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Abstract: Technological deviations determine in the
intermediate couples of the cardan joint supplementary
efforts due to restrained movement. This paper sets as
goal the determination of dependency between the
technological deviations and the size of these movements.
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INTRODUCTION
Spatial RCCC mechanism

The mechanism with one cardanic joint [3], [4], [8] is a
RRRR mechanism and a particular case of a spatial
RCCC mechanism, where by C, R [9] was noted the
cylindrical kinematic rotation couple.

The technological deviations determine the apparition
of some efforts in the intermediary couple of the cardanic
joint.

In order for one to have a measure for these
displacement it is first necessary to study the RCCC
spatial mechanism kinematics.

The positional analysis of the RCCC mechanism

The RCCC mechanism (fig. 1) is made of four elements
noted with 1, 2, 3 and 4, the forth element (the base) being
fixed and the elements being connected through the kinematic

couples O, O, ,0; and O, , the O, being the rotation couple

and O,, O, and O, being the cylindrical kinematic couples.

X4

Rezumat: Abaterile tehnologice fac ca in cuplele
intermediare ale articulafiei cardanice s& apard eforturi
datoritd unor deplaséri impiedicate.

Aceasta lucrare Tsi propune determinarea dependentei
intre abaterile tehnologice si marimea acestor deplasari.

Cuvinte cheie: abateri, cardan, cinematica.

INTRODUCERE
Mecanismul spa tial RCCC

Mecanismul cu o articulatie cardanica [3], [4], [8] este un
mecanism RRRR si un caz particular al mecanismului spatial
RCCC, unde prin C, R, [9] s-a hotat cupla cinematica cilindrica,
respectiv cupla cinematica de rotatie.

Abaterile tehnologice fac ca in cuplele intermediare
ale articulatiei cardanice sa apara eforturi datoritd unor
deplasari impiedicate.

Pentru a avea o masura a acestei deplasari este
necesar a studia mai ntdi cinematica mecanismului
spatial RCCC.

Analiza pozi tional @ a mecanismului RCCC

Mecanismul RCCC (fig.1) este format din patru
elemente, notate cu 1, 2, 3, 4, elementul 4 (baza) fiind fix,
elementele fiind legate intre ele prin cuplele cinematice

0,. 0,,0,,0,, cupla cinematica O, fiind de rotatie iar

cuplele, O,, O,, O, fiind cuple cinematice cilindrice.

Fig. 1 — RCCC Spatial Mechanism / Mecanismul spatial RCCC

The axes of the kinematic couples are noted with
Oi'Zi, i =12,..., and the following perpendiculars are

i =1234, point O, being

noted with O/O;,,,
identical with point O, .
One notates with g,, a;, | = 1,234 the length of

the axes and the angle between them.
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Axele cupleleor cinematice sunt notate cu Oi'Zi,
i =12,..., iar perpendicularele comune succesive sunt
notate cu O[O/, , i = 1234, punctul Oy fiind identic
cu punctul O, .

Se noteazd cu O, a;, i=1234
distantelor dintre axe respectiv unghiurile dintre axe.

lungimile
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So it is chosen a local reference system Oi)(i Yz,
i = 1234 so that the axes O, X, to be situated on the
shared perpendiculars of the axes Oz, O/,,Z,,. Itis
noted with S, the distances O/O, and with 8, the angle
between the axes O, X ;, O X, i = 1234.

In these conditions, the geometrical parameters S;,
o, a;, i = 1234 being known, the positional analysis
for determining 8,,6,,6,,S,,S;,S, is based on the

angle 6,.
From the equation of rotations closing, using the
diagram ,, 8a” [9] and the order 3, 4, 1 and 2 is obtained

the following equation, where:

A,(6,)s6, —B,(6,)ch, +C,(6) =0
A(6,) = sa;sb,sa,
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Se aleg sistemele de referintda locale OiXi Vi,
i = 1234 astfel incat axele Oi)(i sa fie situate pe
perpendicularele comune ale axelor Oi'Zi, Oi'+1Zi+1, se
noteaza cu S;, distantele Oi'Oi, si cu Hi unghiurile

dintre axele O,_;X,_;, O;X, i = 1,234.

in aceste conditii parametrii geometrici S;, o;, a;,
i = 1,234 fiind cunoscuti, analiza pozitionala consta
in determinarea 6,,6,,6,,S,,S;,S, In functie de
unghiul G,.

