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Abstract: The Birth of fractional calculus from the question raised in the year 1695 by Marquis de L'Hopital to Gottfried
Wilhelm Leibniz, which sought the meaning of Leibniz's notation for the derivative of order N when N = 1/2. Leibnitz
responses it is an apparent paradox from which one day useful consequences will be drown.

There are many functions which are continuous everywhere but not differentiable at some points, like in physical systems of
ECG, EEG plots, and cracks pattern and for several other phenomena. Using classical calculus those functions cannot be
characterized-especially at the non-differentiable points. To characterize those functions the concept of Fractional Derivative is
used. From the analysis it is established that though those functions are unreachable at the non-differentiable points, in classical
sense but can be characterized using Fractional derivative. In this paper we demonstrate use of modified Riemann-Liouvelli
derivative by Jumarrie to calculate the fractional derivatives of the non-differentiable points of a function, which may be one
step to characterize and distinguish and compare several non-differentiable points in a system or across the systems. This
method we are extending to differentiate various ECG graphs by quantification of non-differentiable points; is useful method in
differential diagnostic. Each steps of calculating these fractional derivatives is elaborated.
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and for negative n it will be the notion of integration. In

these early methods the derivative of constant is found non-
n

d
dle V' N denotes the generalized order

derivative and integration, or generalized differ-integration.

1. Introduction

The concept of classical calculus in modern form was
developed in end seventeenth by Newton and Leibnitz [1].

n

zero. So

Leibnitz used the symbol

y
ax" to denote the n-th order

derivative of T (X) [2]. From the above developed notation

n

d'y
ani

de L’Hospital asked Leibnitz what is the meaning of

for N=1/2 gives the birth of fractional derivative. Recently

authors [3-8] are trying to 9eneralize the concept of
derivative for all real and complex values of n. Again in
generalized notation when n is positive it will be derivative

The basic definition of generalized derivative are the
formulas  from  Grunwald-Letinikov(G-L)  definition,

Riemann-Liouville (R-L) and Caputo definition [6,8] The

Riemann-Liouvelli definition reruns a non-zero for fractional
derivative of a constant [9-14]. This differs from the basic
definition of classical derivative. To overcome this gap
Jumarie [10] modified the definition of the fractional order
derivative of left Riemann-Liouville. In this paper we have
modified the right Riemann-Liouville fractional derivative
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and used both the modified definition (left and right) of
derivative to find the derivative of the non-differentiable
functions and the result is interpreted graphically. The
calculus on rough unreachable functions is developed via
Kolwankar-Gangal (KG) derivative a Local Fractional
Derivative (LFD) [16-20], where limit is taken at
unreachable point to get LFD. In this paper here there is no
limit concept; instead the modification is done on classical
Rieman-Liouvelli fractional derivative by constructing an
offset function and doing integration for the defined interval;
for the left and right fractional derivative. The organization
of the paper is as follows in section 1.1 some definition with
examples is given, in section 2.0 fractional derivative of
some non-differentiable is calculated with graphical results
presented.

2. Some definitions

2.1. Grunwald-Letinikov definition

Let f(t) be any function then the ¢ -th order derivative
a ell of f(t) isdefined by

D F()=lim b Z( Jf(t—rh)

n a'

—_— “*f(r)d

- Ca i) I (t-2) " f(2)dz
G

T(-e) I (t—o) D

Where ¢ is any arbitrary number real or complex and

a) IN'a+1)
1=

CI(r+)(a—r+1)
The above formula becomes fractional order integration if
we replace o by —a which is

a!
r'(a—r)!

Df ()= % [t-0t@dr @

Using the above formula we get for f (t) =(t—a)”,

Di(t-a)y =———|(t-7)“(r-a)dr

I'(-a )I
Using the substitution 7 =a+ &(t —a)we have for 7=2a
,E=0and for 7=t,&=1; dr=(t—-a)d<&,

71

(t-7)=t-a-S(t-a)=(t—a)l-<);
(r—a)=&(t—a), we get the following

_Df(t—a) = ﬁj(t —7) D (r—a)ydr
—a),
T )j(t a) “(1-&) 7 (t-a) (t-a)dé
_(E-a)" b aeng
Tl & @ e
_ (=™
o) ———B(-a,y +1)
__ T+ gy B
NORE a)( a) ™, (ax<0,y>-1)
We used Beta-function
e gywnge - LEDT@+Y
B(—a,y+1)—£§ -8y “ag=2
defined as

def 4 I'(p)I'(q)
B(p,q) = [uP*1-u)" du = -2
(p,q) !u (I-u)™du C(pra)

If the f(t) be that
f¥@t), k=12,3...,m+1is continuous in the closed

function such

interval [a,t] and M< a <m+1 then

-3 e

pa (—a+k+1)

1
t— m-oa f (m+1) d
F(—a+m+1)£( 2 (r)dz

®3)

2.2. Riemann-Liouville (R-L) definition of fractional
derivative

Let the function f(t) is one time integrable then the
integro-differential expression

;(EJ j(t—r)m“ f(2)dr

[(~a+m+)idt) - @

D)=

is known as the Riemann-Liouville definition of fractional
derivative [6] withm <o <m+1.
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In Riemann-Liouville definition the function f (t) is getting
fractionally integrated and then differentiated M+1 whole-
times but in obtaining the formula (3) f(t) must be m+1

time differentiable. If the function f(t) is m+1 whole

times differentiable then the definition (1), (3) and (4) are
equivalent.

