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Abstract - A new method to solve the solution set of polynomial inequalities was conducted. When 
 𝑥 − 𝑟1  𝑥 − 𝑟2 > 0 𝑤ℎ𝑒𝑟𝑒 𝑟1 , 𝑟2 ∈  ℝ 𝑎𝑛𝑑 𝑟1 < 𝑟2,  the solution set is   𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟2 ∪
 𝑟1, ∞   }. Thus, when the inequality is (𝑥 − 𝑟1) 𝑥 − 𝑟2 ≥ 0, then the solution set is   𝑥 ∈  ℝ   𝑥 ∈
 −∞, 𝑟1 ∪ [𝑟2, ∞). If  𝑥 − 𝑟1  𝑥 − 𝑟2 < 0, then the solution set is   𝑥 ∈  ℝ   𝑥 ∈   𝑟1, 𝑟2  }. Thus when 
 𝑥 − 𝑟1  𝑥 − 𝑟2 ≤ 0, the solution set is   𝑥 ∈  ℝ   𝑥 ∈ [𝑟1, 𝑟2] }. Let 𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 where 

𝑎 ≠ 0, 𝑏 𝑎𝑛𝑑 𝑐 ∈ ℝ. If 𝑏2 − 4𝑎𝑐 < 0, then the solution of quadratic inequalities is {ℝ} when, by 

substitution of a particular real number, the inequality is true. Otherwise, the solution of the inequality is 

∅. Let 𝑟1  <  𝑟2 < . . . < 𝑟𝑛  ∈  ℝ and 𝑛 ≥ 3.  Let  𝑥 − 𝑟1  𝑥 − 𝑟2 …  𝑥 − 𝑟𝑛  > 0 if n is even. Then, the 

solution set is   𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟1 ∪  𝑟𝑛   , +∞  ∪    𝑟𝑖 , 𝑟𝑖+1 :  𝑖  𝑖𝑠 𝑒𝑣𝑒𝑛 }. Thus, when  𝑥 −
𝑟1𝑥−𝑟2…𝑥−𝑟𝑛≥0, the solution is  𝑥 ∈ ℝ  𝑥 ∈−∞,  𝑟1∪𝑟𝑛  ,+∞∪𝑟𝑖,  𝑟𝑖+1:  𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 }.  If 𝑛 is odd, then 

the solution set is   𝑥 ∈  ℝ   𝑥 ∈   𝑟𝑛  , +∞  ∪    𝑟𝑖 , 𝑟𝑖+1 :  𝑖 𝑖𝑠 𝑜𝑑𝑑 }. Thus, when  𝑥 − 𝑟1  𝑥 −
𝑟2…𝑥−𝑟𝑛≥0, the solution set is  𝑥 ∈ ℝ  𝑥 ∈𝑟𝑛  ,+∞∪𝑟𝑖,  𝑟𝑖+1:𝑖 𝑖𝑠 𝑜𝑑𝑑 }. Let 𝑥−𝑟1𝑥−𝑟2…𝑥−𝑟𝑛<0 if n 

is even. Then, the   solution set is   𝑥 ∈  ℝ   𝑥 ∈     𝑟𝑖 , 𝑟𝑖+1 ∶ 𝑖 𝑖𝑠 𝑜𝑑𝑑 }. Thus, when  𝑥 − 𝑟1  𝑥 −
𝑟2…𝑥−𝑟𝑛≤0, then the solution set is  𝑥 ∈ ℝ  𝑥 ∈𝑟𝑖,  𝑟𝑖+1:𝑖 𝑖𝑠 𝑜𝑑𝑑 }. If 𝑛  is an odd, then the solution set 

is   𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟1  ∪    𝑟𝑖 , 𝑟𝑖+1 : 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 }. Thus, when  𝑥 − 𝑟1  𝑥 − 𝑟2 …  𝑥 − 𝑟𝑛 ≤ 0, the 

