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THE IMPACT INTERACTION OF THE DISK AND THE LIQUID
FOR LIMIT VALUES OF THE FROUDE NUMBER

The problem of a disk and an incompressible fluid interaction at different values of the Froude
number is examined. The boundary integral equation method (the BIE method) is used to solve tasks.
Fredholm boundary integral equation of second kind for low Froude numbers is taken and
transformed to clear analytical form consists of integrals obtained from complete elliptic integrals. The
analytical solution of the problem of the impact drive at low Froude numbers is represented. VValues of
the potentials, normal and tangential velocities for the other limit case of impact for high Froude
numbers are calculated by known formula. The graph of changes in potentials, normal and tangential
velocity on the disk surface and on the free surface are illustrated. The dimensionless coefficient of the
associated mass for low Froude numbers is presented. The solution can be used for the debugging
programs of numerical calculation of the fluid movement with a free surface as a test.
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Pemena 3aga4a ygapa qucKa ¢ HeCXKMMaeMOii AKUAKOCTBIO VISl Pa3HBIX 3Ha4YeHHUil yuciaa dpyna.
Jliasi pelieHHs] MCIOJB30BAH METOJ T'PAHHMYHBIX HHTerpajbHbIX ypaBHeHuii (I'MY). IlonyuyeHnoe
TPaHMYHOE HHTErpajibHOe ypaBHeHUe PpearojibMa BTOPOro poja 1js MaJbixX uyncea @pyna cBegeHo K
SIBHOMY AHAJIUTHYECKOMY BBIPAJKEHUIO, COEPKAINEMY HMHTErpajbl OT HOJHBIX JJUIHNTHYECKHUX
uHTerpanos. IIpuBeneHo aHanUTHYecKoe pellleHHe 3aAadyd yaapa i Maiabix uucen Ppyna. Jdas
JApYyroro mnpeaelbHOro cjaydas yjaapa mnpu Ooabiiux umciax Dpyga 3HaYeHUs NOTeHIHAJA,
HOPMAJIbHON M TAHTeHUHMAJbLHON CKOpPOCTeil MoJIy4eHbl ¢ MOMOLILIO U3BeCTHOH (popmyiibl. U3MeHeHus
3HAYeHUH MOTeHUHAJAa, HOPMAJIbHOH M TAHTeHUHMATbHOH CKOPOCTH HA NMOBEPXHOCTH JHMCKAa H Ha
cBOOOIHOIi TMOBEPXHOCTH mpeAcTaBjeHbl rpaduyecku. I[IpuBeseHO mMoOTy4YeHHOe 3HAYeHHe
ko3 uuneHTa y1apHoii nmpucoeIUHEHHO Macchl VI JMCKAa NpH Majbix 4yuciaax ®pyna. Jlannoe
peLieHUe MOKeT ObITh HCI0JIL30BAHO B Ka4eCcTBE TECTOBOIO /sl IPOBEPKHU NPOrPaMM peLieHus 3a1a4
JBUKCHHUS KUAKOCTH €O CBOOOIHOI MOBEPXHOCTHIO YHCICHHBIMM METOaAMH.

KnroueBbie ciioBa: ynapHoe B3ammoneicTBue, yncio Opyna, UMITyIbCHOE AaBiIeHHE, KOIPDHUIHEHT
TIPUCOEAMHEHHON MacCHhI.

Po3p’s13aH0 3a7a4uy yaapy AucKa i3 HeCTUCKYBAHOK PiIMHOIO ISl Pi3HUX 3HAa4YeHb yuciaa Dpyna.
Jlas po3B’si3aHHS 32CTOCOBAHO MeTO] IPAaHMYHUX iHTerpajbHux piBHaAHb (I'IP). OTpuMane rpaHuyne
inTerpanbHe piBHAHHA PpearonbMa APYroro poay Aas Majaux vucea Ppyaa 3BegeHo A0 SIBHOrO
AHATITHYHOr0 BHpa3y, INO MICTMTh IHTerpajM Bil NOBHUX eJdinTHYHUX iHTerpaJjiB. Hasengeno
aHATITHYHMIT Po3B’SI30K 3ana4i ynapy s Maaux yumcen ®pyna. Jlas iHIIOro rpaHMYHOr0 BHIAAKY
yAapy 3a BeJIMKHX 4uces Ppyna 3HaYeHHs] NMOTEHIiay, HOPMAJbHOI Ta TAHTeHIiAJIbHOI IIBUIKOCTEMH
oTpuMani 3a BigoMow ¢opmy.io0. 3MiHM 3HAaYeHb TNOTEHUiaJy, HOPMAJbHOI Ta TAHIeHUiaJbLHOL
IIBUIKOCTI HA MOBEPXHi IMCKA Ta HA BiILHIil MoBepxHi HaBedeHo rpadiuno. [IpeacTaBiieHo 3HAYEHHS
KkoedinieHTa ygapHoi npueaHaHoi MacH JUIsl JHCKa 3a Maaux yuces ®pyaa. OTpumMaHuii po3B’s30K
MO’KHA 3aCTOCOBYBATH fIK TeCTOBHUH [Jisl MepeBipKH MporpaM po3B’si3aHHs 3a4a4y pyxy pinunm i3
BiIbHOIO MOBEPXHEI0 YHCJIOBUMH MeTOIaMH.