Using that is

Df ()= ﬁj(t _o L (D)dr we get

integration by parts formula in (2),

1 v e
oD [t-o) f'@)dr (5)

a

f@-a)

DT = I(a+1)

The left R-L fractional derivative is defined by

L (%) [0t (n)de

I'k-a)
k-1<a<k
And the right R-L derivative is

1 A Feppyees

k—-1<a<k

DO f(t) =

(6)

tDt?f(t):

(7

In above definitionsk ell that is integer just greater than

alphaand >0 aell

From the above definition it is clear that if at time t the

function () describes a certain dynamical system

<t

developing with time then for , Where t is the present

time then state F() represent the past time and similarly if

r>t then ) represent the future time. Therefore the
left derivative represents the past state of the process and the
right hand derivative represents the future stage.

2.3. Caputo definition of fractional derivative

In the R-L type definition the initial conditions contains the
H a-1 __
lim_ D" =Db

limit of R-L fractional derivative such as ,_,,

etc that is fractional initial staes. But if the initial conditions

are f(a)= bl f'(a) :bZ "“*type then R-L definition fails
and to overcome these problems M. Caputo [15] proposed
new definition of fractional derivative in the following form

(n)
(@) dr,n-1l<a<n

tha f (t) = (t _ z_)0(+l—n

@)

1 t
IN'a— n)J'

a

Under natural condition on the function F() and as
=N the Caputo derivative becomes a conventional n-th

72

order derivative of the function. The main advantage of the
Caputo derivative is the initial conditions of the fractional
order derivatives are conventional derivative type-i.e
requiring integer order states.

In R-L derivative the derivative of Constant (C) is non-zero.
Since

1 t
D“C= t—7)“'Cdr
o I'(-a) I =)
—-a 1
L j(l—x)’“dx,Where T =1X
r(_a) 0
I-a) -a |
Ct— for o <O
=< T'(1l—o)
0 for ¢ >0

2.4. Jumarie definition of fractional derivative

On the other hand to overcome the misconception derivative
of a constant is zero in the conventional integer order
derivative Jumarie [11] revised the R-L derivative in the
following form

1
I'(-a)

DY f(x)= i(x—f)‘“‘lf(g)dé,fora<0

1 d} Y
_mag(x-g) [f(£)- f(0)]d&, for0<a <1

:( f (“’”)(x))(n) forn<a<n+1, n>1.

The above definition [11] is developed using left R-L
derivative. Similarly using the right R-L derivative other
type can be develop. Note in the above definition for
negative fractional orders the expression is just Riemann-
Liouvelli fractional integration. The modification is carried
out in R-L the derivative formula, for the positive fractional
orders alpha. The idea is to remove the offset value of
function at start point of the fractional derivative from the
function, and carry out R-L derivative usually done for the
function.

First we want to find the derivative of constant (C) using
right R-L derivative,



European Journal of Academic Essays 2(2): 70-86, 2015

1 1 dq
D(C) = - x) “Cd @ (x) = | (x=&)" _ , .
©=ri- )( jj(f ) “Cdé i dx!(x IHE) - f(@)]d&0<a <1
C X
—x) 1 d
(g O fora <0 S o [[ o M E W
. [l-a)dx:
0, otherwise  for(a >0)
1 dg
Srripre LEHIGILE
Since for any function f(X) in the interval[a,b] which (L=a) o
isfies th diti f modified fractional derivative [6 1 d -a
(s;:s ies the con |tt|)c;ns of modifie V\:zittécr)]na erivative [ag _ s &J.(X—éf) [(x= &)+ (x-a)]dé
f(x) = f(b)—[f(b)— f(x)] :
D” f(x) = D" f(b) - D“[f (b) - f(X)] o1 dy - —a
o ro-o i LG AGLLE &
Dy[f(b)— ()] =— s )I(f—x)ﬂlf(f)df _ 1 d . _(X_gc)?*“ X+(x—a) _(X_é:)lfa "
['(1-a) dx 2-a l-«a
For O<a<l, 8
DTt (0) - f(x)]=—f<“><x)=—(f<“*1><x))' 4 deea ea
@ (y) _ 1 TTa- a)dx{ 2-«a l1-a }
f@(x)=— X)“[ f (b)— f (&)]d
0= oy ax) I ORIO T 1 i
andfor n<a <n+1, _F(l—a)&{(Z—a)(l—a)}
£ =[ £ (0] _a
Thus finally we can define in the following form = % we used here  nI'(n) =I'(n+1)
b Therefore

L j X) " (£)dé fora <0

b—a) "
, ) fwf(atb)_ 1 a+b 1_0’_[2)
1 “a L [ 2 )_F(Z—a)( 2 _aj T Tr2-a)
= j(g—x) [f(b)- f(&)]d& for0<a <1
(1 a) X Again using our right modified definition we obtain
:(f(“”()) forn<a<n+ln>1.

