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ON PSEUDOAUTOMORPHISMS OF MIDDLE BOL LOOPS

lon GRECU
Moldova State University

A loop €. is called a middle Bol loop if every loop isotope of .} satisfies the identity (x-y)™' =y 'x™" (i.e. if
the anti-automorphic inverse property is universal in §&.:¥) [1]. Middle Bol loops are isostrophes of left (right) Bol

loops [2, 4]. The left (right, middle) pseudoautomorphisms of middle Bol loops are considered in the present article.
The general form of middle Bol loop’s autotopisms is given using right pseudoautomorphisms of the corresponding
right Bol loops. Necessary and sufficient conditions when a LP-isotope of a middle Bol loop £.=! is isomorphic to
§@.T are proved. It is shown that in the left (right) Bol loops every middle pseudoautomorphism is a left (right)
pseudoautomorphism. Connections between the groups of pseudoautomorphisms (left, right, middle) of a middle Bol

loop and of the corresponding left Bol loop are found.
Keywords: middle Bol loop, middle (left, right) pseudoautomorphism, autotopy, isostrophy.

ASUPRA PSEUDOAUTOMORFISMELOR BUCLELOR MEDII BOL
O bucld (@} se numeste bucla medie Bol, daca orice bucla izotopd cu (. verifica identitatea (x-y)™' = y~'x™'
(dacd proprietatea antiautomorficd de inversabilitate este universald in &) [1]. Buclele medii Bol sunt izostrofi ai

buclelor Bol la stanga (la dreapta) [2]. In prezentul articol sunt studiate pseudoautomorfismele la stinga (la dreapta,
medii). Este dedusa forma generald a autotopiilor buclelor medii Bol cu ajutorul pseudoautomorfismelor la dreapta ale
buclelor Bol la dreapta corespunzdtoare. Sunt date conditii necesare si suficiente ca un LP-izotop al unei bucle medii
Bol fi.-} s fie izomorf cu f€.. Se demonstreaza cd in buclele Bol la stinga (la dreapta) orice pseudoautomofism

mediu este un pseudoautomorfism la stanga (la dreapta). Sunt stabilite conexiuni Intre grupurile de pseudoautomorfisme
(la stanga, la dreapta, medii) ale unei bucle medii Bol si cele ale buclei Bol la stdnga corespunzatoare.
Cuvinte-chee: bucla medie Bol, pseudoautomorfism mediu (la dreapta, la stinga), autotopie, izostrofie.

A loop () is called a right (left) Bol loop if it satisfies the identity (Z¥*¥ix = Z(ay ' x]
(x(y - zz)} = (& ¥x)z). Right (left) Bol loops are studied, for example, in [3, 7]. A loop (,*) is called a
middle Bol loop if the identity (x- y)f1 = y71x71 (the anti-automorphic inverse property) is universal in (.},
i.e. is invariant under loop isotopy. It is shown in [1] that a loop (12,7} is middle Bol if and only if the

corresponding primitive loop (@../,"%) satisfies the middle Bol identity: x(yz\x)=(x/z)(y\x). Middle

Bol loops are studied in [1, 2, 4, 5]. A.Gwaramija proved in [2] that middle Bol loops are isostrophes of right
(left) Bol loops: a loop &=} is middle Bol if and only if there exists a right Bol loop (#@,) such that

xoy:y_l\x’ (1)
where ,,\\" is the right division in (). From (1) follows
yrx=x/iy (2)

for every x,yeQ, where . /" is the left division in (=) If () is the corresponding left Bol loop of
(@), then

x oy =xfyl, (3)
xy =xffyt C
for every x, % € €, where /" (»/ /") is the left division in (12,7} (resp. (Z.=)).

