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Abstract: The Birth of fractional calculus from the question raised in the year 1695 by Marquis de L'Hopital to Gottfried 

Wilhelm Leibniz, which sought the meaning of Leibniz's notation for the derivative of order N when N = 1/2. Leibnitz 

responses it is an apparent paradox from which one day useful consequences will be drown. 

There are many functions which are continuous everywhere but not differentiable at some points, like in physical systems of 

ECG, EEG plots, and cracks pattern and for several other phenomena. Using classical calculus those functions cannot be 

characterized-especially at the non-differentiable points. To characterize those functions the concept of Fractional Derivative is 

used. From the analysis it is established that though those functions are unreachable at the non-differentiable points, in classical 

sense but can be characterized using Fractional derivative. In this paper we demonstrate use of modified Riemann-Liouvelli 

derivative by Jumarrie to calculate the fractional derivatives of the non-differentiable points of a function, which may be one 

step to characterize and distinguish and compare several non-differentiable points in a system or across the systems. This 

method we are extending to differentiate various ECG graphs by quantification of non-differentiable points; is useful method in 

differential diagnostic. Each steps of calculating these fractional derivatives is elaborated.        

Keywords: Fractional derivative, Riemann-Liouville derivative, Non-Differentiable Functions, Jumarie  derivative 

1. Introduction  

The concept of classical calculus in modern form was 

developed in end seventeenth by Newton and Leibnitz [1]. 

Leibnitz used the symbol 
n

n

d y

dx
to denote the n-th order 

derivative of ( )f x  [2]. From the above developed notation 

de L’Hospital asked Leibnitz what is the meaning of
n

n

d y

dx
, 

for 1/ 2n  gives the birth of fractional derivative. Recently 

authors [3-8] are trying to generalize the concept of 

derivative for all real and complex values of n. Again in 

generalized notation when n is positive it will be derivative 

and for negative n it will be the notion of integration. In 

these early methods the derivative of constant is found non-

zero. So  
n

n

d y
n

dx
  denotes the generalized order 

derivative and integration, or generalized differ-integration. 

The basic definition of generalized derivative are the 

formulas from Grunwald-Letinikov(G-L) definition, 

Riemann-Liouville (R-L) and  Caputo definition [6,8] .The 

Riemann-Liouvelli definition reruns a non-zero for fractional 

derivative of a constant [9-14].  This differs from the basic 

definition of classical derivative. To overcome this gap 

Jumarie [10] modified the definition of the fractional order 

derivative of left Riemann-Liouville. In this paper we have 

modified the right Riemann-Liouville fractional derivative 
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and used both the modified definition (left and right) of 

derivative to find the derivative of the non-differentiable 

functions and the result is interpreted graphically. The 

calculus on rough unreachable functions is developed via 

Kolwankar-Gangal (KG) derivative a Local Fractional 

Derivative (LFD) [16-20], where limit is taken at 

unreachable point to get LFD. In this paper here there is no 

limit concept; instead the modification is done on classical 

Rieman-Liouvelli fractional derivative by constructing an 

offset function and doing integration for the defined interval; 

for the left and right fractional derivative. The organization 

of the paper is as follows in section 1.1 some definition with 

examples is given, in section 2.0 fractional derivative of 

some non-differentiable is calculated with graphical results 

presented.    

2. Some definitions  

2.1. Grunwald-Letinikov definition  

Let ( )f t  be any function then the  -th order derivative

  of ( )f t  is defined by  

0
0

0
0
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1
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Where  is any arbitrary number real or complex and 

! ( 1)

!( )! ( 1) ( 1)r r r r r
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The above formula becomes fractional order integration if 

we replace  by  which is  

11
( ) ( ) ( ) (2)

( )

t

a t

a

D f t t f d   


  
 

                                              

 

Using the above formula we get for ( ) ( )f t t a   , 

( 1)1
( ) ( ) ( )

( )

t

a t

a

D t a t a d     
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    
    

Using the substitution ( )a t a    we have for a   

, 0  and for t  , 1  ; ( )d t a d   , 

( ) ( ) ( )(1 )t t a t a t a          ; 

( ) ( )a t a    , we get the following 
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We used Beta-function 
1

( 1)

0

( ) ( 1)
B( , 1) (1 )

( 1)
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defined as 

1def
1 1

0

( ) ( )
B( , ) (1 )

( )

p q p q
p q u u du

p q

   
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If the function ( )f t be such that 

