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DETERMINAREA MULTIMII NASH IN JOCUL DIADIC iN STRATEGII MIXTE

Maria CIRNAT
Universitatea de Stat din Moldova

In acest articol este cercetati determinarea multimii de echilibre Nash pentru jocul diadic in strategii mixte, fiind
studiate proprietatile si structura multimii Nash si elaborat un algoritm de calcul simbolic in baza metodei de intersectie a
graficelor aplicatiilor de raspuns optim [2,3]. Scopul principal al lucrarii este de a simplifica esential algoritmul in baza
caruia este alcatuit programul de calcul in sistemul Wolfram Mathematica 9, care vine ca o perfectionare a celui
publicat in 2007 pe Wolfram Demonstration Project [3]. Rezultatul principal tine de reducerea esentiald a numarului de
cazuri cercetate la doar 38.

Cuvinte-cheie: joc strategic in strategii mixte, joc diadic, echilibru Nash, mulfime de echilibre Nash, grafic al apli-
catiei de raspuns optim, intersectia graficelor aplicatiilor de raspuns optim, algoritm.

NASH EQUILIBRIUM IN THE DYADIC PLAY IN MIXT STRATEGIES

In this study it’s investigated the determination of Nash equilibrium for the dyadic play with mixt strategies through
studying the properties and structure of Nash equilibrium and elaboration of an algorithm of symbolic computation
based on the method of intersection of application graphics of optimal answer[2, 3]. The basic purpose of this study is
to simplify the essential algorithm in which base is made the program of calculation in Wolfram Mathematic 9 system,
which comes as an improvement of that which was published in 2007 on Wolfram Demonstration Project [3]. The
principal result keeps of the essential reduction of investigated cases to 38.

Keywords: strategic play in mixt strategies, dyatic play, Nash equilibrium, lot of Nash equilibriums, application
graphics of optimal answer, intersection of application graphics of optimal answer.

Introducere
Jocul este definit de cétre John von Neumann si Oscar Morgenstern ca ,,orice interactiune intre diversi
agenti, guvernatd de un set de reguli specifice care stabilesc mutarile posibile ale fiecarui participant si casti-
gurile pentru fiecare combinatie de mutari” [1]. Aceasta descriere poate fi aplicata aproape oricarui fenomen
in care interactioneaza diversi subiecti cu interese diferite.
Sa examinam jocul strategic de doi jucatori in forma normala:
G= (N:X'Yin(ny)Ji = 1:_2: (x'}’)fx X Y)1
unde:
v" N — multimea de jucatori, N = {1,2};
v' X —multimea de strategii ale primului jucitor,
X={x=(x,x):x; +x, =1,x; > 0,i =1,2};
v Y — multimea de strategii al jucitorului al doilea,
Y={y=0uy2):»1+y2=1y20,i=12}
v fi(xq,x,) — functiile de castig ale jucatorilor.
Definitie. Vectorul (x*, y*) se numeste Echilibru Nash (EN) daca au loc conditiile:
(YY) = filxy?), VX E X,
fz(x*;y*) = fz(x*;y), Vy EY.
Tinand cont de specificul multimilor de strategii, prin transformari evidente se trece de la patru variabile
la doar doua: X1 =%, x,=1—x, x €[0,1];
y1=Y, ¥2=1-y, y€[01]
Functiile de castig sunt biliniare (pentru strategia fixa a adversarului sunt liniare) si iau forma:
filx,y) =x"Ay, f,(x,y) = y"Bx,
unde x,y € [0,1] x [0,1]. 4, B € R? X R? sunt matricele de cost ale jucitorilor:
a1 Q127 _[P11 b1z
4= [a21 azz] B = by, bzz]'
Functiile de castig pot fi scrise si in urmatoarea forma:
fi(0y) = [ay + aplx + (azq — az2)y + azz;
y f2(6,y) = [Bx + Boly + (b2 — ba2)x + by,
unae
@ = ay1 — A1 + Azz — Aq2; Ao = A1 — Az $1 B = D11 — b1y + bay — bay; o = by — by
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Graficele aplicatiilor de raspuns optim
Pentru a determina multimea de echilibre Nash, se construiesc graficele aplicatiilor de tip cel mai bun
raspuns:

1, dacaay +ay >0 1, dacafx+ 3y, >0
Gry =4 0, dacday+a,<0 si Gr, =< 0, dacafx+pf, <0
(0,1), dacaay +a, =0 (0,1), dacapx+p, =0

La construirea graficelor in functie de valorile elementelor matricelor de castig pot fi evidentiate urmatoa-
rele noua cazuri [3]:

Nr. Primul jucétor Al doilea jucator
crt. Conditia Graficul Conditia Graficul
_ _ Dreptunghiul _ _ . ) .
1. a=0&a,=0 0,0); (1,1): B=0&B,=0 Dreptunghiul (0,0); (1,1);
(@=20&ay,>0) B=0&B,>0)
2. sau (f%%miqnil) sau Segmentul (0,1); (1,1);
(a<0&a+a,>0) B B<0&B+B,>0)
(@ <0&ay <0) (B<0&pB, <0)
3. sau (S%g)m(zgtgl) sau Segmentul (0,0); (1,0);
(@a>0&a+a,<0) A AT B>0&B8+PB, <0)
Linia franta A ) ) )
4, a>0&a,=0 0,0); (1,0); (1,1); B>0&L,=0 Linia franta (0,0); (0,1); (1,1);
Linia franta o §
5| ¥>08&a<0& ©00); (0,-2); | B>08&B <0& | Linia frintd
a+ay>0 (1-5); Gy B+ By >0 ©0; (=2,0) 5 (=%2,1); w;
) a ) ) )
Linia franta PSSP . . .
6.| a>0&a+a,=0 0,0); (0,1); (1,1); B>0&B+[ =0 Linia franta (0,0); (1,0);(1,1);
Linia franta C oA . . .
7. a<0&ay;=0 (1,0); (0,0); (0,1); B<0&B,=0 Linia franta (0,1); (0,0); (1,0);
Linia franta o §
o | a<0&a;>0& @0); (1,-2); B<0&By>08& ﬁoLmlafra“;i
@+ <0 (0-); 01y B+Bo<0 ©O; (-2,1) 5 (-%,0); 0
) a ) ) )
Linia franta C oA . . .
9. a<0&a+a;=0 (1,0); (1,1); (0,1); B<O0&L+Ly=0 Linia franta (0,1); (1,1); (1,0);

Multimea de echilibre Nash X
Deoarece NE = Gry N Gr, [2 - 4], in general trebuie sd cerceteze 9 X 9 = 81 cazuri. In continuare reducem
numarul lor la doar 38, ceea ce Inseamna ca pentru multimea Nash evidentiem doar 38 de cazuri (forme) posibile.

Un punct
1. NE = {punctul (0,0)}:
1. 2. 3. 4, 5.
((a<0&ay<0)sau | (@ <0&ay<0)sau (a>0&ay<0& (a>0&a+
((a=0&ap <0)sau (@>0&a+a;<0))N[(a>0&a+ay<0))n at+ay>0)N a0=0)n

(@a>0&a+ay,<0)Nn
(B>0&B+ Py =0)

((B<0&By, <0)sau B>0&B3<0& (B<0&By<0)sau | (B<0&PBy<0)sau
(B>0&B + By <0)) B+ o > 0) (B>0&[+Fy<0) | (B>0&B+Fy <0))
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2. NE = {punctul (0,1)}:

1. 2. 3. 4, 5.
((a<0&ay<0)sau | (@<0&ay<0)sau | (¢ <0&ay < 0)sau <0&ai=0)n (a<0&ay>0&
(@a>0&a+ay<0)N(@a>0&a+ay,<0))N| (@>0&a+ay< éa>0&a0;o)) a+ay<0)n
(B=08&By>0)sau | (B<0&P,>08& )N (B<0&B+ ((ﬁ<—0& ﬁj’r >Sg)“ (B =0&pB, > 0) sau
(B<0&B+py>0) B+ By < 0) 2= 0) F<08B+H>0) | (g<oap+p>0)

3. NE = {punctul (1,0)}:

1. 2. 3. 4, 5.
((a=0&ay>0)sau ((a=0&ay>0)sau (@<0&ay>0& _
(a<0&a+0a0>O))n(((g§8?&f°>£)0§aun (a<0&a+oa0>0))n a+a0<00)n (“(<2§g+“<°6)0;n
(B<0&By<0)sau | <g&“0_0> (B<0&B>0& | (B<0&PB,<0)sau ((ﬂ>_o& ﬁi <SE>)u
B>0&p+p<0)| F<0&AH=0) B+ 6y <0) B>08p+p,<0) |£>08F+A<0)

4. NE = {punctul (1,1)}:

1. 2. 3. 4, 5.