The left (right, middle) pseudoautomorphisms of middle Bol loops are considered in the present article.
The general form of middle Bol loop’s autotopisms is given using right pseudoautomorphisms of the
corresponding right Bol loops. Necessary and sufficient conditions when a LP-isotope of a middle Bol loop (.}

is isomorphic to (2.} are proved. It is shown that in the left (right) Bol loops every middle pseudoautomorphism
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is a left (resp. right) pseudoautomorphism. Connections between the groups of pseudoautomorphisms (left,
right, middle) of a middle Bol loop and of the corresponding left Bol loop are found.
Let (&)} be a middle Bol loop and @& € @. Consider the bijection: [_: § = &, I.(x) = x\a, then

74 g — @, I24x) =afx, Ya,x €@ In particular, if (Q,) is a commutative middle Bol loop then
. =1; L %a € @. Hence, using the middle Bol identity, we get that a loop {1,-) is a middle Bol loop if
and only if the triple { £, *EE.E E E_F) is an autotopism of (12,7}, where I:Q = Q, I{x) = x~2, i.e. is the
inversion in (£,

Let (@+) be an arbitrary loop, @€ SQ and ¢ € Q. Remind that: a) ¢ is called a left (resp. right)
pseudoautomorphism of (§gy}, with the companion ¢, if the equality

c-p(x-y)=[c-@(x)]-(y) (resp., p(x-y)-c=p(x)-[p(y)-c])
holds, for every x,y e Q; b) ¢ is called a middle pseudoautomorphism, with the companion c, if the
equality
p(x-y)=[p(x)/cT-[c\p(»)], (5)

holds, for every x, % € @, where ¢™' is the right inverse of ¢ . The notion of pseudoautomophism was introduced

by Bruck in [12] for IP-loops. The pseudoautomorphisms of LIP-loops has been studied by Florea ([8], [9]).
In particular, Florea found the general form of autotopisms of LIP-loops and proved that a principal isotope of a
LIP-loop (.} is isomorphic to {i2,) if and only if {i3,*) has a left pseudoautomophism with the companion

k = a - Ba, where a is a Bol element and & € @. The notion of middle pseudoautomorphism was introduced by
A. Drisco in [11] and also considered in [10]. Middle pseudoautomorphisms of (right) Bruck loops are
studied in [6]. Below we will denote by PSr(') (resp., PS z(') , PS,(n') ) the group of all right (resp. left, middle)
pseudoautomorphisms of the loop (&.].

Remark 1. Let {,7) be an arbitrary loop. It is easy to see that any automorphism ¢ € Aut(&) is a
middle pseudoautomorphism with the companion &, where & is the unit of (@@,").

Lemma 1. Let (.} be an arbitrary loop, @ E SQ and ¢ € Q. Then @ is a middle pseudoautomorphism
with the companion ¢ if and only if @ (% =¥} = @z c™*) @ e ¥), Y,y €Q.

Proof. Let ¢ be a middle pseudoautomorphism with the companion ¢, then (5) holds for every %, ¥ € .
Denoting ¢4 @(¥) = u, ¢lx)/e™l = v, wehave ¢ u = ¢ (¥}, v-c~1 = @(x), so
F=p e w), x =@ w7 (6)
From (5) and (6) we get:
el ) g e wl=vu= ¢ tru) =¢ (r ™) e w),
Yu. v € o

Corollary. Let (@) be an arbitrary loop, @ & 5o and ¢ € Q. Then @ is a middle pseudoautomorphism
with the companion c if and only if the triple (@J':"RE-L . g:'lﬁ-u L@ L1 is an autotopism of (Q,).

Proposition 1. Let (@'} be a middle Bol loop with the unit e. If x* =@, for all X € §, then every @ & @ is
a companion for some middle pseudoautomorphism of {,).

Proof. Let (@) be a middle Bol loop with x® =g, for all x € @,
wry=(x ¥ t=ytx b=y x forall x,¥ € Q, so (Q,) is a commutative middle Bol loop. Let
@ € 3, then the triple (- L E I, L I I} is an autotopism of {Q,-), for all & € §. Denoting LIl by @,
we get that the triple (£7*L, F_I, @) is an autotopism of {1Q,"), so

wlx - y) = I (D LIy, (7)