KurouoBi ciioBa: ynapHa B3aemogis, uucino Opyna, iMmybCHUI THCK, KoeillieHT npreaHaHol MacH.

Introduction. The boundary integral equation method (the BIE method) is widely
used to solve tasks in fluid mechanics [1;2;3]. The boundary problem for determining the
flow potential ¢ is reduced to solving one or more of Fredholm integral equations of the
first or second kind, which are solved by numerical methods.

However, in one case, the solution of the integral equation may be derived
analytically. Suppose, that the discs is floating on the surface of an incompressible fluid
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and at time t = 0 acquires a velocity V by a stroke, aimed at rates to the disk surface S.
The flow potential ¢ in the next moment of impact is determined by the boundary value
problem of the Laplace equation. On the disc surface S the condition of impermeability is
satisfied

o _p (1)
on|g
and on the free surface of the liquid I' the form of the boundary condition dependents on
the Froude number f,._ ¥ . For large values of the Froude number, limit relation is
ga
used when Fr — oo and the condition for the absence of impulsive pressure is satisfied
on the free surface [4]

For small values of the Froude number, the limit relation when Fr =0 is used and
condition of the absence of wave generation is satisfied on the free surface [4]

2 _,. 3)
T

on

In both cases, the damping condition of perturbations is satisfied at infinity.
The BIE method. The basic ratio of the BIE method has the form [3]

0,0(p)- | {@<Q>M—G<P,Q>‘3‘P<Q>}dcg, 0
S4T ong ong

where G(P,Q) — is the fundamental solution of the Laplace equation; Q3 , — is the solid

angle at which the boundary S + T of the flow region is visible from the point P.
Any fundamental solution of the Laplace equation can be taken as the
function G(P,Q), for example, the most simple form
L, (5)

G(P > Q) = oo

where Tpg ~ is the distance between the points P and Q.

In the event of an impact at high Froude numbers the boundary task (1) — (2) is
reduced to solving a system of two integral equations

Qpp(P)=| @(Q)a{l}dc 29 (0)%0 _y jdiQ, pes (6

3 Ong | rpg o rong % 5 7P
do do
ozj@(Q)iidoQ— & (0 —L-v[—2, PerT (7)
5 GnQ rpo r@nQ rpo 5 7P

At low Froude numbers boundary value problem (1), (3) reduces to a Fredholm
integral equation of the second kind

d
)= | o) | Lo, 420 pesir o
S+ o | Tro 5 7pQ
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Considering the specific form of the border S + I — the half-plane z = 0, we can
simplify the equation (6) — (8) by the relation 0 | 1 —0, P,0eS+T"
anQ 'po
Then the system of integral equations (6) — (7) is reduced to a Fredholm integral

equation of the first kind regarding the normal derivative 99 on the free surface T
on

do do
[ 22072,y per. ©)
and the ratio to determine the potential ¢ on the surface of the disk S

Q,p0(P)=—[ % (Q)dGQ—deGQ, PesS (10)
rong % 5 'po
The integral equation (8) becomes the ratio for the determination of the potential ¢

on the surface S+ T°

d
Qpe(P)=-V| %0 pes+r: (11)

s 'po
which allows us to obtain an analytical solution of the boundary integral equation.
In the integral surface (11), the distance between points P and Q is determined by

the formula 2, = 2 + 12 = 2rpry coslwy — @p -
The surface integral can be represented as an iterated integral
2n+op dm
o,
f - = J rodrp f
s’o 0 T'pg
The inner integral is transformed to the complete elliptic integrals of the first kind,
for that aim the distance I, in the form of
/2
Fpp = R1 - k?sin? e)/ ,
where
R=rp +1y k? =4rPrQR_2, 0=
Then (5)