Example: Use the above definition to a continuous and
differentiable function

f(x)=x-c, a<x<h.

By using the Jumarie definition (as above) we obtain for left
fractional derivative

73
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f{(x) = Example 1: f(X) :|X—(1/ 2)|defined on [0, 1].This
1 d \® function is continuous for all X in the given interval but not
T(—d—jj(f X)“[f(b)—f(5)]dE,0<a <1. (ifferentiable at X =1/2i.e. we cannot draw tangent at this
- XJ% point to the curve. The curve is symmetric about the non-

1 d® differentiable point which is clear from the figure 1. To study
—d_'[( —X) “[£—c—(b—-c)]d¢& behavior of the function at we want to find out fractional

derivative at X=1/2sing the modified fractional
derivative of Jumarie.

:;a%j(g—x)-“[(f—x)+(x—b)]dr§

F(l— i
—_— X)" +(x—b x)“]1d
r(l_ 2 ax) j[@ )7+ (x=b)(E %) “1d&
2—-a l-a ost_ -
L A0 (g
F(l a) dx 2—-«a -—a | L P
1 d[e-x (b—x)H B
F(l a) dX 2—-«a 1-a Lo R
B (b_ X)l—a
['(2-a) Fig. 1. Graph of the function |x-1/2|
Therefore (&) The fractional order derivative using Jumarie

modified definition is

b-—a) ™
o |y . 1 df
e e ) —(rél) W00 = F gy e (9) “THE - FOIE 0< <L

<x< -
Thus in both the cases (for L and R) value of f (@) (a—;bj When 0<x<1/2 Y x+@1/2)

is equal. Thus for continuous and differentiable functions (a) _ _EY o[ §f —£(0Nd
(b—a)l_“ () = F(l_ ) j( &I (&) - F(0)dé

both the values are equal, and is equal to — 1/2)— 1/ 21d
r2-a) m_ 2 ) j( & [+~ WU2)dS

2.5 Unreachable function

There are many functions which are continuous for all X but F(l— )d _[( =¢) “[(x=&)—x]d¢g

not-differentiable at some points or at all points. These
functions are named as unreachable functions. The function

1-a
f () =|x—1/ 2| is unreachable at the point X =1/ 2. The F(l— ) dx .([[( —o) " X(x=£)“ldg
function f(x)=tan(x) ;j hable at th int Y T
Wi is unreachable at the poin (X 5)2 X(X_f)l
F(l a) dx l-a |

These functions are non-differentiable i.e. unreachable
functions, at some points in the interval. To study those

functions we are considering the following examples and the 1“(1 a) dX (2 a)(l a)
fraction derivative will be found using Jumarie modified

definition.

3. Fractional derivative of Some Unreachable F(z_“)

Functions

74
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Again when 1/2<x<1 F(X)=x—1/2) the

fractional derivative from zero to half and beyond is done in
two separate segments as below

Faia)él(j o j(x—f)“ﬁ(gy—fmndg

0 1/2

0 -

[1/2

y [ (=& “[-¢+@W/2)-@/2]de+

- I'l-ea) dx

[ x=&)“[g-@2)-@/2)ds

L1/2
JI/Z
0

_Qxx—a*“+xu—§f“

2—-a l-«
<[ ooy L= - (x- e

L 1/2
Jllz
0

ECE N (ol
2—-«a

__ 1 d
I'l-«) dx

+ [ (x=&) [ -1dé

L 12

'(_(x—gf"+x(x—§f“

2—a -«

__ 1 d
rl-a) dx

2—-«a l-«a

1 d

[_(x—ff"+x(x—§fa
=l"(l—oz)&
l-«

L 1/2
M 2-a 2-a 1-a 1-a
~(x=1/2)7" —x +X(x—1/2) —X
2—-«
2-a
_(x-1/2) N
L 2—-«
C2(x-1/2) —x
r2-a)

__ 1 d
(- ) dx

l-«a

‘1) (x—1/2)"*

( l-o

Therefore

Xl—a
T2-a)
2(x—1/2)" —x-

I2-a)

0<x<1/2
£ (x) =

, 1/2<x<1

From the above expression it is clear that though f'(1/2)

does not exist but the fractional derivative fl_(a) exists at
1/2)%
_—F(Z—a) which is
also clear from Fig-2. For O‘ZO-SWE get the value as
1/ 2)3/2
" T(3/2)

X=1/2 gnq equals to fl_(a) 1/2)=

fL(o.S) 1/2) = with T3/2)= 712 we get
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x=1/2

a value of left half derivative at

(0.5) _
£09@1/2) = }/ o

as

f dot alpha

Fig.2 Graph of the function f ) (x) for different values of

alpha.

