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Abstract: The paper analyses the bending vibrations of
leaf springs, devices that are largely used in agricultural
machinery. The studied type of spring is modeled as a
system of straight superposed bars, consisting of three
bars of different lengths, fixed at one end and free at the
other. The paper presents, in its first part, a theoretical
study, by the discretization method, of the free vibrations
of the studied model, with the determination of the
eigenfrequencies of the system. The cases in which the
bars are clamped with strong and weak tightening,

respectively, are analyzed. For the case of weak
tightening, two modalities are proposed for the
computation of the influence coefficients matrix,

necessary for determining the differential equations of the
vibration. In the second part of the paper, the
eigenfrequencies of the system are determined
experimentally for the two cases and a comparative study
of the analytical and numerical results is performed.

Keywords: bending vibrations, leaf spring,
eigenfrequencies, discretization, influence coefficient.

INTRODUCTION
Leaf springs are frequently used in agricultural

machinery for the damping of vibrations; thus, the
development of methods for their efficient modeling and
computation are of a particular practical interest. In the
paper, the bending vibrations of a leaf spring, modeled as
a system of superposed bars, are analyzed. The system
consists of three bars with different lengths, fixed at one
end and free at the other. A theoretical study of the free
vibrations of the studied model is first performed, by the
discretization method, with the computation of the
eigenfrequencies of the system. The cases in which the
bars are clamped with weak and strong tightening,
respectively, are analyzed. For the case of weak
tightening, two modalities are proposed for the
computation of the influence coefficient matrix, necessary
for the determination of the differential equations of
vibration. Next, an experimental study for the
determination, for the two cases, of the eigenfrequencies
of the system is presented. The paper is concluded with
a comparative study of analytical and numerical results.

The paper continues previous studies of the authors,
in which the discretization method and the influence
coefficients method were applied for the study of the free
and forced vibrations of other types of mechanical
systems, demonstrating the efficiency of the mentioned
method in the assessment of vibration characteristics [1,
2,3, 4].

MATERIAL AND METHOD

For the study of the vibrations of a leaf spring,
used as a main element of the suspension system in
many agricultural machinery (Fig. 1), a system of three
superposed bars, with rectangular, constant and identical
cross-sections, made from the same material, fixed at
one end and free at the other, is adopted as a study
model (Fig. 2).

Rezumat: Articolul analizeaza vibratiile de incovoiere ale
arcurilor lamelare, dispozitive de larga utilizare la
masinile agricole. Tipul de arc studiat este modelat ca un
sistem de bare drepte suprapuse, fiind format din trei
bare de dimensiuni diferite, incastrate la un capéat si
libere la celélalt. Articolul prezintd, in prima sa parte, un
studiu teoretic al vibratiilor libere pentru modelul studiat,
prin metoda discretizarii, cu determinarea frecventelor
proprii ale sistemului. Se analizeazd cazurile Tn care
barele sunt prinse cu strdngere slaba, respectiv
puternicd. In cazul stréngerii slabe, sunt propuse doud
modalitati de calcul a matricei coeficientilor de influenta,
necesard pentru determinarea ecuatiilor diferentiale ale
vibratiilor. Tn partea a doua a articolului, sunt determinate
pe cale experimentald, in cele doud cazuri, frecventele
proprii ale sistemului si este efectuatd o analiza
comparativa a rezultatelor obtinute analitic si numeric.

Cuvinte cheie: vibratii de incovoiere, arc lamelar,
frecvente proprii, discretizare, coeficient de influenta.

INTRODUCERE

Arcurile lamelare sunt frecvent utilizate la masinile
agricole pentru amortizarea vibratiilor, motiv pentru care
dezvoltarea unor metode eficiente de modelare si calcul
al lor este de un deosebit interes practic. In articol se
analizeaza vibratiile de incovoiere ale unui arc lamelar,
modelat ca un sistem de bare drepte suprapuse.
Sistemul este format din trei bare de lungimi diferite,
incastrate la un capat si libere la celdlalt. Este realizat
mai intdi un studiu teoretic al vibratiilor libere pentru
modelul  studiat, prin metoda discretizarii, cu
determinarea frecventelor proprii ale sistemului. Se
analizeaza cazurile in care barele sunt prinse cu
strangere slabd, repectiv puternicd. Tn cazul strangerii
slabe, sunt propuse doua modalitati de calcul a matricei
coeficientilor de influenta, necesari pentru determinarea
ecuatiilor diferentiale ale vibratiilor. Tn continuare, este
prezentat un studiu experimental de determinare n cele
doua cazuri a frecventelor proprii ale sistemului. Articolul
se incheie cu o analizd comparativa a rezultatelor
obtinute analitic si numeric.