((@a=0&ay > 0)sau ((@=0&ay > 0)sau _ (@>0&a;<0&
0 ((@=0&ay,>0)sau (a<0&a+°a0>0))n(a>0&a+a0—0)n a+a0>00)n

(@a<0&a+ay>0)nNn
((B=0&pBy>0)sau

(a<0&a+ay>0)nNn
B>0&P,=0)

(B>0&B,<0&

((B=0&pB,>0)sau
(B<0&B+py>0)

((B=0&pB,>0)sau

(B<0&B+py>0) B+ By >0) (B<0&B+py>0)
=T e | | = ‘
: \
3 : | 1
= |
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, |
5. NE = {punctul (—%, —%)}:
1. 2.
(a>0&a,<0& (a<0&ay;>0&
atay,>0)nNn at+a,<0)n
B<0&By>0& B>0&B,<0&
B+ By <0) B+ By > 0)
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Doua puncte

6. NE = {punctele (0,0); (1,1)}:

1

2.

(a>0&é0=0)n
(B>0&p, =0)

(xa>0& a+a,=0)n
(B>0 &B+ B, =0)

-

Trei puncte

8. NE = {punctele (0,0);(—& —;);

%o

ﬂ )

1

(d>0&a;<0&
at+ay;>0)Nn
B>0&[,<0&

_.ﬂ+ﬂo>0)

Un segment

wn}k

7. NE = {punctele (0,1); (1,0)}:

1

2.

(a<0&a;=0)n

(x<0& a+ay,=0)n
(B>0 &pB =0)

(B<0 &B+py=0)

X9

NE = {punctele (1,0); (-2, - 2); (0.}

B ’

a

1

a+a

B+ By

(a<0&ay,>0&

(B<0&PB,>08&

<0)n

< 0)

9. NE = {segmentul (0,0); (0,1)}:
2.

1. 3. 4, 5.
(@<0&ag<0)sau | ((a<0&ap<0)sau | ((@a<0&ay<0)sau _ _
(0(>0&0c+0a0<O))ﬂ(a>0<‘§wx+ooco<O))n(oc>0&05+0050<O))r\(0[>Oiloagj_0(0__00)n (a <>00&8?0 —_0())0

(=08, =0) (8> 088, =0) (<o&p=0 | F#<08h=0) (6>08F=0)
10. NE = {segmentul (0,0); (1,0)}:
1. 2. 3. 4, 5.
(a=0&ay,=0)n (a>0&ay,=0)n _ (a<0&ayz=0)n _
(B<0&PBy<0)sau | ((B<08&pB,<0)sau ("‘(;3 ﬁ‘g’f‘};o‘fé)” (B <0&p, < 0) sau ((g: g ggi_ﬁfi?))

(B>08&B+ By <0)

(B>0&B+ By <0)

(B>0&B+ By <0))
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11. NE = {segmentul (0,
1

D; LD}

(a=0&ay,=0)n

2

3.

4.

5

((B=0&pB,>0)sau
(B<0&B+p;>0))

(a>0&a.o=0)n
((B=0&pB,>0)sau
(B<0&B+p;>0))

(a>0&a+a,=0)n
(B<0&B+po=0)

(a<0&a+a,=0)n
(B>0&pB, =0)

(a<0&a-il-a0=0)n
((B=0&pB,>0)sau

(B<0&B+py>0)

12. NE = {segmentul (1,0); (1,1)}:
1 2.

3.
(@ =0&ay>0)sau
(@a<0&a+a;>0)n

((@=0&ay>0)sau
(a<0&a+ay>0)n

5.
((@=0&ay>0)sau

(@a<0&a+ay>0)n (@>0&ap=0)n (@<0&ay=0)n

(B=08&p=0) | B>08B+p=0) | B<0&B+pp=0) | FP<0&F+H=0) | (>0&F+5=0)
Awis »:: [—— “'vin:jl Hn—f-‘-

Reterence Yoh Egulits

13. NE = {segmentul (0,0);( ,—%)}:

15. NE = {segmentul ( ,—%); (0,1)}:

1. 1.
(>0&a; <0& (a<0&ay;>0&
at+ay;>0)N at+a,<0)n

(B<0&B+py=0) (B>0&p,=0)

=

_ . Bo .
14. NE = {segmentul (0,0); (_?' 0)}
1.
(a<0&a;=0)n
(B<0&PB,>0&PB +
Bo <0)

Bo .
16. NE = {segmentul (—?,0); (1,0)}.
1.
(a>0&a,=0)N
(B<0&By>0&
B+ By <0)

.....................
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17. NE = {segmentul (0,1); (—%,1)}: 19. NE = {segmentul (1,0);( ,—%)}:
1. 1.
(a>0&a+ay;=0)n (< 0&ay>0&
B>0&[,<0& a+a,<0)n