=1

then x=x and
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for all x, % € @. Taking ¥ = € in (7), we obtain @(x) = f;lf[.'ﬂ IH(e) = f;lf[.'ﬂ g = Rﬁfg"ftxj,
for all x € &, so
DM =R‘¢=R1tg (8)
for all @ € @. Now, taking x = e in (7), we have @ (¥} = I F(e) - I_Iy) = a- I Iy} = L [ I¥),
for all x € i, hence
II= g, ()]
for all @ £ 1Z. Using (9) and (8), from (7) we get that the triple (Rﬂ_ﬂ'ﬂ. @, L7 e, @) is an autotopism of (@],
so o is a middle pseudoautomorphism of (€.} with the companion a. o
Let (&) be an arbitrary loop, we will denote by N ,',:3 (resp. N; ' I'ifr'i_'_}) the right (resp. left, middle) nucleus
of the loop {@.).
Proposition 2. If {Q,") is a middle Bol loop and @ & H;;,'_:' then E-‘;lf; YT is a right pseudoautomorfism
with the companion a*.
Proof. Let (@) be a middle Bol loop and g t= N, Then the triples (£1ELE L L EY and (R;%,Eg,8)
are autotopisms of {12,7), hence
(RZ% L,8) (I7*LELL EI)=(R*IZ*,L I LE_I.I)
is an autotopism of (@,7). Denoting &z by T in the triple (BRI, L 41,1, LI ,1), we obtain:

Lol FCxe 3} = a(x) - LI F(3), (10)
for all x, ¥ € @, so taking ¥ = & in (10), where € is the unit of (.7}, we get E_[_I(x)] = R _=7(x]), for all
x €@, and for all @ € h‘;;,'_}, so the triple |T,R, =T.R_=T) is an autotopism of (@), ie. T is a
pseudoautomorphism of (€2} with the companion a’. o

Proposition 3. Let (@) be a middle Bol loop with the unit e and let T = (&, ,¥)} be an autotopism of
(@:). Then there exists a right pseudoautomorphism T with the companion k& =k~ Ma™t where
@ = algl, &= G(8], such that

T = (H e, I HTAE R ) (7 Ryow By T).

Proof. Let () be a middle Bol loop, then the triple IZEI; LI, Lol L ~of -e] ) is an autotopism of (&),
for all e¢€@ If T=(af ¥} is an autotopism of (@,), then the triple
Ty = (P Egmsl Lgmad ek }- (@, @, 7) = (F2uka, B g=aB @, Lo=2d==F ¥} is an autotopism of ().
Denoting I fa = 7, we obtain t(g) = [ Zufa(e) = [h(a™) =a™tfa™ = & 50

Lo-sl-el ¥z ¥) = v(x) L-=If(y) (11)
for all 2,3 € @. Taking x = e in (11), we get L _=zi =l ¥(¥] = [_-24F(¥], for all ¥ &€ ¢}, and using the
equality L g-el -aly = [ -s[, where @ € €, we obtain that the triple (& £;-=E@, f ~+£F] is an autotopism
of (@), for all = €. So, for ¥x, ¥ € @, the equality [ -2l (x ¥} = v(x}  I-2J8(¥) holds and,
taking ¥ = & in the last equality, we obtain: I -eI{f{x) = T(x) -1 ~dfi(e) = [ -1 (x) = Ryw(x]}, for
all x € @, where k = [_-o[ff(@)= &™*%a™%, hence [_-2fF = RyT, ie.
Ty = (v f-2If. I -2If) = (7,R,7.R,T) is an autotopism of (#,7) which implies that T is a right
pseudoautomophism with the companion k. So Ty = (I 2L I -ok, Eg-el -2l }+ (@, 8,¥) = (5. BT, RByT), 1. €

(@ 8.9) = ([l -2, 2, 5L 2 ) (2, By, Ry T),

where k = 5™%a™ a = ala), b= f(a). O
An analogous result was obtained by A. Gwaramija for middle Bol loops and their corresponding left Bol loops.
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Proposition 4 [2]. Let (@)} be a middle Bol loop with the unit e and let T' = {&,{¥,¥) be an autotopism
of (@:). Then there exists a left pseudoautomorphism T with the companion ky = b~*ja~1 where
a=ala), b= f(s) such that

T = (el IR L ) (B v Ly 7). (12)

