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ALGORITHMS FOR SOLVING STOCHASTIC DISCRETE CONTROL PROBLEMS
ON NETWORKS WITH VARYING TIME OF STATES’ TRANSITIONS
OF THE DYNAMICAL SYSTEM

Maria CAPCELEA

Universitatea de Stat din Moldova

The stochastic versions of discrete optimal control problem on networks with varying time of state transitions of the
dinamical system are studied. Polynomial time algorithms for determining the optimal stationary strategies in this prob-
lems are proposed.
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ALGORITMI PENTRU REZOLVAREA PROBLEMELOR DE CONTROL OPTIMAL DISCRET

PE RETELE CU TIMP DE TRECERE VARIABIL iNTRE STARILE SISTEMULUI DINAMIC

In lucrare se examineazi variantele stocastice ale problemei de control optimal discret pe retele cu timp variabil de tranzi-
tie Intre starile sistemului dinamic. Sunt propusi algoritmi polinomiali pentru determinarea strategiilor optime stationare.

Cuvinte-cheie: procese discrete, problema de control optimal stocastic, strategii stationare, metoda programarii li-
niare, algoritm polinomial.

1. Introduction and Problem Formulation

In this paper we consider the stationary case of the stochastic discrete optimal control problem on net-
work, with an average cost optimization criterion, when the time of systems’ transitions from one state to
another may vary in the control process. The main results we describe are based on the control model with a
fixed unit time of state’s transitions, on linear programming approach and the concept of Markov decision
processes. The problem will be reduced to the corresponding case of the problem with unit time of states’
transitions of the system. The statement of the problem is the following.

Let a discrete dynamical system L with finite set of states X be given. At every discrete moment of

time ¢ =1,¢,,t,,... the state of L is x(t) € X and at the starting moment of time 7, = 0 the state of the dy-
namical system is x, = x(0). Assume that the dynamics of the system is described by a directed graph of
state's transitions G = (X ,E ) . An arbitrary vertex x of G corresponds to a state x € X and an arbitrary
directed edge e = (x, y) € E expresses the possibility of the system L to pass from the state x(t) to the
state x(t + re) , where 7, is the time of the system's transition from the state x to the state y through the
edge e= (x, y) . So, on the edge set £ it is defined the function 7: £ —[] , which associates to each edge
a natural number 7,, which means that if the system L at the moment of time ¢ is in the state x = x(t) ,
then the system can reach the state y at the moment ¢+ 7, if it passes through the edge e = (x, y) , 1.e.,
y= x(t + re) . We assume that graph G does not contain deadlock vertices, i.e., for each x there exists at
least one leaving directed edge e = (x, y) € E . In addition, on the edge set E it is defined the cost function
c¢:E — 1], which associates to each edge the cost ¢, of the system's transition from the state x = x(t) to
the state y = x(t + Te) for an arbitrary discrete moment of time #. So, finally we have that to each edge

e= (x, y) € E the cost ¢, and the transition time 7, from x to y are associated.

We assume that the set of states X of dynamical system may admit states in which system L makes
transitions to a next state in the random way, according to given distribution function of probabilities on the
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set of possible transitions from these states. So, the set of states X is divided into two subsets X . and X,
(X=X, UX,,X.NX,=9), where X represents the set of controllable states x € X in which the
transitions of the system to a next state ) can be controlled by the decision maker at every discrete moment
of time ¢ and X, represents the set of uncontrollable states x € X , in which the decision maker is not able

to control the transition because the system passes to a next state y randomly. The probability distribution
function p:E, — [0,1] on the set £, = {e = (x,y) ek ‘x € XN} is defined such thatzyer(x) P, =1,
X" (x) = { veX|e= (x, y) ek } . Here p,_ expresses the probability of system's transition from the state
x to the state y for every discrete moment of time?. Note, that the condition p, =0 for a directed edge
e= (x, y) is equivalent with the condition that G does not contain this edge.

A directed edge e = (x, y) in G corresponds to a stationary control of the system in the state x € X

which provides a transition from xzx(t) to y:x(t+re) for every discrete moment of time?. A

sequence of directed edgesE = {eo,el,...,et,...} , wheree, z(x(tj),x(tj +7, )),j =0,1,2,..., determines
in G a control of the system with fixed starting state x(O) . An arbitrary control in G generates a
trajectory x(to ) , x(t1 ) , x(l‘2 ) ,..., for which the mean integral-time cost by a trajectory can be defined by the
- . 1 -1 -1
formulaf(E) = 12}3(;;% ] , where o = ;Te, .