Articolul continua studii anterioare ale autorilor, in care
metoda discretizarii si metoda coeficientilor de influenta
au fost aplicate pentru studiul vibratiilor libere si fortate
ale unor alte tipuri de sisteme mecanice, demonstrandu-
se eficienta metodelor respective in estimarea
caracteristicilor vibratiilor [1, 2, 3, 4].

MATERIAL S| METODA

Pentru studiul vibratiilor unui arc lamelar, utilizat
ca element principal al sistemului de suspensie la multe
masini agricole (fig. 1), se adopta ca model de studiu un
sistem de trei bare suprapuse, cu sectiuni
dreptunghiulare constante si identice, de lungimi diferite,
realizate din acelasi material, incastrate la un capat si
libere la celalalt (fig. 2).
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The bar system performs bending vibrations in the

Oxz plane.

- A

Fig. 1 — The suspension system

The bars are kept in permanent contact by the use of
tightening clamps, such that the deflections of all bars are
equal in the same transverse section. If the tightening of
these bars is weak, the bars slide on one another during
the bending, forming a system of elastic bodies mounted
in parallel. If the tightening is strong, the bars do not slide
and the system behaves like a single bar with variable
section, equal to the sum of the component sections. The
paper analyzes both situations, the first of them by using
two theoretical methods. Three analysis cases result, all of
them based on the modeling by the discretization method
and on the study of vibrations by the influence coefficients
method.

As known from the literature, the approximate study of
the vibrations of continuous bodies can be performed by
the discretization method, which consists in the
approximation of the system by a number n of material
points, connected by elastic elements of negligible mass
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Fig. 2 — Leaf spring model

Barele sunt tinute in contact permanent cu ajutorul
unor cleme de fixare, astfel incat deplasarile tuturor
barelor in aceeasi sectiune transversala sunt egale. Daca
strangerea acestor cleme este redusa, barele aluneca una
peste alta in timpul Tncovoierii, alcatuind un sistem de
corpuri elastice montate in paralel. Daca strangerea este
puternica, barele nu aluneca, sistemul comportandu-se ca
o singura bard, de sectiune variabila, egald cu suma
sectiunilor componente. Lucrarea analizeazd ambele
situatii, prima dintre ele cu ajutorul a doud metode
teoretice. Rezulta trei cazuri de calcul, toate bazate pe
modelare prin metoda discretizarii si pe studiul vibratiilor
prin metoda coeficientilor de influenta.

Asa cum se cunoaste din literatura de specialitate,
studiul aproximativ al vibratiilor corpurilor continue se
poate face cu ajutorul metodei discretizarii, ce consta in
aproximarea sistemului printr-un numar n de puncte
materiale, conectate prin elemente elastice de masa
neglijabila [6]. Tn cazul sistemului studiat rezultd modelul

[10]. For the studied system, the model in Figure 3 results. din figura 3.
The mass in section i is Masa din sectiunea i este
m, = poh(x)Ax, (i=12,...,n) (1)
where p is the density of the bar material, b is the width unde p este densitatea materialului barei, b este
of the bar section, latimea sectiunii barelor,
h,=2h, if/daca O<x<l
h(x)=1h, =2h, if /daca 1 <x<l, 2)
h,=3h, if/daca I,<x<lI;

represents the height of the cross-section of the bar
package, h, is the height of the section of a bar and

reprezintd inéltimea sectiunii pachetului de bare, h, este
inaltimea sectiunii unei bare, iar

A =X —%, ([i=12,.,n) )

is the distance between sections i—1 and i.

este distanta dintre sectiunile i—1 si i.