Din ecuatia de finchidere a rotatiilor, utilizind
diagrama ,68a” [9] si ordinea 3, 4, 1, 2, se obtine

ecuatia, unde:

(1.1)

(1.2)

B,(6,) = sa,(ca,cl,;sa, +sa,ca,)

C,(6,) = —ca,sa,cl;sa, +casca,ca, —ca,

The trigonometrical functions cos, sin being noted with
¢, S. Through the conventional derivate of the relations
(1.2), (1. 2) having as basis [9] the relations:

D(c8) =-ss6. D(sf) =sch,

D(ca,) =-0;sa,; D(sa;) = o,ca,

Is obtained the equation:

D354 + FSSl + FSJl + GSJZ + H30-3 + K30-4 = O

where:

D, = sa,cd,s6,sa, + sa,sf,ca,co,sa, +sa,sl,sa,ca;

Functiile trigonometrice cos, sin,fiind notate cu c, s.
Prin derivarea conventionala notata a relatiilor (1.1), (1.2)
avand la baza [9],relatiile:

(1.3)
(1.4)
se obtine ecuatia:
(1.5)
unde:
(1.6)

E, =sa,sf,ch,sa, +sa,cl,ca,sb,sa, +ca,sa,sb,ca,

F, =sa,s6,s6,ca, —sa,cl,ca,cl,ca, —ca,sa,co,ca, +sa,cl,5a,5a, —Ca,Ca,sa,

G; =sa,

H, =ca,s6,s6,sa, —ca,ca,cl,sa, +sa,sa,cl,sa, —ca,cl,sa,ca, —sa,ca,ca,

K, =sa,cl,sa,cl,sa, —ca,ca,clsa, —sa,cé,ca,ca, —ca,sa,ca,

The angle g, is determined by solving the equation (1.2)

and through the equation (1.5) is known the parameter S, .
With circular permutations the relations follows:

A(6,)s6; - B,(6,)cE; +C,(6,) =0
A (6,)s6, - B,(6;)cb, +C,(6;) =0

from which are determined, in order, the angles g, and 4,
and also the equations:

D,s;+E,s, +F,0,+G,0,+H,0,+K,0,=0

DlsZ + Els3 + FlaB + G104 + Hlal + KlaZ = O

Prin rezolvarea ecuatiei (1.2) se determina unghiul 4, ,

iar apoi din ecuatia (1.5) se determina parametrul S, .
Prin permutari circulare se obtin relatiile:

1.7)
(1.8)

din care se determina in ordine unghiurile 4,, g, precum
si ecuatiile:

(1.9)

(1.10)
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from which are determined the parameters S;, S, . The expressions

of the coefficients A B,,C,,D,, E,F.,G, , H, K,

i=3,2,1,are given in table 1.1
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din care se determina parametrii S;, S, .Expresiile
coeficentior A, B,,C,,D; . E;,F .G, ,H, K,,i=32