The control problem on network (G,X X nsCs D, xo) with an average cost optimization criterion con-

sists in finding the stationary strategy s~ that provides the minimal mean integral-time cost by a trajectory.
We define a stationary strategy for the control problem on network as a map:

six—>yeX'(x) forxe X,.
Let s be an arbitrary stationary strategy. Then the graphG, = (X ,E.UE, ) ,
where £ = {e = (x, y) ek ‘ xeX.,y=s (x)} , corresponds to a Markov process with the probability

matrix P* = (p;’y ) , where
D.,» i xeX,and yeX,
Py =1L if xe X, and y=s(x),
0, ifxeX.andy#s(x).
In the considered Markov process, for an arbitrary state x € X ., the transition (x, S (x)) from the state

xe X, tothestate y=s (x) € X is made with the probability D) = 1 if the strategy s is applied.

2. Reduction to the problem with unit time of states’ transitions
We describe a general scheme how to reduce the stochastic control problems with varying time of states'
transitions to the case with unit time of states’ transition of the system. We show that our problem can be reduced

to the problem with unit time of states' transitions on an auxiliary graph G’ :(X "E ') , which is obtained
fromG = (X ,E ) , using a special construction. This means that after such a reduction we can apply the
linear programming approach described in [1,4]. Graph G’ =(X ', E') with unit transitions on directed

edges €' € E' is obtained from G , where each directed edge e = (x, y) € E with corresponding transition
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time 7, is changed by a sequence of directed edges e :(x,xf), e, = (xf,xze),..., e, = (xfe_l,y). This
means that a transition from a state x = x(t) at the moment of time ¢ to the state y = x(t + Z'e) at the mo-
ment /+7, in G we represent in G’ as the transition of a dynamical system from the state x = x(t) at the
time-moment ¢ to y = x(t + re) when the system makes transitions through a new fictive intermediate set

of states x,’, x3,..., X;_, at the corresponding discrete moments #+1, +2,..., t+7,—1 .
The graphical interpretation of this construction is represented in Fig. 1 and Fig. 2. In Fig.1 it is represented
an arbitrary directed edge e = (x, y) with the corresponding transition time 7, inG . In Fig.2 it is represented

the sequence of directed edges e, and the intermediate states x,, x;,..., x; | in G' that correspond to a direc-

7,-1
ted edge e = (x, y) inG . So, the set of vertices X' of the graph G' consists of the set of states X and the set
of intermediate states X7 = {xf lecE, i=12,..,1, —1} ,ie, X'=XUXI. Also, we consider the sets X,
and X}, sothat X' = X U X}, X, =X, and X}, = X'\ X . The set of edges E' is defined as follows:

E’:USE, Ee:{(x,xf), (xf,xg),..., (xfefl,y)‘(x,y)eE}.

eckE
We define the cost function ¢’ : E' =[] in the following way:

c;,xf =c,, ife= (x,y)€E, c;r,xg SCep = =0 T 0.
x=x(t) y=x(t+7.)
T,

(=) : (V)

_/ _/

Fig. 1
x(1) x(r+1) x(t+2) x(t+1,-1) x(t+71,)
-« T, edges =|
Fig. 2

The probability function p': E}, — [O,l] onthe set £}, = {e' = (x',y') eE’ ‘ x'e lev} is defined as follows:
. Py I X=x, X eX X and y'=x],
P _{ I, if XeX,\X,.
Between the set of stationary strategies s:x —> ye X (x) for x € X and the set of stationary strategies
s'ix' >y eX” (x’) forx" € X', there exists a bijective mapping, such that the corresponding average

and discounted costs on G and on G’ are the same. So, if s" is the optimal stationary strategy of the problem

10
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with unit transitions on G’ then the optimal stationary strategy s~ on G is determined by fixing s° (x) =y
if s (x) =x{, where e = (x,y) .
3. The main results