-=-=-=IEIE%

OO O 00O

Fig. 3 - Discretized system of beams

The vibrations of the discrete system can be
studied with the methods specific to the systems with a
finite number of degrees of freedom [6, 7, 8, 9]. One of
these is the influence coefficients method [6, 9].

As known from the literature, the influence
coefficient 3, is defined as the transverse displacement

Vibratiile sistemului discret rezultat pot fi studiate
cu metodele specifice sistemelor cu un numar finit de
grade de libertate [6, 7, 8, 9]. Una dintre acestea este
metoda coeficientilor de influenta [6, 9].

Asa cum se cunoaste din literatura, coeficientul de
influenta 5, este definit ca deplasarea transversala
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w; = W(Xi )

undergone by section i, when the bar is submitted to a
force equal to unity, applied perpendicularly in the
section j .

In the case of a homogeneous bar fixed at one
end and free at the other [6, 9],
X'
X]
2E

Iy

ij ji

where E is the Young’s modulus of the bar material and
I, is the moment of inertia of the cross-section.

In the general case of a bar with variable section,
in which the moment of inertia varies with the x
abscissa, the deformation in section i produced by a
force applied in section j takes the form [10]
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(4)

suferita de sectiunea i, atunci cand bare este actionata
de o fortd egald cu unitatea, aplicatd perpendicular in
sectiunea j .

In cazul unei bare omogene incastrate la un capat
si libera la celalalt [6, 9],

(®)

unde E este modulul lui Young al materialului barei, iar
I, este momentul de inertie al sectiunii transversale.

In cazul general, al unei bare de sectiune
variabild, Tn care momentul de inertie variaza cu abscisa
x , deformatia din sectiunea i produsa de o forta aplicata
in sectiunea j ia forma [10]

EF (x i~ x) .
w(xi):j .f—dx dx if x <X (6)
Lo EL()
The influence coefficients result from this relation: Rezulta de aici coeficientii de influenta:
AL X =X
8 = [| [2dx|dx if x <x;. )
0\ 0 EIY(X)

It is shown that the differential equations of the
free vibrations take the form [6, 9]

Se aratd ca ecuatiile diferentiale ale vibratiilor
libere iau forma [6, 9]

[DJvi-+ fwj={0] ®
where the following were introduced: unde s-au introdus:
- dynamic matrix - matricea dinamica
8, By, 8,1|m 0 0
D] 8, 8y 8,0 m, 0 ©)
3., B, 8,.]10 O m,
- state vector - vectorul de stare
Wh=(w, w, ow) (10)
- null vector - vectorul nul
{0j=0 o 0. (11)
Under these conditions, denoting by o, (i=12,...,n) in aceste conditii, notand cu o, (i=12,...,n) valorile
the eigenvalues of the matrix (9) and {a}i the proprii ale matricei (9) si {a}i vectorii  proprii

corresponding eigenvectors, the circular eigenfrequencies
of the system result,

[0

as well as the eigenmodes

) =1{a} cos(mt—¢,).

= e

corespunzatori, rezulta pulsatiile proprii ale sistemului,

(12)
precum si modurile proprii de vibratie,

(13)
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The case of weak tightening — first mehod

In the case of weak tightening, the influence
coefficients of the bar package can be determined with
formula (7), in which

INMATEH:-- csdq ricultural anqmcctmq

Cazul strangerii slabe — prima metoda

In cazul strangerii slabe, coeficientii de influenta ai
pachetului de bare se pot determina cu formula (7), in
care

I, =21, if/daca O<x<l,
I(x)=41,=21, if/daca I ,<x<lI, (14)
I,=3l, if/daca I, <x<l,

where the moment of inertia of a bar in the package was
introduced,

L _bh
)

The case of weak tightening — second method

A more general method for the study of the bar
package is based on the observation that the elasticity
matrix [K] of a system of elastic bodies mounted in
parallel can be obtained by adding the elastic matrices
corresponding to each body.