(b) The fractional order derivative using right R-L definition
and modifying the same as Jumarie, on same function we
get

1 dg B
r(1—a)&£(§‘x) [f@Q)-f(IdE,0<a <L,

When 0<x<1/2

0=~

f(X) =—x+(1/2)

. o 1 i 1/2 1
f700 = r(l-a) dx(j ’ I

X 1/2

j(é—x)“[f(l)— f(5)lds

1/2

[ =% [-x-(E-x]de
1 d| %

T(l-a) dx

[0+ (x=D(E %) “1d&

1/2
[—x(@/2-x)  @/2-%)*" |
l-«a - 2—«a

N 1-x)"" —(1/2-x)*"
2—«a
1-x)"" —(1/2-x)"™

l-«a

ot d
I'l-ea) dx

+(x-1)

C(1-x) - 2(1_/ 2-x)"
- r2-ea)

When 1/2<x<1 f(x)=x—(1/2)
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() _;il o ) i
fq (X)_r(l—a) dx_[(f X) (& —@1/2)—(1/2))]d&
1 d »
_m&.[(é:_x) [(&—x)+(x-D]d&
e e
Ql-a)dx| 2-«a o |
e S e S
I'l—a)dx| 2-« -
Cab Vi
_F(z—a)
Therefore
1-X)" —2(1/ 2= )"
[ awane)
£ (x) = . r(2-a)
&’ for 1/2<x<1
F(Z—a)

fractional derivative of mod(x-0.5)
1 T T =

- N

f dot alpha

Fig.3 Graph of the function fR(“
alpha.

)
(X) for different values of

From figure 3 it is clear that the right modified derivative
exist for this non-differentiable function. Thus both the cases

we noticed that the function is not differentiable at X =1/2
but its fractional order derivative exists. The value of half

right derivative f\"¥ (1/2) = }/\T
T

From the above two examples it is clear that for
differentiable functions the modified definition (both left and
right) of the fractional derivative gives the same value at any
particular point but for those functions having non-
differentiability at some point gives different value for the

76

LFFT and RIGHT MODIFIED DERIVATIVE. The
difference in values of the fractional derivative at the non-
differentiable points indicates the PHASE transition at the
non-differentiable points. The difference of the LFFT and
RIGHT MODIFIED DERIVATIVE is here defining as
the indicator of level of phase transition.

In example-1 we consider a function which is symmetric
about the non-differentiable point and the function is linear
in both sides of the non-differentiable points. Now we are
considering a function which is non-symmetric with respect
to the non-differentiable point and linear in both side of the
non-differentiable point.

Example 2: Let

10x -186,
F=1"
49 -16X,

which arises in approximation of a lead in ECG graph of V5
peak of a patient

Fig-4: ECG peak of V5

From the figure it is clear that this function is continuous for
all values of X in the given interval and non-symmetric

about the point X =2.5 (the non-differentiable point). We
give a translation Z = X— 2and rewrite the functional form
by same notation and the interval[2,3] to[O,l] and the
translated function is

10x +4, 0<x<05
f(x):{ X+ X

17 —16x, 05<x<1

This function is continuous at for all X but not-differentiable
at X =1/2 but nature of discontinuity is different from the

function f(X)= X—% in [0, 1].

(a) The fractional order derivative using Jumarie
modified definition is
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1 odi
g o) D O~ 10K 0<a
1 d ¢

—¢)“[f(5)-4ldS

f(x)=10x+4

TTa- )d_0

When 0<x<1/2 f(0)=4

(a) _ g\«
f (m-ra_ 2 ] I( £) “[10¢ + 4 - 4]d¢
1 l-a
- )dJI(x E) " ~(x=&)1d¢
__ 10 dfe=9r =9
'l-a)dx| 2-« l1-a |,
~ 10 i_ XZ—a ~ X2—a
Tl-a)dx|l-a 2-«a

10 d x> B
T(l-a)dx| 2-a)1l-a) |

When 1>x>1/2

10x*“
r2-a)

f(X) =17 —16X here we require
the value at T (0) =4and also interval [0,0.5]where the

function is f(X) =10x+4, and do the integration in two
segments
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£ (x) =
1 d

el ]