2m0p do _in/z do —EK(k)' (12)

or 70 R0 (1-k2sin2e)* R

Considering the relation (12) formula (11) is represented as

o(P)= 2 V?K(k)@ dry, PeS+T (13)
T ) R
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Further transformation depends on the location of the point P on the disc surface S
and on the free surface I'. In the case where the point P belongs to the free surface T,

I, >aand I, >r, and the replacement r, = zr, is used. Then

2Jz
dip=rpdz, R=(1+2)p, k=22, 1, =0->2z=0, ry=a—z=a/rp,
I/'Q T"P 4 ( Z)I/'P 1+Z I"Q z I"Q a Z Cl/I"P
a/rp arp 2
I=rp | K 2Jz) z dz=rp [2K(zMz=rp E| = |-1-| 2| K| =1L
0 l+z)1+z 0 rp rp rp

In the last conversion the transition to the next module formula was used and
integration formula on modulo [5]. Therefore, if the point P belongs to the free surface I,
the flow potential ¢ has the form

2
o(P)= -2V E(“] —l1- (“J K(“] : (14)
Y 'p 'p 'p

If the point P belongs to the disc surface S, then r, <a the region of integration,
and in formula (13) consists of two segments [0; rp ], [rp; a], i.e.

paNye T "o
I= g K(k)?er + K(k)gdrg-

P
In the first integral the replacement r, = zr, leads to the following result
rp ’”Q 1 ) 1
[ KUy = oK iz =1, EG)-- () ]K(z)]o . (15)
0 0
In the second integral, the next replacement is used
rpdz 1+2 29z ¢y Lpe1 L=a—z=r,/a
rp =zrg, erz——z, =7rp , k= Jo=1 =4 Iy= =lp/a,
z z 1+z

2 [ 1 dz E(z
(K ar, =1, [K(2)% - _rp¥
' 0

1
=—I, + aE(r—"j . (16)
rp/a a

In view of (15) and (16) we obtain for the potential of a point P which is belonging

to the disk surface S
(p(P) - 2 VaE(er . a7

T a
Formulas (11) and (17) represent the analytical solution of the problem of the impact
drive at low Froude numbers.
A question about the behavior of the received solution at infinity is very interesting

when 1, —co. The formula (14) is represented as
o(P)= 2 vad(t): (18)
T

where @(r)=+"'|E()-[1- 2 [k ()] t=a/r .
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When r, — o0 =¢— 0 and the function CD(t) using the concepts of complete
elliptic integrals for small values of the module takes the form

D(t)= %t +ol?)
Consequently, according to the formula (18) the potential ¢, when r, — o, tends

to zero and conditions of the damping of perturbations at infinity are performed.

The dimensionless coefficient of the associated mass is defined by the

A
H=—"3
pa
formula
w=-2n j‘p;dr - 4£E(2)2d(2j _ 4.?;[(1”2)5(1)—(1—#)1{@)]; :2-

Consequently, the coefficient of the attached disk mass, when the number of Fr=0
is equal to

kzzpa3- (19)

The speed on the disk surface and the fluid v, can easily be determined by
differentiating the equations (14) and (17) on the variable r

L) e
2_|r a a (20)

=2y

d T
%ﬂiqﬂ,m%
r r

In case of an impact at higher Froude numbers, the applying of these transformations
leads equation (9) and equation (10) to the next form

e e O RGIRG

(P(rP) = _i{aE(rP) + Tg;p (Q)KL:Z}ZFQ }, rp < a. (21)

v

a a
However, it is impossible to get an analytical solution from the system (21).
Although this analytical solution is known, and it has the form [4; 6 — 7]

2 [
o(rp) = _;aV 1=(rp/a).1p <a,

a(P( —arctgi1 — |.7p > a, (22)
\/ rp/a V(rp/a) —1
v (r ):%% r<a
RN

v.(rp)=0,rp > a.
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It is interesting to compare the obtained solution (14), (17), (20) with the solution
(22). According to the program for the ECM, values of the potentials, normal and
tangential velocities for the two cases of impact were calculated. Printout of the program
and the results of calculations are applied.

The graph of changes in potentials, normal and tangential velocity on the disk
surface and on the free surface are illustrated on the fig. 1. It is a continuous function at
low Froude numbers. The impulsive pressure, determined by the potential,

P =—PP
has greater values at low Froude numbers, than in the case of an impact at high Froude
numbers.