The elasticity matrix of the bar k (k=123) is

linked to the influence coefficients matrix of the same bar
by the relation

K] =[s]

It should be noted that, since the lengths of the
bars are not equal, the number of sections of
discretization differs from one bar to another and,
therefore, the dimensions of matrices [K], (k =123) are

also not equal. Consequently, in the assemblage of
matrix [K] of the system, modified matrices [K'], will be
used, obtained by completing the matrices [K], with null

lines and columns, corresponding to the sections that are
not covered by the concerned bars.

Finally, the matrix of the influence coefficients of
the system is determined.

[s]=[x]".

The case of strong tightening

In the case of strong tightening, the influence
coefficients of the system can be determined with relation
(7), in which

unde s-a introdus momentul de inertie al unei bare din
pachet,

(15)

Cazul strangerii slabe — a doua metoda

O metoda mai generala de studiu al pachetului de
bare, se bazeazd pe observatia ca matricea de
elasticitate [K] a unui sistem de copuri elastice montate
in paralel se obtine adundnd matricele elastice
corespunzatoare fiecarui corp component.

Matricea de elasticitate a barei k (k =12,3) este
legatd de matricea coeficientilor de influenta a aceleiagi
bare prin relatia

(16)

Este de remarcat ca, deoarece lungimile barelor
sunt diferite, numarul de sectiuni de discretizare difera de
la o bara la alta gi, in consecinta, dimensiunile matricelor
[K]. (k=123) sunt, la randul lor, diferite. Ca urmare, n

compunerea matricei [K] a sistemului se vor utiliza
matricele modificate [K'], prin completarea matricelor
[K], cu linii si coloane nule, corespunzétoare sectiunilor

neacoperite de barele respective.
In final, se determina matricea coeficientilor de
influenta a sistemului,

(17

Cazul strangerii puternice

In cazul strangerii puternice, coeficientii de
influenta ai sistemului se pot determina cu formula (7), in
care

1(x) =2 ) (18)

where h(x) is given by formulas (2).

RESULTS

The numerical and experimental study of the
vibrations of the system was performed based on a
model defined by the following values:

I, =0.260m,

E =210x10° N/m?,  p=7850kg/m®,

The first 10 circular eigenfrequencies and the
corresponding eigenfrequencies in the three analysis
cases are presented in Table 1.

I, =0.537m,

b =0.025m,

unde h(x) este dat de formulele (2).

REZULTATE

Studiul numeric si experimental al vibratiilor
sistemului s-a efectuat cu ajutorul unui model definit de
urmatoarele valori:

l, =0.865m .

h, =0.008m, n=157

Primele 10 pulsatii proprii obtinute si frecventele

proprii corespunzatoare in cele trei cazuri de calcul sunt
prezentate in tabelul 1.
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Table 1

Values of the first 10 circular eigenfrequencies and the corresponding eigenfrequencies

Weak tightening — first method Weak tightening — second method Strong tightening

i W; [s7] fi[Hz] w; [s7] f[Hz] W, [s7] fi[Hz]
1 81.97 13.05 82.19 13.08 190.83 30.37
2 359.36 57.19 360.21 57.33 594.58 94.63
3 931.44 148.24 933.19 148.52 1617.09 257.37
4 1867.93 297.29 1870.05 297.63 2864.48 455.90
5 3021.86 480.94 3021.56 480.90 5253.97 836.20
6 4585.05 729.73 4584.61 729.66 7379.12 1174.42
7 6384.88 1016.18 6369.45 1013.73 10653.4 1695.55
8 8528.96 1357.43 8512.19 1354.76 13627.3 2168.85
9 11087.80 1764.68 11061.70 1760.52 18383.6 2925.84
10 13583.60 2161.89 13505.80 2149.52 22522.1 3584.50

The experimental study of the system was
performed on the measuring stand shown in Figures 4-5.

Studiul experimental al sistemului s-a efectuat cu
ajutorul bancului de proba prezentat in figurile 4-5.

Fig. 4 - Measuring Stand

Fig. 5 — Tightening system

A measuring chain with four Bruel&Kjeer
accelerometers, type 4508 B004, was used, numbered
from 0 to 3, an acquisition board NI9233 and a laptop.