solution set is  𝑥 ∈  ℝ    𝑥 ∈  −∞, 𝑟1 ∪  𝑟𝑖 , 𝑟𝑖+1 : 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 }. This research provides a novel method in 

solving the solution set of polynomial inequalities, in addition to other existing methods. 
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INTRODUCTION 
A polynomial, with degree n, denoted by  𝑃𝑛 𝑥 , 

is an algebraic expression of the form 𝑎0𝑥
𝑛 +

𝑎1𝑥
𝑛−1 + 𝑎2𝑥

𝑛−2 +  … + 𝑎𝑛−1𝑥 + 𝑎𝑛 , where n is an 

integer and 𝑛 ≥ 0, 𝑥 is a variable and 𝑎𝑖’s are the 

constant coefficients with 𝑎0 ≠ 0[1]. Polynomial 

inequality is any inequality that can be put in one of 

the forms of 𝑃 𝑥 > 0, 𝑃 𝑥 < 0, 𝑃 𝑥 ≥
0 and 𝑃 𝑥 ≤ 0 where 𝑃(𝑥) is a polynomial. A real 

number r is a solution of the polynomial inequality if, 

upon the substitution of r for the x in the inequality, 

the inequality is true.  The set of all solution is called a 
solution set. The objective of this study is to provide 

alternative methods to solve for the solution set of 

polynomial inequalities. In this research, the 
researchers presents general solutions to quadratic 

inequality and develops algorithms in solving 

polynomial inequality. Quadratic inequality is 
inequality where roots of quadratic equation are real 

and imaginary is considered[2]. The polynomial 

inequalities that will be considered are the polynomial 
inequalities where n ≥ 3 and roots of polynomial 

equation are real and distinct. Thus, polynomial 

inequalities where n ≥ 3 and some roots of the 
polynomial are imaginary are not covered in this 

study. Presentation and derivation of a shorter method 

in solving polynomial inequality is a contribution to 

the development of mathematics particularly in the 
branch of college algebra. Everybody knows, algebra 

is a tool in solving problems in other branches of 

mathematics. Thus, using the results of the study, the 
solution to other mathematics problems that involves 

inequalities will be shortened. Therefore, in a way, the 
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study contributes significantly to the development of 

other branches of mathematics.  

For the students taking the subject of College 

Algebra this will serve as alternative way of finding 
solution set of polynomial inequalities. On the part of 

teachers, this study serves as reference and 

supplementary material in their continuous study on 
the solutions of polynomial inequalities and other 

related topics. In 2008, Ikenaga [3] of Millersville 

University conducted the study “Quadratic Inequality” 

and disclosed the solution set of quadratic inequality 

using the graph of the quadratic function. A quadratic 

function is a function of the form  f(x) = 𝑎𝑥2 + 𝑏𝑥 +
𝑐. This study is related in a way that it is another 
method on finding the solution set of quadratic 

inequality. This concept used the researchers in 

proving the theorem of finding the solution set of a 
quadratic inequality where the roots of quadratic 

equation are imaginary. This study is related in a way 

that it is another method on finding the solution set of 

quadratic inequality. 

 

METHODS 

The methodology employed in the current study is 
basically the development of algorithms using 

expository method. The data or significant 

information needed in the study of solving polynomial 

inequalities was gathered through research from the 
library and the world wide web.  

Since the purpose of the study is to introduce 

new a concept of solving polynomial inequalities, the 
researchers conducted a trial and error method to find 

a pattern in order to make a conjecture in certain 

cases. Then make a proof of the conjecture to assure 
the generalization of the claim and illustration of a 

provided theorem. Finally, the researchers made a 

comparison of the solution set of an inequality using 

the obtained theorem and the existing method.   
 

