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O mporeccax TemjoMaccomepeHoca B GmoMarepuajiax, OrpaHnuYeHHbIX
HAHOPA3MEePHOI1 JBYXCJIOIHOII MeMOpaHoii!

B craTbe paccmorpena KpaeBas 3ajiada s ypaBHeHus Jlamiaca B HOJIYIUIUHIPE C OCHO-
BaHUeM B BHJIE JIBYXCJIONHO} mienku (MemOpanbl). lannas 3amada mmeeT OOJIBINON MHTEpEC B
3ajadax OMOJIOruu, T. K. BCe OMOJIOTMYECKUE OPraHU3Mbl HA CBOEH IpDaHUIlE UMEIOT MHOTOCJION-
HYIO 3aIlUTHYIO IIJIEHKY, 9epe3 KOTOPYIO MPOUCXOINT OOMEH BeIlnecTB. PaccMoTpeHHast B CTaThe
MeMOpaHa, COCTOUT U3 JIBYX CUJIBHO- M CJaDONpOHUIAEMbIX cjioeB. Ha memOpane 3a1ano 06006-
IIeHHoe TpannTHoe yciaosue. Ha 60KOBOI MOBEPXHOCTH MO IIUINHIPA 33/1aH0 yeaoBue lupuxiie.
Permenne 3ama4n noxydeno B Bujie psaiaa Pypbe-Beccerist, KOTOPBI CXOIUTCS TOCTATOTHO OBLICTPO.
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The Processes of Heat and Mass Transfer in Biomaterials Limited by Nanoscale
Two-Layer Membrane?

The article considers the boundary value problem for the Laplace equation in a half-cylinder
with base in the form of a two-layer film (membrane). This task is of great interest in problems of
biology because all biological organisms on their border have a multilayer protective film through
which the exchange of substances occurs. The membrane discussed in the article consists of two
strongly and weakly permeable layers. On the membrane there is a set to a generalized boundary
condition. On the lateral surface of the half-cylinder there is a set to the Dirichlet condition. The
solution is obtained in the form of Fourier-Bessel, which converges fast enough.

!PaBora BeinonHeHa B paMkax [ocyzapcTBeHHOrO 3aqaHnst By3y MunICTepCTBa 06pasoBanus u Hayku Poccumii-
ckoit Peneparun (npoekr 2014 /255 HUP 2603.14).

2The work is performed in terms of the State task to higher education institution by the Ministry of Education
and Science of the Russian Federation (project 2014/255 Research work 2603.14).
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ITocTpoenne MaTeMaTHIeCKUX MOJIEJIEl ITPOIECCOB TEIIOMACCOIIEPEHOCA B IIPUPOIHBIX MaTe-
prajax MpUBOIUT K KPAaeBbIM 3ajadaM MaTeMaTudecKoil dusuku. Buosiorndeckne marepuaibl
HE SIBJISTFOTCSI OJTHOPOJHBIMHU U COJEPKAT MHOTOCJIOWHBIE TJIEHOUHBIE BKJIIOUEHUsI Ha IPAHUIIE C
BHeIlHeN cpejoii. PaccMoTpenHble B CTaThe IJIEHOYHBIE BKJIIOYEHHUS COCTOSIT M3 CUJIBHO- U CJia-
BOLPOHNIIAEMBIX [IPOCIOEK, KOTOPBIE, cyenyst paboram [1-3], Mogesupyem 6ECKOHETHO TOHKUMU
CJIOSIME ¢ OECKOHEYTHO OOJIBINON M COOTBETCTBEHHO OECKOHEYHO MAJIONW MPOHUIIAEMOCTHIO.

Pacemorpum B kpyryiom nostytmmausape D = (0 <r < 1) x (—oo < 2 < 0) x (0 < a < 27)
HEKOTOPBIN yCTAHOBUBIIUICS ITPOIIECC TEIIOMACCOIIEPEHOCA, XaPAKTEPUIYIONUNCS TOTEHIINAIOM
u(r, o, z) (u — JaBjaenue, TeMieparypa, KOHIEHTPAIMs BEIIECTBA, HAPSI?KEHUE DJIEKTPUIECKOrO
HoJist ¥ T. JI.). 31eCh T, (, 2 — NUIMHAPUYeCKHe KoopauHathel. [lycrs ocHoBanue z = 0 nosrynu-
JIMHJIPA SBJII€TCS JIBYXCJIOMHOM IIJIEHKOMN, COCTOAIIEHN U3 CHIIbHOIIPOHUITAEMO IIpOoCIoiku 2 = —0
u ciabomponuriaemoit mpocoiitku z = +0. Ha minenke 3ajgano 0600mennoe rpaHunIHOe YCIOBUE
1-ro Tuna [3]. Ha 60K0BOii OBEPXHOCTH MOJIYIMJINHJIPA 33JIaHO OJHOPOHOE yciaosue lupuxie.
Orcrona juist orennmada u(r, «, z) 3ajada uMeeT BU