Accelerometer 3 was placed at the free end of the
bar 3, while accelerometer 0 was placed on bar 1, near
the fixing system. Accelerometers 1 and 2 were placed on
bars 2 and 3, respectively.

Free vibrations produced by applying percussions
on the bar were studied.

The obtained data were processed with LabVIEW*
program, resulting in the spectra of Figures 6 -7.

The vibrations produced in a free elastic system
reveal the eigenfrequencies of the system, that can be
identified by the analysis in the frequency domain of the
acceleration signals measured in time and recorded.

S-a utilizat un lant de masurd cu patru
accelerometre, Bruel&Kjeer, tip 4508 B004, numerotate de
la O la 3, o placa de achizitie NI9233 si un laptop.

Accelerometrul 3 a fost amplasat Tn capul liber al
barei 3, iar accelerometrul O pe bara 1, langa incastrare.
Accelerometrele 1 si 2 au fost plasate pe barele 2,
respectiv 3.

S-au studiat vibratiile libere, produse prin aplicare
unor percutii pe bara.

Datele au fost prelucrate cu ajutorul programului
LabVIEW?, obtinandu-se spectrele din figura 6 -7.

Vibratiile produse intr-un sistem elastic liber scot n
evidenta frecventele proprii ale sistemului, care pot fi
identificate prin analiza in frecventda a semnalelor de
acceleratie masurate in timp si inregistrate.

! Product of National Instruments Corporation, 11500 Mopac Expwy, Austin, TX 78759-3504, USA, (512) 683-0100.
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Signal 0 FFT Amplitude

Signal 1 FFT Amplitude

Signal 2 FFT Amplitude s

Signal 3 FFT Amplitude

Fig. 6 - Free vibrations spectra — weak tightening tightening (Frequency - in Hz; Amplitude — in m/s?)
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Signal 0 FFT Amplitude
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Fig. 7 - Free vibrations spectra — strong tightening (Frequency - in Hz; Amplitude — in m/sz)

CONCLUSIONS

The paper analyzed the vibrations of a system of
superposed bars, used as a model for a leaf spring.

The eigenfrequencies of the bar system were
computed numerically for two cases: the case in which the
bars can slide on one another and the case in which the
system is rigid. In the first case two modalities were
proposed for the computation of the influence coefficients,
the modalities providing very close results.

The eigenfrequencies of the bar system were identified
also by spectral analysis of the signal measured on an
experimental model, for the two above mentioned cases:

CONCLUZII

Articolul a analizat vibratiile unui sistem de bare
suprapuse, utilizat ca model pentru un arc lamelar.

Au fost calculate numeric frecventele proprii ale
sistemului de bare in doua cazuri: cel in care barele pot
aluneca intre ele, respectiv cel In care sistemul este rigid.
in primul caz au fost propuse doud modalitati de
determinare a coeficientilor de influentd, modalitatile
furnizand rezultate foarte apropiate.

Frecventele proprii ale sistemului de bare au fost
determinate si prin analiza spectrala a semnalului masurat
pe un model experimental, in cele doua cazuri
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weak and strong tightening, respectively.

The peaks detected by accelerometers 1-3, in the case
of the weak tightening, close to the 14 Hz frequency (Fig.
6), correspond to the fundamental eigenfrequency
calculated by the two methods (13.05 Hz and 13.08 Hz,
respectively — Table 1). Accelerometer O did not detect
any peak close to this frequency, since it was placed near
the fixing system, where the motion takes place with a
reduced amplitude. In the case of the weak tightening a
good agreement was obtained between the numerical and
the experimental results.

In the case the strong tightening, all four
accelerometers detected a peak close to the 20 Hz
frequency. This value is higher than the one in the
previous case, which was expected, the system being
more rigid, but it is far from the calculated one, of
30.37Hz. This discrepancy is due to the imperfections of
the tightening system, which allowed a certain relative
sliding of the three bars.

The measurements validate the proposed model, for
the fundamental eigenfrequency, and show that this
frequency is situated in the neighborhood of the
numerically determined value, translated with a larger
amount as the rigidity of the leaf spring is greater. The
fundamental eigenfrequency is of a particular interest, as it
can lead to the resonance phenomenon, undesirable for
transportation means.