1, sunt date in tabelul 1.1

Table 1.1/ Tabelul 1.1

i 3 2 1
A sa,sé,sa, sa,s6,sa, sa,s6,sa,
B | sas(ca,csa, +sa,ca,) sa,(ca,ch,sa, +sa,ca,) sa,(ca,cé,sa, + sa,ca,)
c ca,(-sa,césa, +ca,ca,) | ca,(-sa,cl,sa,+caca,) | ca,(-sa,césa, +ca,ca,)
-ca, -ca, -ca,
o | SasSa (c,s6, +sb,ca,cl) | sa,sa,(cl,sl, +sb,ca,c,) | sa,sa,(ch,so, +sb,ca,ch,)
' +8a,56,8a,ca, +sa,80,s0,ca, +sa,s6,sa,ca,
e sa,sa,(s6,co, +cb,ca,sb,) | sa,sa,(sf,co, +ch,ca,sb,)+ | sa,sa,(s8,co, +ch,ca,so,) +
+Ca,Sa,S6,sa, ca,sa,sé,sa, ca,sa,so,sa,
sa,ca,(s8,s6, -cb,ca,ch,)-| sa,ca,(s6,s8, —cl,ca,ch,)-| sa,ca,(s,sb, —ch,ca,ch,)-
F ca,sa,céca, + ca,sa,cl,ca, + ca,sa,co,ca, +
sa,cd,sa,sa, —ca,ca,sa; | sa,cé,sa,sa, —ca,ca,sa, | sa,cl,sa,sa, - ca,ca,sa,
G sa, sa, sa,
ca,sa,(sf,s6, —co,ca,ch,) | ca,sa,(s6;s6, —cb,ca,ch,) | ca,sa,(sb,s0, —co,ca,co;)
H, + sa;sa,co,sa; - +S0,50,C0,50 - +S0a,5a,C6,50,-
ca,co,sa,ca; —sasca,ca, | ca,cl,sa.ca, —sa,caca, | ca,co,sa,ca,—saca,ca,
sa,(sasch,sa,c6, —caca,ch,) |sa,(sa,cl,sa,c6, —ca,ca,ch,)| sa,(sa,cl,sa,cé, —ca,ca,ch,)
KI
-ca,(sa,ch,ca, +ca,sa,) | —ca,(sa,co,ca, +ca,sa,;) | —ca,(saco,ca, +ca,sa,)

In the initial position, Hio = 0 the expressions are obtained:

A, =0; B, =sa,s(a, +a,): C, =cac(a, +a,) -ca,

and it results that:

Tn pozitia initiala, Hio = 0 se obtin expresiile:

(1.11)

si rezulta:
_cayc(a, ta,)-ca,

co;

(1.12)

sa,s(a, +a,)

For solving the calculus for such a mechanism it is first
necessary to make some specifications:
— the joint perpendiculars between the axes with the
index i, i+1 are noted with O, , O/, ;
- the direction of the axis O, X, is given by the rotation

direction of the axis O,z over the axis O;,,Z,,,, direction

that also specifies the measurement direction of the angle &, ;

()

. between

— the positive measurement direction of angle

the axes O, X_; O X;

. X, , is given by the direction of

the O, X axis rotation around the axis O, Z, .
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Pentru efectuarea calculului unui astfel de mecanism
este necesar a se face urmatoarele precizari:
— perpendicularele comune ntre axele cu indici i, i+1 se
noteaza cu O,, O/,,;

- sensul axelor O, X este dat de sensul rotirii axei
O/z peste axa O sens care precizeazi si
iZ P 41441 p $

sensul de masurare al unghiului Q@ ;

1)

. intre

- sensul pozitiv de masurare al unghiului

axele O_X_ O/X , este dat de sensul rotirii axei

O, X njurul axei Oz, .
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The cardanic joint without technical deviations
The normal cardanic joint

The cardanic joint enables the transmission of the
rotation movement from the shaft 3 through the cardanic
Cross 2.

The cardanic cross is tied to the brackets of the shafts 1 and 2
through the Kinematic rotation couples A, A and respectively B, B.

furca
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Articula tia cardanic a fara abateri tehnologice
Articulafia cardanicd normald

Articulatia cardanica face posibila transmiterea migcarii
de rotatie de la arborele 1 (fig. 2) la arborele 3 prin
intermediul crucii cardanice 2.

Crucea cardanica este legata la furcile arborilor 1, 2
prin cuplele cinematice de rotatie A, A respectiv B, B.

Fig. 2 — Cardanic joint / Articulafie cardanicé

Structurally speaking [9], the kinematic couples A,

B' are passive and then, structurally and kinematically
speaking, the cardanic crosscan be replaced with the
element 2 from figure 2.