Theorem 1. Let (Q,) be a middle Bol loop, @, ¥ € Q, and let x =y = R;l.x . E-E_,l}r, Wx, ¥ € Q. Then
(@e) = (@) if and only if there exists a right pseudoautomorphism of (Q,) with the companion
k=g b
Proof. Let (@e) (@), and let ybe an isomorphism between them. Then
¥lx- ¥) =¥ (x) o p(¥) = RIY%(x) - L3 (¥) = B(x) - a(¥), for all x,7 €Q, where § = RI%p,
@ = LE3*F. so the triple (&, @, ¥} is an autotopism of {@,7) as well. Let 1 and e be the units of (&} and
(@<}, respectively. So as ¥ is an isomorphism we have ¥{L) = &, where & = b * @, and:

#(1) = RZ'¥(1) =R (e) = R; (B a) = b, (13)
a(l) = E-El'}"(].;l = E-El(ﬂ;l = E-E,l(h‘ a) = a. (14)
From Proposition 3, (13) and (14) we obtain the equality
(8, ¥) = (Ey-s, FE 22, FE By e b (5 By By B,
where T is a right pseudoautomorphism with the companion & = a~1i&™~.

Conversely, if T is a right pseudoautomorphism of {@,”) with the companion & = a~=%k"%, then the
triple (7, R, T, B, T} is an autotopism of (). On the other hand, so as (12,-) is a middle Bol loop we get
that (F75%F, -k, E-h--.fh-'.f}- = (FE,-=, B, FEZ%E7 24} is an autotopism of (1,7). So,

(8. ¥) = (Fly-=, I%, IR E R ) (R By T By ®) = (Ey-o, I 2Ry T HES L e Ry T,

is an autotopism of (.}, which implies

LR v ¥) = Hymev(x) - IER, 7 () <= vix-¥) = #(x) - aly) (15)
for all &, 3 € @, where p = I L3RRy, § = Hip-oT, @ = [ 5u R, T. Also,

B(1) = Hmee(1) = [~ (1) = (b~} =
a(L) = IR, w(1) = IRy (1) = E&"'f(m‘l‘gb"‘:[}_:' =@l rl=a

hence, denoting B~%f(a™*\&™Y) = z, we get T+ (@~ "&"*) = B™*, and denoting @™ *%&™* = ¢, we
obtain zre =5t sor-c=a"t ¢=z= a1 Now, taking ¥ = 1 in (15) we obtain (x) = F(x)  a
= ylx) = R B(x), forall x € @, i.e.

g=R'r. (16)
Taking & = 1in (15), we have: ¥[¥] = k- a{¥] = “p‘[:}':l =L, &(¥), forall ¥ £ {, so
= Lz'¥. (17)

From (15), (16) and (17) follows: p{x - ¥} = @(x) - cr(v] R (x) - EZY¥(¥) = ¥(x) @ p(¥), for all
xy€q ie (o) = (@) o
Theorem 2. Let {Q,) be a middle Bol loop, @, & €, and let x oy = R;l_x . E.E,l}r, Wi, ¥ € Q. Then
(@) = (@) if and only if there exists a left pseudoautomorphism of (@.") with the companion
ky=a /bt
Proof. Let (&2) % (@), and let w¥be an isomorphism between them, then
¥l ¥ = w(x) o p(¥) = BRI (x) - B34 (¥) = 8(x) - a(y), for all x,7 €8, where § =RI'y,
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- E-E,Lp. So, (&, e ¥)] is an autotopism of (). Let 1 and e be the units of {§,) and (Z.=]},
respectively. So as ¥ is an isomorphism, {1} = &, where # = & - @, and the following equalities hold:
#(1) = R3"r(1) = R3'(e) = R3*(Bra) = b, (18)
al(l) =L (1) =LY (e) =L; (b a) = a (19)
From Proposition 4, (18) and (19) we obtain that
(G, e, ¥) = E‘E'{e';rff;}'-rffg"- ;j'-"} ) Eﬂ'k._TrTrE'k._T},
where T is a left pseudoautomorphism of (#Z.'}, with the companion #1 = ﬂ'lﬁi'l. Conversely, let T be a
left pseudoautomorphism of (@), with the companion K= a~*/B~*. Then EL,{L’E.T,E;{;T} is an
autotopism of (g, ). So as (-} is a middle Bol loop,
(EAbE b s -sl) T = (FE o, FE2 F4E S
is an autotopism of {,). So we get that
(8, e, ¥) = (lgme, B2 HZHE R} (By 0w, by v} = (Fgmaby 7 M hew EIZ0 L 2a Ly T),
is an autotopism of (@,*), and
P2 Reky (e 3) = Homaby w(x)  He(y) S p(x-3) = 8(x) a3} (20)
for all x, ¥ € @, where y = ff;}'.ﬂ-;j-"..ﬁ-kiﬂ, g = gy T, 0 = Ef;-]'r.".:. Also
B(L) = I maly v(1] = il -Ly (1) = Il ~a(@™"/b") =
(a2 ety = (B4 =5
Denoting E[m‘lf&"‘jﬁm‘l} =z, we get (@& ) z=a"* and taking @ /B~ =¢ we have
cbt=a"t so crz=c- 5t je z=b"" and a(l) =HTo(L) = A = (et =a.
Now, for ¥ = 1 in (20) we obtain pix} = &{x) ' &, which implies ¥(x} = RE_&(x], for all x € @, so