( ), 1,2,3...., 1kf t k m  is continuous in the closed 

interval ,a t and 1m m   then   

( )

0

( 1)

( )( )
( )
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1
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2.2. Riemann-Liouville (R-L) definition of fractional 

derivative 

Let the function ( )f t is one time integrable then the 

integro-differential expression    

1
1

( ) ( ) ( ) (4)
( 1)

m t

m

a t

a

d
D f t t f d

m dt

   




 
  
     


                               

 

is known as the Riemann-Liouville definition of fractional 

derivative [6]   with 1.m m    
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In Riemann-Liouville definition the function ( )f t is getting 

fractionally integrated and then differentiated 1m  whole-

times but in obtaining the formula (3) ( )f t must be 1m  

time differentiable. If the function ( )f t  is 1m  whole 

times differentiable then the definition (1), (3) and (4) are 

equivalent.    

Using integration by parts formula in (2), that is 

11
( ) ( ) ( )

( )

t

a t

a

D f t t f d   


  
 

 

we get   

( )( ) 1
( ) ( ) ( ) (5)

( 1) ( 1)

t

a t

a

f a t a
D f t t f d


   

 

 
  

    

The left R-L fractional derivative is defined by  

11
( ) ( ) ( )

( )

1 (6)

k t

k

a t

a

d
D f t t f d

k dt

k k
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And the right R-L derivative is 

 

11
( ) ( ) ( )

( )

1 (7)

k b

k

t b

t

d
D f t t f d

k dt

k k
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In above definitions
k  that is integer just greater than 

alpha and
 

0  
 

From the above definition it is clear that if at time t the 

function
( )f t

 describes a certain dynamical system 

developing with time then for
t 

, where t is the present 

time then state 
( )f t

 represent the past time and similarly if 

t 
 then 

( )f t
 represent the future time. Therefore the 

left derivative represents the past state of the process and the 

right hand derivative represents the future stage.  

2.3. Caputo definition of fractional derivative  

In the R-L type definition the initial conditions contains the 

limit of R-L fractional derivative such as 
1

1lim a t
x a

D b




 

etc that is fractional initial staes. But if the initial conditions 

are 1, 2( ) ( ) ...f a b f a b 
type then R-L definition fails 

and to overcome these problems M. Caputo [15] proposed 

new definition of fractional derivative in the following form 

( )

1

1 ( )
( ) , 1 (8)
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C
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Under natural condition on the function

( )f t
 and as 

n 
 the Caputo derivative becomes a conventional n-th 

order derivative of the function. The main advantage of the 

Caputo derivative is the initial conditions of the fractional 

order derivatives are conventional derivative type-i.e 

requiring integer order states. 

In R-L derivative the derivative of Constant (C) is non-zero. 

Since 

1

0

0

1
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0

1
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(1 )

0 for 0
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






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





  

2.4. Jumarie definition of fractional derivative 

On the other hand to overcome the misconception derivative 

of a constant is zero in the conventional integer order 

derivative Jumarie [11] revised the R-L derivative in the 

following form  

 

1

0

0

( )
( )

1
( ) ( ) ( ) , for 0

( )

1
( ) [ ( ) (0)] , for 0 1

(1 )

( ) for 1, 1.

x

x

x

n
n

D f x x f d

d
x f f d

dx

f x n n n

 





   


   

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 





  
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

  

The above definition [11] is developed using left R-L 

derivative. Similarly using the right R-L derivative other 

type can be develop. Note in the above definition for 

negative fractional orders the expression is just Riemann-

Liouvelli fractional integration. The modification is carried 

out in R-L the derivative formula, for the positive fractional 

orders alpha. The idea is to remove the offset value of 

function at start point of the fractional derivative from the 

function, and carry out R-L derivative usually done for the 

function.   

First we want to find the derivative of constant (C) using 

right R-L derivative, 



European Journal of Academic Essays 2(2): 70-86, 2015 

 

73 
 

1
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(1 )

( ) , for 0
(1 )

0, other wise for ( 0)

b

t

x

d
D C x Cd

dx

C
b x

 



 











 
   
   


 

  
 



 

Since for any function ( )f x  in the interval  ,a b  which 

satisfies the conditions of modified fractional derivative [6] 

can be written as 
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Thus finally we can define in the following form 
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Example: Use the above definition to a continuous and 

differentiable function  
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Again using our right modified definition we obtain   
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2. 5 Unreachable function 

There are many functions which are continuous for all x but 

not-differentiable at some points or at all points. These 

functions are named as unreachable functions. The function 

( ) 1/ 2f x x  is unreachable at the point 1/ 2x  . The 

function ( ) tan( )f x x is unreachable at the point

/ 2x  .   