So are considered the bearings C and D and the

concurrent rotation axes Oz, , i = 1,234.

The axes are being concurrent in the points O., O,

i =123 and they coincide, so the mechanism from
figure 2 becomes an RCCC mechanism where:

0,=0,5=0i=1234

If the angles @, , I = 1,2,3 are fulfilling the condition:

a, =

then the cardan joint is called normal cardan joint. For such
a joint (910 =0) one considers that a,=71—0d and
from figurel1.2.1 results:

7 3n
0 0=y 0 =2

g, =—,; 6
2 ' Y3
2
Taking into account the relations 2.1 it results that the
relations (1.5), (1.9) and (1.10) are identically fulfilled and
conduct to solving the equations (1.1), (1.7), (1.8). From
table 1 it results that:

A, =s6,; B, =-cacg,; C, =0
A =sb,sa;B,=-ca;C,=0
A =s6,; B, =0;C, =ca

And the equations (1.1), (1.7) and (1.8) become:

s6,s6, +cacéc6, =0
s@,sasf, +cach, =0
s@,s6, +ca =0

from which, with the notations:

6=6+6"1=123

are obtained the results:
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Din punct de vedere structural, [9], cuplele cinematice

A', B'sunt pasive si atunci, din punct de vedere
structural si cinematic, crucea cardanica se poate inlocui
cu elementul 2 din fig. 2.

Se considera palierele C, D si axele de rotatie

concurente Oz, , i = 1,234.
Axele fiind concurente rezultd ca punctele O,, O,

i = 1,2,3 coincid si atunci, mecanismul din fig.2 devine
un mecanism RCCC in care:

2.1)

Daca in plus unghiurile &;, I = 1,2,3 indeplinesc conditia :

2.2)

atunci articulatia cardanicd se numeste articulatie cardanica
normald. Pentru o astfel de articulatie (610 =0)

consideramca @, = 71— @, din fig.1.2.1 rezulta:

i (2.3)
2 2 '

Tindnd seama de relatiile 2.1 rezulta ca relatiile (1.5), (1.9),
(1.10), sunt identic Indeplinite si ca atare studiul cinematic
se reduce la rezolvarea ecuatiilor (1.1), (1.7), (1.8). Din
tabelul 1. rezulta:

(2.4)
(2.5)
(2.6)
si ecuatiile (1.1), (1.7), (1.8) devin :

2.7)
(2.8)
(2.9

din care cu notatiile:

(2.10)
se obtin rezultatele:
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tgd, = itgé?1 (2.12)
ca
tg(a + 6;) =tgach, (2.12)
ca
col=—" 2.13
2 c(a+6d) (213
where: unde :

1 T
arctg(—1tgd,),0< 6, < —
g(CCJ’ gé,) 155

]—T;Hl :7_-[
2 2
6, =4 m+ arCtg(itgﬁl);]—Ts 6, 3 (2.14)
ca 2 2
3., 51
2t 2

2T+ arctg(itgel);3—ﬂ <@ <2m
ca 2

and the variation diagrams from figure 3 a,b,c: si diagramele de variatie din fig. 3. a,b,c:
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Fig.3 — Variation diagrams / Diagrame de variafie

Below are presented the variation diagrams for the angles Mai jos sunt prezentate diagramele de variatie a
45, 6r, HE depending on the angle &, forq = 20° for unghiurilor &y, E, 95 functie de &, pentru a = 20°
a cardan joint with no technical deviations. pentru o articulatie cardanica fara abateri tehnologice.
The variation graphs are presented in figure 4. Graficele de variatie sunt prezentate in fig.4

04=1(01);u=20 03=1(81);0=20"
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Fig. 4 — Variation graphs / Grafice de variafie
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MATERIALS AND METHOD
The kinematics of cardanic joints with technical
deviations
Identifying the geometrical deviations (technological)

A kinematic diagram that represents a mechanism
with one cardan joint, with all geometrical deviations
possible, is presented in figure 5.