g=Rz"r. 1)
Taking x = 1 in (20) we have ¥(¥} = & » a (¥}, so (¥} = Lya(¥), forall ¥ € &, i.c.
a = L7hy. (22)

From (20), (21) and (22) we get: ¥(x - ¥) = §(x) - a(¥) = RJ*¥(x) - LZ*¥(¥) = ¥(x) « ¥(3), for all
Yy EE, so Eqr':':l = [:Qr':l- U
Proposition 5. Let (.} be an arbitrary loop. The following statements hold.:
1. ?[a"f‘l"}} = N;‘ 2 and .‘P[ N;;F_‘} - N;-I::!i}’ for every g € P§ ;‘,3’
2. oM = 88 ana o(NE) = B2 for every @ € S

Proof. 1. Let &t € N, I:'}, and let ¢ be a right pseudoautomorphism of (i3,=) with the companion ¢ € 1. Then
gla) [e(x): (@) c)] = gla)  (wlx ¥} c) =
gla xy) ¢ =glax ¥} ¢ = @wla x) (gl¥) c),
for all x. ¥ € €. So
wla) - [wlx) (w(y) )] = @la -z} (@(x)- ), (23)
for all &%, € @. Taking ¥ =@~ *(~%¢} in (23), where *¢-¢ =@, ¢ is the unit of the loop (@), we
obtain _ _
wlal @lix) = @la 2}, (24)
for all x € &. Now, using (24), from (23) follows:
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ela) [elx) (ely) )] = (ela) @lx)} (el ), (25)
for all %, % € @. Denoting @lx) =wu and @(¥): ¢ =+, (25) implies ¢z} uw = (@(a)- u)w, for all
u,v € g, s0 gla)€ Nll:':', va g N ie.

e(v?) = n? (26)
So as the set of all right pseudoautomorphisms is a group, we have that ¢~ is a right pseudoautomorphism
of the loop () as well, so ?'l[ﬁ’; '}} = N‘: 2 Hence, for @ &€ N?':':' we get that ¢~ (a) € NEI: ? 5o
@€ g[h’f'}), ie
N < w(mf). 27)
From (26) and (27) follows @ Ny? | = .

Let & & Nif and let @ be a right pseudoautomorphism of {Q,”) with the companion ¢ € Q. Then, for
a7 € ¢, the following equalities hold:
glx) - [@(B) - (@(y) )] = @lx) (p(b 3} c) =
wlx- byl c=@lxb y)l-c=@lx b) (ely) <],
elx) - [@(b) - (ely)-cd] = elx- bl (ply)- <], (28)
Taking 7 = ¢~ *(~*c} in (28), we have

plx) - @(b) = glx- b), (29)
Wx € . Now, using (29), the equality (28) implies
w(x) - [e(B) (e(x) €)] = (elx) - @(B)} (e(x) <), (30)

¥x, 3 € @. Denoting @(x) ==, @(3¥): ¢ = v in (30) we obtain u - (@(k)- ) = (u - @() v for all
u,v € G iec wlb) & Iif?';;}, wh e NI.'_:,_'._:', hence
e(ni7) = 53 (31)

1 is also a right pseudoautomorphism of the loop {@,), we get g:?'l{NEj‘; N;,I,,EI . Now, if

So as g~
be N theng=X(Brens, =>be @[NE,?}, ie

et s p(ni? ) (32)
From (31) and (32) follows @[NE} = .ﬁf;j.