Preliminary Results 

Theorem 4.1.1.   Let  𝑟1 and 𝑟2 ∈ ℝ where 𝑟1 < 𝑟2. If  
 𝑥 − 𝑟1  𝑥 − 𝑟2  > 0, then the solution is    𝑥 ∈
 ℝ  𝑥 ∈ −∞,  𝑟1∪𝑟2,+∞  }.  

Corollary 4.1.1.1. Let 𝑟1 and 𝑟2 are real numbers 

where 𝑟1< 𝑟2. If  𝑥 − 𝑟1  𝑥 − 𝑟2  ≥ 0, then the 

solutions is   𝑥 ∈  ℝ   𝑥 ∈  −∞, 𝑟1 ∪ [𝑟2, +∞ ) }.  

Theorem 4.1.2. Let  𝑟1 and 𝑟2 are real numbers where 

𝑟1  <  𝑟2 .If   𝑥 − 𝑟1  𝑥 − 𝑟2   < 0, then the solution 

set  is   𝑥 ∈  ℝ   𝑥 ∈ (𝑟1, 𝑟2)}. 

Corollary 4.1.1.2. Let  𝑟1 and 𝑟2 are real numbers 

where 𝑟1 < 𝑟2.If  𝑥 − 𝑟1  𝑥 − 𝑟2  ≤ 0, then the 

solution set  is   𝑥 ∈ ℝ   𝑥 ∈  [𝑟1, 𝑟2] }.  

Remark 4.1.1. In a quadratic inequality where 

𝑏2 − 4𝑎𝑐 < 0, the solution set is the set of all real 

numbers when, by substitution of  a particular real 

number,  the inequality is true. Otherwise, the solution 
set of the inequality is empty set. 

Theorem 4.2.1. Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 

𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let 𝑛 ≥ 3  be an even integer. 

Then (𝑥 − 𝑟1)  𝑥 − 𝑟2  . . .(𝑥 − 𝑟𝑛) > 0 if and only if 

  𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟1 ∪  𝑟𝑛   , +∞  ∪    𝑟𝑖 , 𝑟𝑖+1 ,
𝑖  is even }. 

Corollary 4.2.1.1.  Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 

𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let 𝑛 ≥ 3 be an even integer. 

Then the solution set of  (𝑥 − 𝑟1) 𝑥 − 𝑟2 . . . (𝑥 −
𝑟𝑛) ≥  0 is the set   𝑥 ∈  ℝ   𝑥 ∈  −∞, 𝑟1 ∪
 𝑟𝑛  , +∞ ∪  𝑟𝑖 , 𝑟𝑖+1 , 𝑖 is even }. 

Theorem 4.2.2.   Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 

𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let 𝑛 ≥ 3  be an odd integer. 

Then (𝑥 − 𝑟1)  𝑥 − 𝑟2  . . .(𝑥 − 𝑟𝑛) > 0 if and only if 

  𝑥 ∈  ℝ   𝑥 ∈   𝑟𝑛  , +∞  ∪    𝑟𝑖 , 𝑟𝑖+1 , 𝑖 is odd }. 

Corollary 4.2.2.1. Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 

𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let n ≥ 3  be odd integer. Then 

the solution set is (𝑥 − 𝑟1)  𝑥 − 𝑟2  . . .(𝑥 − 𝑟𝑛) ≥ 0 is 

the set  

  𝑥 ∈  ℝ   𝑥 ∈  𝑟𝑛  , +∞ ∪  𝑟𝑖 , 𝑟𝑖+1 : 𝑖 is odd }. 

Theorem 4.3.1.   Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 

𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let n ≥ 3 is an even integer. 

Then (𝑥 − 𝑟1)  𝑥 − 𝑟2  . . .(𝑥 − 𝑟𝑛) < 0, if and only if 

  𝑥 ∈  ℝ   𝑥 ∈     𝑟𝑖 , 𝑟𝑖+1  , 𝑖 is odd }. 