Q. Va
alF' a ' a
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Fig. 1. Changes in potentials, normal and tangential velocities
on the disk surface and on the free surface:

1—@,Fr—>0;, 2—@,Fr—>w; 3—v,,Fr >0; 4—-v,,Fr —>ow;* 5—v,,Fr—o.
Conditions (3) on the free surface of the liquid means, that there is a cover, that

prevents movement of the liquid. So the maximum value of the impulsive pressure and
the coefficient of the associated mass is bigger, than when the impact at high Froude

numbers happens. When tendency r, —a at the disk surface, velocity v, tends to

infinity, but more slowly than at higher Froude numbers.
The solution (14), (17) can be obtained from the general formula for the Neumann
task for the halfspace [8], in which the point P should be chosen on the surface.
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Conclusions. The obtained solution can be used for the debugging programs of
numerical calculation of the fluid movement with a free surface as a test.
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VIK 531.36
A. B. [Tupo:kenko, E. B. MenbkoB

Hucmumym mexuuueckou mexanuxu Hayuonanvnou akademuu nayxk Yxpaunul
u I'ocydapcmeennozo kocmuieckozo azenmcemea Yxkpaunul

K BEPOATHOCTHOMY OIIMCAHUIO HEYCTOHYHBBIX
ABM/KEHUU MEXAHUYECKUX CUCTEM

HccaenoBana mpodjieMa MPOrHO3a HEYCTOHYUBBIX JABMHKEHHH MeXaHHYECKHX CHCTeM
Ha JUVIMTeTbHOM HMHTepBaje BpeMeHH. IlpeamoJioskeHo, YTO OCHOBHbIE 3aKOHOMEPHOCTH JABMIKEHHS
CHCTEM MOKHO ONMCBHIBATH JAeTePMMHHUPOBAHHBIMHM 3aKOHAMH KJIacCH4YecKOil (HBIOTOHOBCKO)
MexaHukH. [Ipoananu3upoBaHbl NpoGJieMbl BepPOATHOCTHOIO ONHCAHHS HEYCTOHYMBBIX JABUKEHUMH
B 3a1a4ax Kjaccudeckoii Mexanuku. Ha npocTeIx npuMepax paccMOTPEHO COOTHOLIEHHUE CJIY4YaiHOCTH
U ONpEefeJeHHOCTH B HEYCTOHYMBBIX MeXaHMYEeCKHX [BUKEHHSX, BBLISICHEHA COHepP/KaTeJbHOCTh
3a1a4d  BEPOSITHOCTHOI'O ONMCAHMS TAKHUX [BUKeHHI. BbifBleHa CBA3bL [JaHHON NPo0JeMBbl
€ AKTyaJbHBIMHM Mpo0JeMaMH [JeTePMHUHHPOBAHHOIO Xao0ca: OMNpe/eJ]eHO CYLIeCTBOBAHHME IeJ10ro
KJacca CHCTeM, /Jsi MHOTMX TpPAaeKTOPHii KOTOPHIX AeTePMHHHPOBAHHOE MHpeACKa3aHHe MX
npefeabHbIX (KOHEYHbIX) COCTOSIHMH  CTAHOBMTCS  HeBO3MOXHbIM. Jloka3ano, 4rto jaas
paccMaTpHBaeMoOro KJjacca cucreM HauOosiee 1ej1ecO000pPa3HBLIM SIBJIsIETCSl BePOSITHOCTHBIN TMOAXO0A
ONMMCAHUS TNpeAeJbHBIX ABHMKEHMH, TaKk Kak, NPHMeHssl TaKoil IOAX0J, MOKHO CYIIEeCTBEHHO
YJAY4YIIUTh KayecTBO NMporHo3a. IlpoBeneH aHa/iM3 HAYYHBIX NMOAXOJ0B K BEPOATHOCTHOMY NPOTHO3Yy
npeeJbHbIX HEYCTOWYMBBIX JABM:KeHHIH. PaccMoTpeHBl pa3jiMuHble MeTOABbI  ONpefeJeHUs
BEPOATHOCTH MpeleJbHOI0 MOJI0KeHHs CHCTeMbl ¢ HeycToiiuMBbIMH ABM:keHHsiMH. Iloka3zaHo, 4To
pelieHUe NPOGJIeMbl BEPOSITHOCTHOIO ONHMCAHUSI MpeldebHBIX JBH/KEHUN CHCTEM C HeyCTOHYHBBIMH
MeXaHHYeCKHMMH [IBHKeHHSIMH TpeOyer Oojee TimaTedbHoro anaiusa. IlocraBieHbl 3agaun
JaNbHeH X HCCIeI0BAHUM.
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