These functions are non-differentiable i.e. unreachable 

functions, at some points in the interval. To study those 

functions we are considering the following examples and the 

fraction derivative will be found using Jumarie modified 

definition. 

3. Fractional derivative of Some Unreachable 

Functions   

Example 1:  ( ) (1/ 2)f x x  defined on [0, 1].This 

function is continuous for all x in the given interval but not 

differentiable at 1/ 2x  i.e. we cannot draw tangent at this 

point to the curve. The curve is symmetric about the non-

differentiable point which is clear from the figure 1. To study 

behavior of the function at we want to find out fractional 

derivative at 1/ 2x  using the modified fractional 

derivative of Jumarie. 
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Fig. 1. Graph of the function |x-1/2| 

(a) The fractional order derivative using Jumarie 

modified definition is    
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From the above expression it is clear that though (1/ 2)f 

does not exist but the fractional derivative 
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also clear from Fig-2. For 0.5 
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Fig.2 Graph of the function 
( ) ( )Lf x

for different values of 

alpha.
 

 (b) The fractional order derivative using right R-L definition 
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Fig.3 Graph of the function 
( ) ( )Rf x

for different values of 

alpha.
 

From figure 3 it is clear that the right modified derivative 

exist for this non-differentiable function. Thus both the cases 

we noticed that the function is not differentiable at 1/ 2x   

but its fractional order derivative exists. The value of half 

right derivative
(0.5) 1(1/ 2)

2
Rf 

  

From the above two examples it is clear that for 

differentiable functions the modified definition (both left and 

right) of the fractional derivative gives the same value at any 

particular point but for those functions having non-

differentiability at  some point gives different value for the 

LFFT and RIGHT MODIFIED DERIVATIVE. The 

difference in values of the fractional derivative at the non-

differentiable points indicates the PHASE transition at the 

non-differentiable points. The difference of the LFFT and 

RIGHT MODIFIED DERIVATIVE is here defining as 

the indicator of level of phase transition. 

In example-1 we consider a function which is symmetric 

about the non-differentiable point and the function is linear 

in both sides of the non-differentiable points. Now we are 

considering a function which is non-symmetric with respect 

to the non-differentiable point and linear in both side of the 

non-differentiable point.  
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Fig-4: ECG peak of V5 

From the figure it is clear that this function is continuous for 

all values of x   in the given interval and non-symmetric 

about the point 2.5x    (the non-differentiable point). We 

give a translation 2z x  and rewrite the functional form 

by same notation and the interval  2,3  to 0,1  and the 

translated function is 
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This function is continuous at for all x but not-differentiable 

at 1/ 2x   but nature of discontinuity is different from the 

function 
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2

f x x  in [0, 1]. 

(a) The fractional order derivative using Jumarie 
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function is ( ) 10 4f x x  , and do the integration in two 

segments 

( )

1/ 2

0 1/ 2

1/ 2

0

1/ 2

1/ 2

0

1/ 2

( )

1
( ) [ ( ) (0)]

(1 )

10 ( )
1

(1 )
( ) {17 16 4}

10( ( ))( )
1

(1 )
( ) {13 16 16( )}

L

x

x

x

f x

d
x f f d

dx

x d
d

dx
x d

x x x d
d

dx
x x x d













  


  


  

  


  













 
   

   

 
 

 


  
    
 
 

 
   




 
    

 

 









1/ 2
2 1

0

2 1

1/ 2

2 2 1

2 2

1 1 2

1 ( ) ( )
10

(1 ) 2 1

( ) ( )
16 (13 16 )

2 1

( 1/ 2) ( 1/ 2)
10 5

1 1

( 1/ 2)
10

2

1 ( 1/ 2) ( 1/ 2)
16

(1 ) 1

x

d x x
x

dx

x x
x

x x x

x x

d x x x

dx

 

 

  

 

 

 

  

 

 

 



 

 

 

  

 

 






   
   
    

  
   

    

  
 

 

 




  
  
  

2

1

2

( 1/ 2)
( 1)

2

( 1/ 2)
(13 16 )

1

x
x

x
x



















 
 
 
 
 
 
 
 
 