It can be concluded that the eigenfrequencies of a leaf
spring depend essentially on the way in which the strips
can slide on one another, thus on their state of wear, as
well as on their tightening system.
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mentionate: strangere slaba si puternica.

Varfurile detectate de accelerometrele 1-3 Tn cazul
strangerii slabe, in apropierea frecventei de 14 Hz (fig. 6),
corespund frecventei proprii fundamentale calculate prin
cele doua metode (13,05 Hz, respectiv 13,08 Hz — tabelul
1). Accelerometrul 0 nu a detectat un varf in apropierea
acestei frecvente, fiind amplasat in imediata apropiere a
sistemului de prindere, unde miscarea are loc cu
amplitudine redusa. Tn cazul strAngerii slabe rezultd o
bund concordantd intre rezultatele numerice si cele
experimentale.

In cazul strangerii puternice, toate cele patru
accelerometre au detectat un varf in apropierea frecventei
de 20 Hz. Aceasta valoare este mai ridicata decat cea din
cazul anterior, ceea ce este de asteptat, sistemul fiind mai
rigid, dar ea se afla la mare distanta de frecventa
fundamentala calculata, de 30,37Hz. Aceasta discrepanta
se explica prin imperfectiunile sistemului de strangere, ce
au permis anumite alunecari relative ale celor trei bare.

Masuratorile valideaza modelul propus pentru
frecventa fundamentala si aratd ca aceasta frecventa este
situatd in vecinatatea valorii determinate numeric,
deplasatd cu atadt mai mult cu céat rigiditatea arcului
lamelar este mai mare. Frecventa proprie fundamentala
prezintd un interes deosebit, deoarece poate conduce la
fenomenul de rezonanta, nedorit pentru mijloace de
transport.

Se poate concluziona ca frecventele proprii ale unui
arc lamelar depind in mod esential de felul in care pot
aluneca relativ intre ele foile arcului, deci de starea lor de
uzura, precum si de sistemul de strangere.

BIBLIOGRAFIE

[1].Craifaleanu A., Orasanu N., (2011) — Analiza teoretica
si experimentald a vibratiilor unei bare elastice cu patru
mase concentrate, Proceedings of the Annual Symposium
of the Institute of Solid Mechanics, SISOM 2011,
Bucharest, May 25-26, 2011, pp.471-480;

[2].Craifaleanu A., Orasanu N., (2012) - Studiu
experimental al vibratiilor forfate ale unui sistem cu masé
distribuitd si patru mase concentrate, Proceedings of the
Annual Symposium of the Institute of Solid Mechanics,
SISOM 2012, Bucharest, May 30-31, 2012, pp.200-205;
[3].Craifaleanu A., Orasanu N., Dragomirescu C., (2013) —
Studii teoretice si experimentale asupra amortizorilor
magnetici, Applied Mechanics and Materials, Vol. 430, pp.
351-355, Trans Tec Publications, Switzerland,;
[4].Craifaleanu A., Orasanu N., Dragomirescu C., (2015) —
Vibratii de Tincovoiere ale unei bare Euler-Bernoulli
viscoelastice — doud metode si comparatie, Applied
Mechanics and Materials, Vol. 762, pp. 47-54, Trans Tech
Publications, Switzerland;

[5]. Trailer Parts  Superstore, (2015), http://www.
easternmarine.com/Double-Eye-Trailer-Leaf-Springs;
[6].Meirovitch, L. (2001) — Bazele vibratiilor, Editura
McGraw-Hill, New York;

[7].Rao S. (2011) — Vibratii mecanice, Editura Prentice
Hall, Universitatea din Miami;

[8].Radoi M., Deciu E.,Voiculescu D., (1973) — Elemente
de vibratii mecanice, Ed. Tehnica, Bucuresti.

[9].Silag Gh., (1968) — Mecanica. Vibratii mecanice, Ed.
Didactica si Pedagogica, Bucuresti.

[10]. Timoshenko S., (1948) — Rezistenfa materialelor.
Partea I. Teoria elementara si Probleme, D. van Nostrand
Company, Inc.

134