Z

0:
Fig. 5 — Technological deviations / Abateri tehnologice

These deviations are small and fulfill the condition:

The angular deviation of the main shaft bracket is
defined by the parameter Aal and the smoothness

deviations for the same bracket is given by the parameter J, .
The angular deviation of the cardanic cross 2 is given
by the parameter A02 and also the deviation from

smoothness is given by the parameter O, .
The angular deviation of the driven shaft bracket 3 is
given by the parameter Aa'3 and the smoothness

deviation is given by the parameter 0.
The angular deviation of the driven shaft 3 depending
on the driving shaft 1 is given by the parameter J, .

The influence of technological deviations over the kinematic
parameters

As shown in default of shafts 1 and 3 points are known
(figure 4).

0, 0,0, 0, O,, O;, O,, O, are overlaid with

point O (fig. 5) and the kinematic cylindrical couples A, B
and D become rotation kinematic couples (there are no

displacements S, , S;, S,, alongthe axes Oz, Oz, O3z).
The existence of technical deviations conducts to the
displacements S, | = 1,234 and by blocking them, the

excess efforts from the rotation kinematic couples A, B, C,
D appear (fig. 2).

In order to determine these displacements it is first
necessary to calculate the angular parameters 6,, 4,, g,

variation depending on the angle g, from the equation system:

A1sei+1 - Blceiﬂ +Ci = O’I = 1'2’3

For this purpose, one uses the Newton method [11]
and with the notations:

&,

[6]=|8, | [n6]=| 16,

04
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MATERIALE S| METODA
Cinematica  articula tiei
tehnologice
Identificarea abaterilor geometrice (tehnologice)

O schema cinematica care reprezinta un mecanism cu
articulatie cardanica cu toate abaterile geometrice posibile
este redata in fig. 5.

cardanice cu abateri

Aceste abateri sunt mici si indeplinesc conditiile :

a :§+Aai, i=123,a,=n-a;0,=00,,.i=12,; 0, =0,0.

(3.1)

Abaterea unghiulara a furcii arborelui conducator este
definita de parametrul Aal iar abaterea de la planeitate

pentru aceeasi furca este data de parametrul J, .
Abaterea unghiulara a crucii cardanice 2 este data de
parametrul Aaziar abaterea de planeitate este data de

parametrul O, .
Abaterea unghiulara a furcii arborelui condus 3 este
data de parametrul A0’3iar abaterea de planeitate este

data de parametrul 0.
Abaterea de planeitate a arborelui condus 3 fata de
arborele conducator 1 este data de parametrul 0, .

Influenfa abaterilor
cinematici

Asa cum s-a aratat Tn lipsa abaterilor arborilor 1, 3 sunt
cunoscute, punctele (fig. 4).

0O,, O, 0, 0,, O,, 0], O,, O, se suprapun

cu punctul O (fig. 5) iar cuplele cinematice cilindrice, A, B,
D, devin cuple cinematice de rotatie (nu exista deplasari

S,, S5, S;, inlungul axelor Oz,, Oz,, Oz,).
Existenta abaterilor tehnologice duce la producerea
deplasarilor S, 1 = 1,2,34 iar acestea fiind Impiedicate

tehnologice asupra parametrilor

fac sa apara eforturi suplimentare n cuplele cinematice de
rotatie A, B, C, D (fig. 2)

in vederea determindrii acestor deplasari este necesar
a calcula mai inti variatia parametrilor unghiulari g,, 6,,

94 , In functie de unghiul g din sistemul de ecuatii:
(3.2)

Tn acest sens, se utilizeaza metoda Newton [11] si cu
notatiile :

A6,
(3.3)
NG,
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l.IJ].
W =Asf8,-Bcd,,+C,,i=123; (W)= ¥, (3.4)

LIJS
A’ =sa,sa,cl,; B = -sa,ca,sé,sa,; C’ =ca,sa,s6,sa, (3.5)
Al =sa,sa,cl,; B, = -sa,ca,sd,sa,; C) =ca,sa,s6,sa, (3.6)

Acl, +B;sf, A’sg,-BcH,+C/ 0
[3] = 0 A,cl, + B,s6, A’s@, - B;cd, +C) (3.7)
0 0 A,cH, +B;s6,
is obtained the matric equation: se obtine ecuatia matriciala:

(86y=-[3] W) 3.8)

from which results the variation {AH} for the known
values of angles 6,, 6,, 6,, 6,

RESULTS
One considers a cardanic joint for which:

a=0"; Aa, =0,00¥ad; s, =0,00% g, =0,001
i=1,23.
The variation graphs are presented in figure 6.