1/2

1/2

. [105(x-&)“d¢

“T-a)dx| *

1/2
1/2

14
I'l-«) dx

1/2

1 d

+ [ (x=&) “f17-16¢ -

x=g

J(X—i)"[f(f)— f(O)]ds

4ydg

[ 100x-(x=&)(x-¢) “d¢

+j (x—&) “f13-16x +16(x— E)}dE

_ —_10(()‘_5)2_& -
ri-a)dx| | 2-a

_(16()(Z_£+(13_16X)M

1 -«

2-a

l1-a

jZL/Z
0

L

B 2-a
10(x—1/2) —X
l-a
_ Z—zx_ 2—a
10(x 1/2) X

2—«a

l-a

1-a ]
g (x-1/2)

l-a

(x=1/2)*"

1 d+1

B d 6(x—1/2)1‘“—x
I'l-«) dx

l-a
+(x—1)—(x_112)2a

l-a
L (x=1/2)

(13-16x)

1 —(x-1/2)

2—«a

L. 16a+10 10x¢
+

l-«o

—~(x—1/2)"*(16x—8)
{-26(x—1/2)" +10x"}
I2-a)

=1”(1—0{)

Therefore

l-o
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1-a
Fl(;x for0<x<1/2
-1 o
{-26(x—1/2)" +10x" |
for1/2<x<1
r2-e)

Therefore though the function is not differentiable at
X =1/2 but the ¢ -order derivative at X =1/2 exists and

101/ 2)"
r2-a)

presentation of . *(x)for different values of alpha is

equals to f|_(”‘)(1/2): The  graphical

shown in the figure-5, from the figure it clear that f“’(X)
exists at the non-differentiable point X =1/2.

fractional derivative of non-symmetric function
T T

=

10

f dot alpha

Fig.5 Graph of the function f*(x) for different values of
alpha.

The fractional order derivative using right R-L definition on
same function we get

f{(x) = L dij “TEA) - f(E)]dE,0<a <1,

F(l
When 0<x<1/2

78

d 1/2 1 »
()——m_ o [j +J j(:—x) [FQ)-f(£)ds

1/2

L [ (G=%7[10(& - %)+ (L0x+3)]d¢

:F(l—a)& 1 - )
16 [ [-(£ =) + (L= x)(E-x)“1d¢

1/2

_|:10(§—X)2 a (1OX+3) (§ X)l a:| -

2—-a -a

_ 1 d
(- a) dx g 2-a
(L-a) dx +16{(1 W &0 (=% }

l-«a 2-a

{10(1/2—x)2“ (1Ox+3)(1/2 x)la}
2-a -a

_ 1 d 1-x)" (/2= x)+
Tl-a)dx| |@X) -

16
B 1-x)"“-@1/12-x)*"
2-a

~10(1/2-x)"“ + ﬂ (1/2-x)"
l-«a

+10(L/ 2 - X)“ —8(L/ 2 X)

TT(-a)|+81/2-x)" +1£(1/2— X)-
o

_1__ (1 X)l—
_ 26(1- >_<)2 “_16(1—X)"“ _
- I'2-e)

When 1/2<x<1

f{(x) = j (&-%)“(17-16& -D]d&

r(1— a) dx

m j (&=%)“[A-x) - (£-x)]dé

o 0 (0,0 g0 0 |
F(l a)dx 2—-« -—a |

16 { 1-x)** L -x) 1- x)l‘}
“Tl-a)d| 2-a T
~ 6(l—x)1’”’

I2-a)
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Right fractional derivative of non-symmetric and non-linear function

f dot alpha

Fig-6: Graph of the function f{*(X) for different values of
alpha.

Therefore
Y _ v\«
26(1 X)r(Z 16)(1 )™ for 0<x<1/2
nga) (X) = 1-a ¢
1680 for2<x<t
r-a)

The graphical presentation of fR(“)(X) for different values
of alpha is shown in the figure-6, from the figure it clear that
f{) (x) exists at the non-differentiable point X =1/2.

Thus; though the considered function is not differentiable at
X =1/2but its right modified fractional derivative exists

l-a
and its value is f{“ (1/2) =—16ﬂ which differ
Ir2-«a)
l-a
from the value f“)(1/2) =10& of the derivative
I'2-a)

at X=1/2obtained by left modified R-L derivative by
Jumarie modification.

Here the difference indicates there is a phase transition from
the left hand to the right hand side about the point X =1/2
(1/2)+
r2-a)

and the level or degree of phase transition is 26
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Example 3:

0<x<0.5
05<x<1

30x+4,

et 1) :{34—30x

which arises in mapping of a lead in ECG graph. This
function is continuous for all values of X in[O,l] but not

differentiable at X =1/2.