2. Leta € .ﬁ’;:.'} and let g be a left pseudoautomorphism of {{2,-) with the companion ¢ € §. Then, for
every X, ¥ € @, the following equalities hold:
[(c: @lx)} @(¥)]- ola) = (¢ @lx- ¥} @la) = ¢ @lxy: a) = ¢+ @z ya) =
(¢ wlx)} @lra), so

[(e* w(x)} 0(3)]- e(a) = (e @(x) )} w(ra). (33)
Taking x = @~*(¢™*) in (33), where ¢+ ¢~ = @, e is the unit of the loop {1@,"), we obtain
e(y) wla) =@y a), (34)

%y € ¢. Now, using (34), from (33) we get:
[(c-elx)} e(3)] wla) = (¢ e(x)} (23} #(a)). (35)
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¥x, 7 € §. Denoting ¢ » {2} = and @y} = v, from (35) follows: uw -+ wla@) = u - Et? : g:[ct:[}, for all
u, v €@, s0 glal € Nﬁ.:"', Ya € N,_'i}, ie.

o) = N2, (36)

-1 ] =1f pgl-? &) i3 -1 (=2

So as @~ € P§,", we have ¢~ | N.” | = N So, for every @ € N,~, we get g~ *(@)} € N.” =
a € ?[M;'}), ie

Nt s g(ni). 37)
From (36) and (37) follows e N&7 | = NS,

Let b€ N;i',_:' and let @ be a left pseudoautomorphism of (i@,) with the companion ¢ € 2. Then, for
W, ¥ € £, the following equalities hold:

[(c- o)) @] o) = (c oz B} ox) =c elxb y)=c @lx by) =

(¢ wCe)} @b ¥), 50

[(e- @(x)) - @(B)] - ¢(3) = (¢ - @(x]}- w(B- ¥, (38)
¥y € @. Taking x = @~ (™) in (38), we obtain
wlb] @y = @l ¥, (39)
%, 3 € €, and using (39), from (38) follows:
[(e @(x)) - @(B)] 0(¥) = (e @(x) )} (p(B) « (), (40)

%%, 7 € . Denoting Ec . @(3’,}} =y, @(¥)] = ¥ in (40), we get [:'IJ..‘ @[h{]}- v=1u-(@(k) v) forall
uUVE QG ie wlb)e Ni.';,?, Wb e Nl.'_:,_'._::', SO
e(NT) = wi (41)
Analogously, for ¢~ ! we have gl_l[ﬁ';;?} = N;;?. So, if & € N;,E' then g~ *(&) & N?iij, = bE F[N;} ]',
ie
= g, “2)
From (41) and (42) follows @[NE} = N;j. m
Corollary. Let (@) be an arbitrary loop and let @ be a right (left) pseudoautomorphism of (@,"). Then
the restriction @Ilfﬁ';': [ ﬁ'tj:tﬂ':':'}(respectively gl,f#i.":'j £ AutN-?) and g:tl.f.h'i.ij € .éltttNi.';?.
Proof. If g is a right pseudoautomorphism of {1, then :F{N;'}} = .ﬁf:.':': and :;i[.ﬁf;}j' = Nf, SO

X ? and qgfﬁ;;;}: Ni.';;} — N;;L: are bijections. Moreover, so as the nuclei of the loop (&)

@/ .N‘;:':= N‘;:' — N:':
are associative subloops, @I;H;:,':Eﬁntﬁ;'} and g:fm?'femm;f. Analogously, if ¢ is a left
pseudoautomorphism then gz ﬁf;:'} = .e:l’[:tm';:':'. ]

Proposition 6. Let (@)} be a right Bol loop and ¢ € §. A mapping @ FS; is a middle
pseudoautomorphism of the loop (&), with the companion ¢, if and only if @ is a right

pseudoautomorphism of (2,+), with the companion c.
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Proof. So as ({2} is a right Bol loop, the equality {x¢-z}- ¢ = x - (cz- ¢ holds, for every x,. ¥ € @.
Taking ¢%3* =z in the last equality, we get [(x-¢)  (ct3)] c =z~ [EI:' . [c:*g}r)}- r:] = x ' ¥¢, wich
implies (- ¢) - (') = (x - we) - ¢™%, hence