Corollary 4.3.1.1.   Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 

𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let n ≥ 3   is even integer. Then 

the solution set is (𝑥 − 𝑟1)  𝑥 − 𝑟2  . . .(𝑥 − 𝑟𝑛) ≤ 0 is 

the set                 𝑥 ∈  ℝ   𝑥 ∈  𝑟𝑖 , 𝑟𝑖+1 , 𝑖 is odd }. 
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Theorem 4.3.2.   Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let n ≥ 3 is odd integer. Then (𝑥 − 𝑟1) 
 𝑥 − 𝑟2  . . .(𝑥 − 𝑟𝑛) < 0, if and only if   𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟1  ∪    𝑟𝑖 , 𝑟𝑖+1 , 𝑖 is even }. 

Corollary 4.3.2.1   Let 𝑟𝑖  ∈  ℝ where 1 ≤ 𝑖 ≤  𝑛 and 𝑟1  <  𝑟2 < . . . < 𝑟𝑛 . Let n ≥ 3 is odd integer. Then the 

solution set is (𝑥 − 𝑟1)  𝑥 − 𝑟2  . . .(𝑥 − 𝑟𝑛) ≤ 0 is the set             

  𝑥 ∈  ℝ   𝑥 ∈  −∞, 𝑟1 ∪  𝑟𝑖 , 𝑟𝑖+1 , 𝑖 is even }. 

FINDINGS 

The findings of the study were as follows:  

 

1. Quadratic inequality where the roots of quadratic equation are real and imaginary. 

 
1.a.1 When the inequality is (𝑥 − 𝑟1)  𝑥 − 𝑟2  > 0, where 𝑟1 and 𝑟2 ∈  ℝ  and  𝑟1<  𝑟2, then the solution 

set is   𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟1 ∪  𝑟2, +∞   }. Thus, if the inequality is(𝑥 − 𝑟1)  𝑥 − 𝑟2  ≥0, then the 

solution set is   𝑥 ∈  ℝ   𝑥 ∈  −∞, 𝑟1 ∪ [𝑟2,∞)}. 
 

1.a.2.  When the inequality is (𝑥 − 𝑟1 )  𝑥 − 𝑟2  < 0, where 𝑟1 and 𝑟2 ∈  ℝ  and 𝑟1  <  𝑟2 , then the solution set is   𝑥 ∈
 ℝ  𝑥 ∈ 𝑟1,  𝑟2 }. Thus, if the inequality is (𝑥−𝑟1)𝑥−𝑟2 ≤ 0, then the solution set is  𝑥 ∈ ℝ  𝑥 ∈[𝑟1,  𝑟2] }. 

1.b. Let 𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐, where 𝑎 ≠ 0, 𝑏 and c ∈ ℝ. If 𝑏2 − 4𝑎𝑐 < 0, then the solution set of quadratic inequalities 

is {ℝ} when, by substitution of a particular real number, the inequality is true. Otherwise, the solution set of the inequality 

is  ∅. 

 

2.  Let  𝑥 − 𝑟1  𝑥 − 𝑟2 …  𝑥 − 𝑟𝑛  > 0, where  𝑟1  <  𝑟2 < . . . < 𝑟𝑛  ∈  ℝ and 𝑛 ≥ 3. If  n is even then the solution set is 
  𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟1 ∪  𝑟𝑛  , +∞  ∪    𝑟𝑖 , 𝑟𝑖+1 :  𝑖  is even } thus, when  𝑥 − 𝑟1  𝑥 − 𝑟2 …  𝑥 − 𝑟𝑛  ≥ 0 then, the 

solution is   𝑥 ∈  ℝ   𝑥 ∈  −∞, 𝑟1 ∪  𝑟𝑛  , +∞ ∪  𝑟𝑖 , 𝑟𝑖+1 :  𝑖 is even } ; if 𝑛 is odd then the solution set is   𝑥 ∈  ℝ   𝑥 ∈
  𝑟𝑛  , +∞  ∪    𝑟𝑖 , 𝑟𝑖+1 :  𝑖 is odd } thus, when  𝑥 − 𝑟1  𝑥 − 𝑟2 …  𝑥 − 𝑟𝑛  ≥ 0 then, the solution set is   𝑥 ∈  ℝ   𝑥 ∈
 𝑟𝑛  , +∞ ∪  𝑟𝑖 , 𝑟𝑖+1 : 𝑖 is odd }. 