L R R 1 T L

Fig-7 Graph of the function

F(x) = 30x+4,0<x<05
134-30%,05<x<1

(a) The fractional order derivative using Jumarie
modified definition is

@ L odp o, _

(00 = F gy aed 8 THO- O 0<ar <1
- g @) - a0

r(l-a)dx;

When0< x<1/2
30

I'l-a)
04 ey fx-(x-o)de

0

900 = S Jx-gyvede

B rl-eo) dx

{_X (=& (x=9)*"
-« 2—a
2-a X2 }

_ 3 d '
F(1-a) dx .
30 d _30x"
r2-eo)

X
_F(l—a)&{l—a_Z—a
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Whenl/2 <x<1.

f“(x)= r(f?a)%h (X&) “(E)dé+ J (X=E) (=)
0 d J r=g) - (x- g

i T(l-a)dx| _

+ J (x=&)*{(x=&)+(1-x)}d¢

x (X_é:)l—a . (X—f)z’“ 1/2
30 d 1-q 2-a |,
= Iril- d_ g L
(1-a) dx +[_(X2_i_(1_x)&}
- 1-a 1/2
_ X(X—‘S)La vl . (x-1/ 2)270, e 1/2
.00 l-a 2-a 0
F(l—a) dx +[M+(1_X) (X 1/2)1_(1 ]x
> l-a 1/2
30{X1_“ —2(X_1/2)1—a}

) ['(2-a)
Therefore

30x" ot
f(a)( )_ F(Z 0[)

30{x" al:(zz(x —)1/2)105}for o

-a

fractional derivative of symmetric linear function
T T T

f dot alpha
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Fig-8 Graph of the function f*(X) for different values of

:tlpha

rom the figure 7 and 8 it is clear that though this function is
not differentiable at X =1/2 but its fractional derivative of
order o with O<a<lexistsatx=1/2 .

30
['(2-a)

In previous all the problems we consider the functions which
are linear in both side of the non-differentiable point. In the
next example we consider a function which is linear in one
side and non-linear in other side of the non- differentiable
point.

Here T (x=0.5)= L/2)"

Example 4: Let

2
F(x) = 4X° +2X+2,
5-2x,

0<x<05
05<x<1

Fig-9 graph of the function defined above.
This function is continuous for all values of X in[O,l] but
not differentiable at X =1/ 2 which is clear from figure-9.

(@) The fractional order derivative using Jumarie
modified definition is

(a) ix _ —-a _
()—F(1 OIX!(x E)YULF(E) - F(0)]dE,0<ar <1
For 0<x<1/2 f(X) =4x> +2x+2
£ At apger
()—F(1 S o j(x £) “[4£% +2£]d¢
4E% 4 28 + 4x2 —8XE —8X?
F(l— )dxj( o +8XE — 2%+ 2X + 4X? a
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1 d . —a 2 2
=r(1_a)w(£(x-§) [4(x— )2 — (Bx+2)(x— &) + 2%+ 4x*]dé
1 d I A=) - D=

T(L-a) dxg| +2x(L+2X7)(x &)™
4x-&)°" (x=9 |
] 1 i_ — +(8x+2) =
M- & o e (Xl_ £y
_a \
S OI{4’(3_61—(8“2) x4 XM}
[l-a)dx| 3-a -a l-a
- {28(11]}
I'l-a) l-a 2-a

1 {2%“ M( 11 ﬂ

= +8X7 | ——

Il-a)| 1-a l-aa 2-a

S {2x”+8x2_a]

r2-a) 2-a

(a) _ (4-a) (lja

f ' (1/2) —F(3—a) 5
For1/2<x<1 f(x)=5-2x
For calculations for the fractional derivative for

1/2 < x<1we need to calculate, the fractional derivative
from start point f(0) , and thus take the function in the
region 0<X<1/2which is f(X)=4x>+2x+2and
start point value is f (0) =2; and do the integration in two

segments first in [0,0.5] and then[0.5,1], as demonstrated
in the following steps.

L d
; r(l-a) dx

12

[ (x=&)“[4(x- )" - (Bx+2)(x - £) + 2x+ 4X°JdE

(Xx=&)[f(&)-f(0)]d¢&,0<a<l, f(0)=2

(S ——

d X

"4 - -2z-210e

) 1J.2(x—§)’“[4(x—§)2—(8x+2)(x—§)+2x+4x2]d§+
1 o

S T o132 v 20x- e

12
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[ 4= =gy 1"
-———+(8x+2)
3-a 2-«a
1-a
1t ¢ —(2x+4x2)(x_‘§)
I'(l-a)dx l-a do
1-a 2-a
[ ap9 =8, 020
L l-a 2-a Ji2 |
B 3-a 3-a 2-a 2-a |
4x -(x-1/2) —(8x+2)X -(x-1/2) s
3-a 2-a
_ 1 i(2X+4X2)x1'”—(x—1/2)1'“+2(x—1/2)1'“
['(l-a) dx l1-a l1-a
2-a 2-a
_2(x—1/2) +2(x—1/2)
1-«a 2-a |
X . X _8(x—1/2)2'“_8(x—1/2)1’“
[3-a) TI(2-a) ['(3-a) ['(2-a)
Here also
f@2)=4-a) (1
IrG-a)\2
Lo 8
1_(2_(Jt{2.x +2_Jf0rOSXSO.5
fl‘(a) (X) = 2-a l-a 2-a l-a
8 X + X —8(X_1/2) - (x-1/2) for0.5<x<1
I'3-a) T(2-a) I'(3-a) ['2-a)