(xfc™) (\a) = (x ye) ™, (43)
for every X, ¥ € @. If g is a right pseudoautomorphism of {12,"), with the companion ¢, then
wlx ¥} e = e(x) (w(3) ) = @l ¥) = (o(x)- (@) )} e™
for every &,¥ € @, so using (43), we get @(x ¥) = (@(x)/c™) (@) Y&,y €Q, ic. pisa
middle pseudoautomorphism of (@), with the companion ¢. Conversely, if @ is a middle
pseudoautomorphism of (&)}, with the companion ¢, then @(x:¥)} = (@(x)/c™)  (c\el¥]}
vx,F €@, so using (43), we get (x-y)=(@lx)-(@(¥) c)) ¢, which implies
@lx-¥)c= @lx) (@l¥l-c), ¥Yx,¥ €@, ie. @ is a right pseudoautomorphism of (8,7}, with the
companion ¢. O
Proposition 7. Let (@) be a left Bol loop and ¢ € Q. A mapping @ € 5o is a middle

pseudoautomorphism of the loop (&), with the companion c if and only if @ is a left pseudoautomorphism
of the loop (@), with the companion ¢,

Proof. Let (@) be a left Bol loop, then ¢™*-x=¢\x for all xE€G so
ez eTtx)l=(ct 27 )x © z-clxme-[(c7l-z¢"Vix], for every x,¥ €. Taking

= = wfe~L in the last equality we get
ey (et emy = [(et (Grey- 1)) x| ©
(r/e™*) - (e'x) = e(e™ty x],
for all x,3 € @, where @ € 5. So, a mapping @ € 54 is a middle pseudoautomorphism of the loop (2.,
with the companion «, if and only if
e(y-2) = (e (e} =c- (7 @)} @(x]].
for ¥x, € @, which is equivalent to ¢™%+ ga(y+ x) = (¢~ @(3) ) - @], for all x,7 €Q, i.e. if and
1

only if ¢ is a left pseudoautomorphism with the companion ¢~ . O

Proposition 8 [10]. Let (.} be a right Bol loop and let (Q,°)be the corresponding middle Bol loop.
The following statements hold:

1. pskt=pstt= psi?
2. PSS =pPS),
3. a€RS™ o faf € BSY, where G = @, Hx)=x"1 ¥xg Q.
Proposition 9. Let (§.) be a left Bol loop and let (§},31 be the corresponding middle Bol loop. The
following statements hold:
1. pst)=pst? = pst®
2. pst=psg'd
3. aeP5” o af e P57
Proof. 1. Let ¢ be a middle pseudoautomorphism of (i7,) with the companion ¢. Then ¢ satisfies (5).
Using (4), the equality (5) implies:

e(x/ffy~b) = [wlx) o el /f[(e(F) Ve ]
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which is equivalent to

wlx)ee=@(x//y™)e [(e(F)e) T (44)
where (/£) is the left division in (@#). So as (=) is a middle Bol loop [{@(x)%%ec)™] "L = @(3]% e,
Wy € €, where “\\” is the right division in (=}, hence (44) is equivalent to
wlxde e = @(x//y™") = (@(¥)\\e)
Denoting x/ /¥~ by z, the last equality implies:

glzey ) e c= @z} (@) (45)
For = =y =&, from (45) follows ¢@(e)=e. Taking z = e in (45) and using the equality p(e) =€, we
get @(¥~ 1) 2 ¢ = @(F)4\e, so (45) is equivalent to
wlzey e c= @@y e,
i.e. @ is a right pseudoautomorphism (@] with the companion ¢. Conversely, if ¢ ePSfJ) then 3¢ € F:
p(xoy)oc=@p(x)o(@(y)eoc), ¥x. ¥ € &. Using (3), from the last equality we get
@y = @) (@)™ = @lx) = (plx/7™)/c™)  He(F)ic™).