 
  
 

 
 
  

 

 

1
1

1

1 1

16 10 10
( 1/ 2)1

1 1
(1 )

( 1/ 2) (16 8)

26( 1/ 2) 10

(2 )

x
x

x x

x x






 



 









 

 
       
    

  


 

Therefore 



European Journal of Academic Essays 2(2): 70-86, 2015 

 

78 
 

 

1

( )

1 1

10
for 0 1/ 2

(2 )
( )

26( 1/ 2) 10
for 1/ 2 1

(2 )

L

x
x

f x
x x

x





 







 


 

 
 

  
   

 

Therefore though the function is not differentiable at

1/ 2x   but the  -order derivative at 1/ 2x   exists and 
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. The graphical 

presentation of 
( ) ( )Lf x

for different values of alpha is 

shown in the figure-5, from the figure it clear that 
( ) ( )Lf x

exists at the non-differentiable point 1/ 2x  .  
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Fig-6: Graph of the function 
( ) ( )Rf x

for different values of 

alpha. 
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 The graphical presentation of 
( ) ( )Rf x

for different values 

of alpha is shown in the figure-6, from the figure it clear that 
( ) ( )Rf x

exists at the non-differentiable point 1/ 2x  .
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Fig-8 Graph of the function 
( ) ( )Lf x

for different values of 

alpha. 

From the figure 7 and 8 it is clear that though this function is 

not differentiable at 1/ 2x   but its fractional derivative of 
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Fig-9 graph of the function defined above. 

This function is continuous for all values of x  in 0,1  but 

not differentiable at 1/ 2x   which is clear from figure-9. 
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For calculations for the fractional derivative for 

1/ 2 1x  we need to calculate, the fractional derivative 
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Thus though this function was non-differentiable at 1/ 2x   

but the fractional derivative exists at 1/ 2x  .  The graph of 

the fractional derivative for different values 

, 0 1   is shown in figure-10. 

 

Fig-10 Graph of the function 
( ) ( )Lf x

for different values of 

alpha. 
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(b) The fractional order derivative using right R-L definition 

on same function we get 
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Fig-11: Graph of the function 
( ) ( )Rf x

for different values 

of alpha. 

Therefore  

1 1 2

( )

1

2(1 ) 8(1/ 2 ) 8(1 )
, for 0 1/ 2

(2 ) (2 ) (3 )
( )

2(1 )
, for 1/ 2 1

(2 )

R

x x x
x

f x
x

x

  





  



  



   
    
     

 
  

  
 

The fractional right modified derivative of the function is 

shown in the figure-11. The value of the derivative at

1/ 2x   is  
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This value of right derivative differs from the value of the 

Jumarie left derivative to this function which indicates there 

is a phase transition at 1/ 2x  . 
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The previous function was linear in one side of the 

differentiable function and non-linear in other side, of the 

transition point.  Now we consider a function which is non-

linear in both sides with respect to the non-differentiable 

point, but continuous at that transition point. 

Example 5:  Now consider the function 
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. 

This function is not symmetric with respect to the non-

differentiable point 1/ 2x  , refer figure-12.  To 

characterize this function the fractional derivative of this 

function is calculated using both side modified definition of 

derivative.  
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Fig-12 graph of the function defined above. 
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Fig-13 Graph of the function 
( ) ( )Lf x

for different values of 

alpha. 
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Fig-14 Graph of the function 
( ) ( )Rf x

for different values of 

alpha. 

From Fig-13 and 14 it is that though the function is not 

differentiable at x=1/2 but fractional derivative exists at the 

non-differentiable point both in left and right sense.  
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The difference of left and right derivative at x=1/2 is 
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R Lf f
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Indicates the level of phase transition. 

 

4. Conclusion  

From the above examples it is clear that some functions 

which are unreachable at a non-differentiable points in the 

defined interval in classical derivative sense but they are 

differentiable in fractional sense. But the modified fractional 

derivative in both left and right sense gives same value for 

differentiable functions but gives different value for non-

differentiable case.  For non-differentiable the difference in 

values of the fractional derivative in Jumarie modified and 

right R-L modified sense indicates there is phase transition 

about the non-differentiable points. The difference in values 

indicates the level of the phase transition. These are useful 

indicators to quantify and compare the non-differentiable but 

continuous points in a system. This method we are extending 

to differentiate various ECG graphs by quantification of non-

differentiable points; is useful method in differential 

diagnostic.       
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