Thus though this function was non-differentiable at X =1/ 2

but the fractional derivative exists at X =1/ 2. The graph of
the  fractional derivative  for  different  values

o,

0 < a < lis shown in figure-10.

f dot alpha

Fig-10 Graph of the function f* (x) for different values of

alpha.
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(b) The fractional order derivative using right R-L definition
on same function we get

]
I'l—e) dx

00 = -

[0 1f@- f(&)de,

When 0<x<1/2 f(X) =4x*+2x+2

This calculation requires f (1) =3 the end point of the
function and the function in the interval [0.5,1] which is

f(X) =5—2X. We need to carry this integration in two
segments as demonstrated below.

. 1 d 1/2 1
ot el

X 1/2

](f—x)“[f () f(E)de, 11)=3

1

2

(§=X) T4 -X)" + (Bx+2)(¢ - )

< —

= —| {4+ 2x=DJdé+

2] (€0 [0-0-(E-0)lde

12

{4(42_)()3%+(8x+2)(§_x)2_a+(4x2 +2x-1)

3-a 2-q
1
]1/2

(8x+2)

1-a

(-0 (-0

1-a 2-a

+2{(1—x)

Q/2-x)>]
2—-a

(L/2-x)"
l-a

1-%) LX) =(@/2-x)""

9 l-a
C(@=x)-(@2-x)*"

i 3-a
J4r2-x"
3-a
1 +(4x% +2x-1)
" I(l-q) dx

(-0

2—-a

_ o 20-x) N 8L/2-x)""  8(1l-x)*"
 I'(2-a) TI'(2-a) TI(B-a)

When

1/2<x<1 f(x)=5-2x f(1)=3

82

]1/2 ]
X

1 d

(a) — _
(0= r'(l-a) dx

[(E=x(6-2£-3)1d¢

— 02 <£1 YT — %) — (£ —
T ad €0 A0~ 0

__ 2 i{(l_x) (£-3 (§—X)“}
I'l-«) dx l-« 2-a |

_ 16 d[@-x* @-x*]_ 20-x

T(l-a)dx| 1-«a 2-a | TI(@2-a)

fractional derivative of non-symmetric and both side non-linear function

f dot alpha

Fig-11: Graph of the function () (x) for different values

of alpha.
Therefore
2(1-x)" s 8(L/2-x)" 8(1-x)*"
re- Ire2- I's3-
fR(a) (X) — ( (i)a ( a) ( 0!)
—M, for 1/2<x<1
I'2-a)

The fractional right modified derivative of the function is
shown in the figure-11. The value of the derivative at

X—l/2 is
2 [1)1_0(

This value of right derivative differs from the value of the
Jumarie left derivative to this function which indicates there

is a phase transitionat X =1/2.

f1/2)=

for 0<x<1/2
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The previous function was linear in one side of the
differentiable function and non-linear in other side, of the
transition point. Now we consider a function which is non-
linear in both sides with respect to the non-differentiable
point, but continuous at that transition point.

Example 5: Now consider the function

4x° +3, 0<x<05
f(X)={

5-4x%, 05<x<1
This function is not symmetric with respect to the non-

differentiable pointX=1/2, refer figure-12. To
characterize this function the fractional derivative of this
function is calculated using both side modified definition of
derivative.

Ty

In this calculations we require the value at the start point
which is T (0) =3also requiring the function in the interval

[0,0.5] which is f (X) = 4x* +3, and integration is done
in two segments [0.0.5] and [0.5,1]

O (G RUGEL S

a) dx

[1/2

- - j(x-g)-a[m; +3—3}d§+f[5—4§2—3}d§

1/2

J (=) “T4(x-£)" ~Bu(x-) +4X°1d¢ +

1 dflo

[ (=) “T(2-4x)-400- )" +8x(x- 6)]df]

RS I i o
1 d 3-a 2-a l-a

F(l—(l) dx 4(X_5)3—a _8X(X_§)2—a _(2_4)(2) (X—é)lﬁa X
| 3-a 2-a la |,
Fig-12 graph of the function defined above. r 3a 3 e 2-a
_4(x—1/2) - X +8x{(x—1/2) X"}
(2) The fractional order derivative using Jumarie 3-a 2—-a
modified definition is 1 i e (x=1/2)"“ —x+* ) 4(x-1/2)**
0=t e i@-topgocaca o O o o
L X)= - - <a< _ 2-a _ l-a
F(l— a) dx s +8X(X 1/2) +(2—4X2)(X 1/2)
For 0<x<05  f(x)=4x*+3  f(0)=3 L 2« l-a
82 8(x—1/2)" 16(x—1/2)>* (o —3a +3)
1 dj - - N
£ a4 f fONd I'G-a) TI'(2-a) I'3-a)
L mddx! INUGRIOINS
1 d*% » ) ) Therefore
= [ (=) A -8 -Bx(x - &) +4x°]o¢
I'l-a) dx 0 gx2
_ X 0<x<05
O O S S (x—g’)“] g | T4 a)