B+ By >0) B>0&B+P,=0)

18. NE = {segmentul (—%,1); (1,1)}: 20. NE = {segmentul (1,—%); (1,1)}:
1. 1.
(@<0&a+a,=0)n (@>0&a;<0&
B>0&B,<0& a+ay,>0)Nn

B+ By > 0) B<0&B+pB,=0)

Un segment si un punct distinct

21. NE = {segmentul (0,0); (0, —@),punctul (1,1)}: 23. NE = {segmentul (0, —@) ;(0,1), punctul (1,0)}:
a a
1. 1.
(a>0&a;<0& (<0&a;>0&
a+ta;>0)N ata,<0)n

(B>0 &p, =0) (B<0 &By=0)

22. NE = {segmentul (0,0); (—% 0),punctul (1,1)}: 24. NE = {segmentul (0,1); (—% 1),punctul (1,0)}:

1. 1.
(a>0&ay,=0)N (a<0&a+ay,=0)n
B>0 &L, <0& B<0&B>0&

B+ By >0) B+ B, <0)
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25.NE = {segmentul (—%, 0) ; (1,0), punctul (0,1)}:
1

27.NE = {segmentul (—%, 1) ; (1,1), punctul (0,0)}:

. 1.

(< 0&a;=0)Nn (x>0&a; <0&

B<0&B>0& a+a,>0)Nn
B+ By <0) (B>0&B+ By =0)

28.NE = tul (1,-%2); (1,1), tul (0,0):
26.NE={segmentul (1,0);(1,—%),punctul (0,1)}: 8 {segmenu (1 a) ,1), punctul ( )}
L (>0 &a+a,=0n
(< 0&ay;>0& (B>0 &PBy <0&
at+ay;<0)n

(B<0 &+ f=0) £r b2 D)

Linie franta formata din doua segmente

29. NE = {linia franta (0,0); (1,0); (1,1)}:
1. 2.

3.
(a=0&ay,=0)N (a>0&a,=0)n (a>0&a,=0)n
(B>0&B+ By =0) (B=0&p, =0)

1. 2
(a=0&a;=0)Nn |(@<0&a+a;=0)N|{(a<0&a+a,=0)N
(B<0&B+B,=0) (B=08&pB, =0) (B<0&B+ B, =0)

30. NE = {linia franta (1,0); (1,1); (0,1)}:
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31. NE = {linia franta (0,0); (0, 1) (1,1}

1. 3.
(a=0&a;=0)N (a>0&a+a0—0)n (a>0&a+a,=0)Nn
(ﬂ>0&ﬁo—0) (B=0&p, =0) (B>0&p, =0)

32. NE = {lmla franta (0,1); (0, 0) (1 0)}
1. 3.
(a=0&ay,=0)N (a<0&a0—0)n (a<0&a,=0)n
(ﬁ<0&ﬂo—0) (B=0&pBy, =0) (B<0&pBy,=0)

- J
1

Linie franta formata din trei segmente

33. NE = {linia franta (0,0); (—‘;—" 0); (—%" 1);(LD}: 35 NE ={linia franta (0,0); (0.- %) (1.- “); wn}

....................

1. 1.
(@a=0&a,=0)Nn (x>0 &a;<0&
B>0 &Py <0& a+a,>0)N

B+ By>0) (B=0&p, =0)

34. NE = {tinia franta (0,1); (- % 1);(- % 0); (1,0)} 36. NE = {linia franta (0,1); (0,—22); (1,-%2); (1,0)}

1. 1.
(=0 &a,=0)Nn (<0 &ay>0&
B<0&B>0& a+a,<0)n
B+ By <0) (B=0&pB, =0)
**
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Patratul unitar
37. NE = {dreptunghiul (0,0); (1,1)}:
1.

(=0 &a,=0)Nn
(B=0 &py=0)

Concluzii

In lucrare se propune un algoritm simbolic de determinare a multimii Nash, a cirui esentd se rezumi la
enumerarea tuturor cazurilor (formelor) posibile in functie de datele initiale: elementele matricelor de castig.
Ca baza teoretica se foloseste metoda intersectiei graficelor aplicatiilor de raspuns optim [2-4]. Toate cazuri-
le examinate sunt ilustrate prin imagini obtinute cu ajutorul programului elaborat in Wolfram Mathematica 9.
Aceste ilustratii servesc, totodata, si ca demonstratie a corectitudinii algoritmului propus.
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