3. Let  𝑥 − 𝑟1  𝑥 − 𝑟2 …  𝑥 − 𝑟𝑛  < 0 where  𝑟1  <  𝑟2 < . . . < 𝑟𝑛  ∈  ℝ and 𝑛 ≥ 3. If n  is even  then the   

solution set is   𝑥 ∈  ℝ   𝑥 ∈     𝑟𝑖 , 𝑟𝑖+1 ∶ 𝑖 is odd } thus, when 𝑥 − 𝑟1  𝑥 − 𝑟2 …  𝑥 − 𝑟𝑛  ≤ 0 then the solution 

set is   𝑥 ∈  ℝ   𝑥 ∈  𝑟𝑖 , 𝑟𝑖+1 : 𝑖 is odd }; if 𝑛  is an odd then the solution set is   𝑥 ∈  ℝ   𝑥 ∈   −∞, 𝑟1   ∪    𝑟𝑖 ,
  𝑟𝑖+1:𝑖 is even } thus, when𝑥−𝑟1𝑥−𝑟2…𝑥−𝑟𝑛≤0, then the solution set is  𝑥 ∈ ℝ  𝑥 ∈−∞,  𝑟1∪𝑟𝑖,  𝑟𝑖+1:𝑖 is even }. 

 

CONCLUSIONS 

This paper provided the general solution of quadratic inequality where the roots of quadratic equation are real and 

imaginary. When the roots of quadratic equation are real, then the solution set of  is the set of

 thus, when the quadratic inequality   the solution 

is the set ; if  the solution set is the set is 

 thus, when the quadratic inequality  the solution set is the set 

.  If 𝑏2 − 4𝑎𝑐 < 0, then the solution set of quadratic inequalities is {ℝ} when, by substitution 

of a particular real number, the inequality is true. Otherwise, the solution set of the inequality is  ∅. 

This study also provided algorithms solving the solution set of polynomial inequality where n ≥ 3 is an integer. The 

first steps of the two algorithms is to let   P(x) = then, determine . . . ,where 
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 Using algorithm1 the solution set of polynomial inequality  . . .  

> 0 where   and ,  if n  is even the solution set  is the set of 

by applying theorems 4.2.1 thus, when 

the inequality  also n is even then the solution is the set of 

 by applying corollary 4.2.1.1; if n is odd 

solution the solution set is the set  by applying theorem 

4.2.2 thus, when the inequality is  and n is also odd  the solution set is the set 

 by applying Corollary 4.2.2.1. Using algorithm2 when the 

polynomial inequality  . . .  < 0 where   and , if n is even then the 

solution set is the set  by applying Theorem 4.3.1, thus when the 

polynomial is  . . .  ≤ 0 and n is also even then the solution set is the set 

;  if n is odd then the solution set is the set 

 by applying theorem 4.3.2 thus, when the polynomial 

inequality .. .  ≤ 0 and n is also odd then the solution set is the set 

 by applying Corollary 4.3.2.1    

RECOMMENDATION 

The results of the study may be used as an instructional 

reference material for instructors of mathematics. The 
results of the study may be introduced to the students taking 

up College Algebra and other mathematics courses where 

inequality is a prerequisite topic. Study the solution set of 

the polynomial inequality whose roots of the polynomial 

contain imaginary except to quadratic inequality. This study 

may serve as a basis for a new program that is yet to be 

developed by IT or computer experts. The problem on 

solving polynomial inequalities whose roots polynomial 

contain multiplicity is still open. 
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