[l-a)dx| 3-a 2-a l-a |, 8" B(x-1/2)"" 16(x-1/2)"“ 05<y<l
1 d[4ax +8x3’“ s x| 8x r@-a) TI(2-a) r@-a)
T(l-a)d|3-a 2-a l-a| T(3-a)

For 0.5<x<1  f(x)=5-4x
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fractional derivative of non-symmetric and both side non-linear function

f dot alpha
N

Fig-13 Graph of the function f*
alpha.

(X) for different values of

From Fig-12 and 13 it is that though the function is not
differentiable at x=1/2 but fractional derivative exists at the

non-differentiable point.
2—-a
Here f(* (1/2)= 8 [lj
r-a)\ 2
3/2
and f"2(1/2)= 8 (Ej :
rG/2)\ 2

(b) The fractional order derivative using right R-L definition
on same function we get

4x* +3,0<x<05
F0=1{
5-4x°,05<x<1

£ (x) = 1 ij ~f(&)|dé,0<a <.

a) dx

When 0<x<1/2 f(x)=4x*+3 f@Q)=1

We need here the integration process in two intervals
[0, 0.5] and [0.5,1] as demonstrated below

1 d 1/2 1
-« )dx[-[ +]

fa () = ](cf— X)“[F@)-f(5)lde

1/2

1 1/2
TTa- a)dx(f(‘f X)[L-45° 3]d5+ujz(é X)“[1-5+4¢ ]dg]

1/2

. [ (E=7[4E =% +8X(£ =) +(4x* +2)Jd & +

:F(l—a)& L ~ ) )
4[ (€= Ia-x") = (&= %) -2x(£ - N)d¢

1/2

84

+8x

2-a l-a

{4@—m“
3-a

@—@M+Mﬁ+a@—W*]+

X

@—W”_H@—W“_@—W“T

1-«a 2-a 3-a

4[(1—x2)

(W2
2-a
2%
1-a
(LX)~ (U2 (=X
2-a )
(1/2-x)" 15 (1-x)**
r2-a)  TI(3-a)
f (X) =5-4x°

[ 3-a

{ JU2-0
3-a

N

T dyl | 4%)
Mo &)

+(4x°+2) W2- X)la]

1-a

—(1/2-x)*"
3-a

-8x

2-a 1-a
g0 g0
rG-a) TI2-a)
When 1/2<x<1

f(1) =1

(a)
fR

Dld¢

j (5-48" -

%IQ

F(la
4 d
o) €

_ 1 g{l X)@
dx

1_1
dx
8

) “[(L-%°)=(£-X)" - 2x(£ - x)]d¢

2-a 3-a
oy (l_ X)Z—a B (l_ X)3—a :|

x) G (G }

(1 X)l—a

2-a 3-a
1 X 1 o
['(2-a)

(1 X2a
I'3-a)

Therefore

g (1-x)*
I'3-a)
@/2-x"" (1 X)>
r2-a) F(3 a)’
_ 8 (1_ X)l_
r2-a)

_g=x0
[(2-a)

for 0<x<1/2

f{(x)=1+8

g 1=

for1/2<x<1
I'3-a)
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fractional derivative of non-symmetric and both side non-linear function

f dot alpha

Fig-14 Graph of the function fR(“
alpha.

)
(X) for different values of

From Fig-13 and 14 it is that though the function is not
differentiable at x=1/2 but fractional derivative exists at the
non-differentiable point both in left and right sense.

T
re-a)\ 2 r2-a)\2

8 (3]3/2_ 8 (ljl/Z
rG/2)\ 2 r@/2\2) -

The difference of left and right derivative at x=1/2 is

8 (ljﬂz
r@3/2)\ 2

Here f{*(1/2)=

and f"2(1/2)=

[ f2@2) - £92@/2) | =

Indicates the level of phase transition.

4. Conclusion

From the above examples it is clear that some functions
which are unreachable at a non-differentiable points in the
defined interval in classical derivative sense but they are
differentiable in fractional sense. But the modified fractional
derivative in both left and right sense gives same value for
differentiable functions but gives different value for non-
differentiable case. For non-differentiable the difference in
values of the fractional derivative in Jumarie modified and
right R-L modified sense indicates there is phase transition
about the non-differentiable points. The difference in values
indicates the level of the phase transition. These are useful
indicators to quantify and compare the non-differentiable but
continuous points in a system. This method we are extending
to differentiate various ECG graphs by quantification of non-
differentiable points; is useful method in differential
diagnostic.
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