x) A a = 0. In particular, taking
a = f(z), we get that f(x) = 0 and hence x € Ker f. therefore E{O}(L) C Ker f.
Conversely, let € Ker f. Then f(z) = 0. That implies f(z) Aa = 0 € {0}, for

all @ € A. Therefore z € E{O}(L) and hence Ker f C E{O}(L). Thus Ker f =

Efy,(L). O

THEOREM 3.9. Let I be an ideal of an ADL L, f be an endomorphism of L.
Then for any a,b € L, we have the following:
1. If a < b then EI(b) C Ef(a)

2. EY(a Vv b) = Ef(a) N EL(b).

Proor. 1. Assume that a < b. Let z € E}c(b) Then f(x) Ab € I. That
impliesf(z) Aa = f(x) AaAb € I and hence z € E{(a). Therefore E}c(b) C E}c(a).

2. We prove that E{(a\/b) C E{ (a) ﬂE}c(b). Conversely, let z € E}c(a)ﬁE{(b).
Then f(z)Aa € I and f(x)Ab € I. That implies (f(z)Aa)V (f(x)Ab) € I and hence
f(x) A (aVb) € I. Therefore x € E{(av b). Thus Ef(a V) = E}C(a) N EIf(b) O
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