Denoting x/¥~1 =z, the previous equality implies

@z ¥t = (elz)/ct) - Halylic™ ). (46)
Taking z=e, from (46) follows e@{¥ %) = ¢ - F{e@(w)}/e™*), hence ¢™* - @3~} = F{e(v) /™), so
46)  implies  @(z ¥ ) = (wlz)fe) (7t v @(¥™*)},  which is  equivalent  to
oz 7Y = (plz)/c™) (ee(v ™)), ¥z €, ie. @ is a middle pseudoautomorphism of (@),
with the companion ¢, and FS;;? = P.?;:'} = PS;:.'}.

2. Let ¢ be a right pseudoautomorphism of the loop (i@,), with the companion b :

@lx 3} b= @lx)- (@) b), (47)
W, € €. Using (4) in (47), we get

@/ fy 3 16 = @ (2} () ) (48)
So as (@=) is a middle Bol loop, denoting {e(3}//B*)™1 = w, we have: @l¥)/f/bt=u"1 &

e =ulebt o bou= (g} " = u=b\eGI) " 0

(@)™ = B\ (e () (49)
Using (49), the equality (48) implies

@let fy 7 = o (BN (eI ). (50)
Denoting /¥t = z,ie. z e ¥~ = x, (50) implies
e (@ = oz s 3244 (B (eGI) ),
which is equivalent to:
w(zo ) = (/1) = (BN (e () ). (51)
Taking z=e in (51), we get
e ) =be (B\(e()) ) = (e() .
%¥ € &, so (51) is equivalent to
wlzoy™ 1) = (@)« (Bl )

¥Rz el ie e PS,S:) , with the companion b . Conversely, if ¢ € PS,(;) then 3¢ €
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elx=y) = (elx)/fc™) = (el ), (52)
W¥x, 7 €. Denoting e(x)/fe ™ =wn and using (3), we get mec ™t =glx), ulc=wlx]
@lx) ¢ =u,so
@lx)fjc™ = plx) < (53)
Analogously, denoting ¢%%@(¥)} =% and using (3), we get: ceov =@(¥), cofr t= @(y)
eyl vt =, v =@yl 0, v = Ie(y) ¢), s0
e (y) =1le(y) <), (54)
%¥ € #. Now, using (53) and (54), the equality (52) implies
pCx/y™) = (p(x)- )/ ((Ep(y)- )}

wlx) ¢ = gle/y™) Uely)c).
Denoting x/¥ % = z in the last equality, we get

which is equivalent to

@z 3y ) e = p(2) (Fa(y) o). (55)
Taking z = e, from (55) follows @ (¥~ %)+ ¢ = I (¥) ' ¢, = ew(y™) = [@(¥]), ¥F € ¢, so
pl=1Ip. (56)

From (55) and (56), we get
wlz ¥y ) e = @(z) (e(x™) ¢,
¥y,z € @, ic @€ PSS So P35 = pgld
3.1f@e P.?g‘} then there exists an element ¢ € Q , such that, for ¥, % € @,
coglxey)= [1:":' g::l(xj_]ﬂ g@(¥). (57)
Using (3), the equality (57) takes the form cf@lx/¥ ™1™ = {¢jfu(x) ™ )/ely)™* =
ofplx) ™t = [ef@ln/¥1)™1] @ (¥) 7", so denoting &/~ = =, we get

cflp(z ¥™1) = [c/Te(z)] - Ip(¥), (58)
which (for z=e) implies gfI@l{¥. = ¢ le(¥], so cfl@(y) = c - I@l(y), ¥Yx,¥y €3, ie.
cile = c Igl. (59)

Using (59), from (58) follows ¢ - Fgl(z -y = - kgl(z)] Igily), ¥Yy.z €@, iec. Ipl is a left
pseudoautomorphism of (€2}, with the companion ¢. o
Corollary. Let [(}.2) be a middle Bol loop and let @ be a middle pseudoautomorphism of (£}.2), then

o(N® )= 8P and o BF ) = 32

Proof. Let (@) be the corresponding right Bol loop of {@=}, then PS’ =PS"’

m °

so ¢ is a left

pseudoautomophism of (). Also the equality N;E':' = N','i’:' holds, so @(N;:.'}} = N;:.'} = N;:.'} = N:':‘}. o
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