64=f(81):0=0; Aa=0,001;0=0.001;

$1=0,001
600
400 —
200 —
0
0 100 200 300 400
02=f(81),0=0; Aa=0,001;0=0,001;
$1=0,001
90,08
90,06
90,04 \ /
90 \/
89,98
0 100 200 300 400
$3=f(81); a=0; Aa=0,001;6=0,001;
s1=0,001
0,001
0
0,001 um/ 200 300 400
, \\_
-0,002
-0,003

din care se obtine variatia {AH} pentru valorile

cunoscute ale unghiurilor 8,, 6, , 6,, 6,

REZULTATE
Se considera o articulatie cardanica pentru care:

a=0"; Aa, =0,00Yad; s, =0,00%L o, =0,001,
i=1,2,3
Graficele de variatie sunt prezentate in fig.6

03=1(01):0=0; Au=0,001; 6=0,001;

$1=0,001
270,05
270
269,95
N\
269,9 - ~
269,85
0 100 200 300 400

s4=f(81); a=0; Aa=0,001; 6=0,001;

$1=0,001
0,002002
0,002 // '\\

0,001998

4 N\
0,001996
0,001994

0 100 200 300 400

$2=f(01); a=0: Aa=0,001; 0=0,001;
$1=0,001

F 100 00 300 \ 400
0,1

-0,2

Fig. 6 — Variation graphs / Grafice de variafie
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CONCLUSIONS

For the normal cardan joint with no technical
deviations:
- in the initial position where, 910 = Qresults 920 :ﬁ;
2
3n . _n
0:? =—+q- 0‘? =

- for @ = 20° :.when 91 covers the interval 0— 360", the
angle HE varies between 0-360"; angle HE varies

between 0+ —2¢ ; angle BZD varies between 0=+ @ ;
For the normal cardan joint with technical deviations
withag =0"and Aga, = 0,00Trad ,when 51 covers the

0-360°, the angle 6,
90-450"; angle &, varies between 26988-270;
angle &, varies between 90-90,06";

interval varies between

The influence of g, and S, deviations over the angles
6,;0;; 8, are insignificant as value.
The variation of angles Agq, i=1,2,3 does not influence

the displacements S, , i=2,3,4.
The displacements S, i=2,3,4. are influenced only by
the value of the g; and S; parameters.

For a = 0°, the variation curves form of the kinematic
parameters are alike.
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CONCLUzII
Pentru articulatia cardanica normala fara abateri
tehnologice:

- In pozitia initialda cénd, 910:0rezulté gg;ﬁ;
2

=g e0=".
2 2

- pentru a = 20°:cand @, parcurge intervalul 0-360,
unghiul 945 variaza intre 0—360"; unghiul HE variaza

intre 0+ —2a ; unghiul HZD variaza intre 0+ q ;
Pentru articulatia cardanicd normald cu abateri
tehnologice cu a =0si Aq, =0,00Tad cand 6,

parcurge intervalul 0—360", unghiul @, variaza intre
90-450"; unghiul @, variaza intre 26988-270 ;
unghiul @, variaza intre 90—-90,06';

Influentele abaterilor g, siS; asupra unghiurilor

8,;6,; 8, sunt nesemnificative ca valoare.

Variatiile unghiurilor Ag, i=1,2,3 nu influenteaza

deplasarile S , i=2,3,4.
Deplasarile Si, i=2,3,4. sunt influentate doar de
variatia parametrilor g, si S .

Pentru a =0°, forma curbelor de variatie a
parametrilor cinematici sunt asemanatoare.
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