Au =

S | =

1
(rur)r + ﬁuaa +uy, =0, Ulp=1 = 0, (1)

ABu, + Bu, + uj,—g = f(r, ), (2)

rieuw = O(1) B D, u(r,a+2m, 2) = u(r,a, z), Au B — napaMeTpbl CHIBHO- U CTa0OIPOHUIIAEMBIX
LPOCJIOEK |2|, 6yKBEHHbIE HHJIEKCHI T, (v, 2 O3HAYAIOT YACTHBIE IIPOM3BOIHBIE IO COOTBETCTBY IOIIIM
[IEPEMEHHBIM.

[pecrapisisi wacTHoe perenue 3a1aun (1) B Buje

u(r,a,z) = R(r)®(a)Z(z2),

€ YU€TOM HEePUOIUIHOCTH U 10 « s hyHknuit R, ® u Z nojaydnm 3a1a9u

Yory s (h-™VR=0. R1)=0 (3)
p— 7/' _—— = =
r r2 ’ ’

" +n?d=0 Z'-NZ=0, (4)
rae n =0,1,2,.... Pemmenne 3aja4u (3) umeer Bu

R(r) = Jn(tmnt),

e fmn > 0 — xopun ypasuenust J,(u) = 0, m = 1,2,...; J,(r) — dyukmun Beccenst n-ro
nopsiika [4, c. 632]. Ypasuenne (4) st ¢ nmeer pemenus: cos na u sinna. Orpanndennoe B D
pertienre ypaBaenusi (4) st Z umeer BUJT

Z(z) = etmn®, —00 < z < 0.
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Orcrona 3amaua Hlrypma-Jluysuwiis aist dyakiuu V = R(r)®(«) Buzga
1 1
—(rVe)r + 72Vaa + AV =0, ‘/\T:I =0
T r

MMeeT COOCTBEHHbIE 3HAMEHNSA \ = ji2, | KOTOPBIM COOTBETCTBYIOT OPTOTOHAIbHbIE COGCTBEHHBIE
dyHKITUN

Vinn = JIn(mnr) cos na, Vinn = JIn(mnr) sin na. (5)

Torma obimee perenue 3anaun (1) numeer Bug

8

o
u(r,a, z) = Z Z A, COS N+ by sin ) Iy, (pmn ) €F ™2, (6)

m=1

TIE Gmny Dmn — KO3 DUIMEHTHI, TTOIeXKAIINE Olpe/ie/ieHnio. Pack/iaabiBast rpaHuaHyo PpyHK-
o f(r,a) (2) B psag no coberBenubIM byHKImIM (5):

= Z Z Frim Vi (7, @) + foun Vi (7, )] (7)

n=0 m=1

u3 0000IIEHHOIO IPAHIYHOrO yCJIOBUSI HA IUICHKE (2) HaXO[uM

Amn = 2 5 mn — 2 5 (8)
rre
21 1
fmn = / da/ f(r,a)cosna Jp(mnr) 7 dr, 9
TaGma)ren Jo 2@ Jy 1) () )
5 27
Frn = [J’an/ da/ f(r,a) sinna Jy (pmnr) v dr, (10)

€0 =2, €, =1, k#0. Ilpu srom B cuity Hepasercts A > 0, B > 0 uMe0T MECTO OIEHKH

[ f

mn :U’mn

|G| <

IPH [y, — 00. OTcIona mosyaenusii ps (6) cxoqurces u gomyckaer JuddepeHnupoBanne Heob-
XOJIUMO€E YHCI0 pa3 (yKasaHHbIE Dbl MAyKOPUPYIOTCs PsiyioM (7) U ero COOTBETCTBYIOIIUME
[IPOU3BOHBIMN).

Takum obpaszom, perienue 3a1aun (1, 2) crpourcs 1o dopmynam (6, 8-10).
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