The linear programming algorithms for solving the control problem with a unit time of states’ transitions

have been developed in [1-4]. At first, we formulate an algorithm for determining the optimal stationary stra-
tegies for the control problem on perfect networks. Therefore, we consider the stochastic control problem on

the network (G, Xo,Xy.c0p, xo) with X, #O, X, #J, and assume that this network is perfect, i.e. the
graph G and the subgraph G, = (X EUE N) (for an arbitrary stationary strategy s € S ) are strongly con-
nected. In this case the network (G',X e Xy, p',xo) is perfect. The Markov chain induced by the proba-

bility transition matrix P° is irreducible for an arbitrary strategy s.
Let s'€ S’ be an arbitrary strategy in G’ . Taking into account that for every fixed x" € X. we have a

unique y' = s'(x') eX"” (x') , we can identify the map s" with the set of Boolean values s, , for x"e€ X
and y' € X" (x') , where
L if y'= s'(x'),
S = 0, if y'# S’(x’).
For the optimal stationary strategy s'* we denote the corresponding Boolean values by S; N
Based on the results from [1,4] we can prove the following

Theorem 1. Let a, (x' eX.,) e X'), q. (x"€ X'") be a basic optimal solution of the following li-

near programming problem:

Minimize
— !
Pap-Y Y doan+Y uq.. m
x'eXi y'eX'™ (x) Z'eXy
subject to
_ ' i
D eyt 2, Peyde=dys VY EX,
x'eXe (¥ z'eXy
D et 2, 4=l
x'eX¢ Z'eXy (2)
’ !
Z Ay =q,, VX €Xg,
yeX™(x)
a,,20,Vx'e X[,y eX ¢q.,20,Vx' e X',

where p, = Z pLch, Ve Xy, Xi (y') = {x' e X, | (x',y') € E'}. Then the optimal statio-

VX))
nary strategy s'" on a perfect network (G', X0 Xy,c, p',xo) can be found as follows:
oo 1, if ., >0,
XLy . *
O’ lf‘ ax’,y’ :O’
where x' € X[, y' € X""(x"). Moreover, for every starting state x' € X' the optimal average cost per

transition is equal to W (a",q"), i.e.,

6= Y it Y wd

)C'E)(év y'eX'* (x') Z’GX}V

11
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forevery x' € X'.
So, if the network (G, X Xy,cp, xo) is perfect then we can find the optimal stationary strategy s* by

using the following algorithm.
Algorithm 1.

1) Formulate the linear programming problem (1), (2) and find a basic optimal solution a:,, N
(x’eXé, y’eX’), q. (x’eX');

2) Fix a stationary strategy s" in G": put s, , =1 for x'e X, y'e X" (x) if a:,’y, > 0; otherwise
put 57, =0;

3) Fix a stationary strategy s  in G : for each (x', y') €E' so that s, =1 put s, =1 for
yeX” (x') , so that (x',y') is edge of a directed path from x" to y ; otherwise put 3., =0.

We can show that the stochastic control problem on the non-perfect network, in which an arbitrary strate-
gy s generates a Markov unichain [5], can be reduced to an auxiliary problem on perfect network. So, the
proposed algorithm can be extended for the unichain control problem. In this case the graph G, induced by a
stationary strategy, may not be strongly connected, but it contains a unique strongly connected component,
that can be reached from any vertex x € X . For this control problem the mean integral-time cost by a trajec-
tory is the same for an arbitrary starting state.

A basic optimal solution ¢”,g" of the linear programming problem (1), (2) determines the strategy S)'f, y

and a positive recurrent class X" = {x' eX'|q.> O} in X'. For a unichain control problem Algorithm 1

determines the optimal stationary strategy of the problem only in the case if the system starts transitions in

the state x; € X'*. The remaining states x' € X'\ X"* correspond to transient states and the optimal statio-

nary strategies in this states can be chosen in order to reach X'*. So, in G" we can find the optimal stationa-
ry strategy as follows:
Algorithm 2.

1) Find a basic optimal solution &”,g" of the linear programming problem (1),(2) and the subset of
vertices X' = {x' eX'

G =(x" E").

q. >O} which in G' corresponds to a strongly connected subgraph

2) On G" we determine the optimal solution of the problem using the Algorithm 1.
3) If x; € X" then we obtain the solution of the problem with fixed starting state x,. To determine

the solution of the problem for an arbitrary starting state we may select successively vertices x' € X'\ X"

which contain outgoing directed edges that end in X" and will add them at each time to X", using the fol-
lowing rule:

a) if x" e X[, m(X'\X'*) then we fix an directed edge €' =(x',)’), put sy, =1 and change X" by
X" u{x'};
b)if x" € X, m(X'\X'*) then change X" by X" u{x’}.

Now we consider the infinite horizon discounted stochastic control problem with varying time of states’
transitions. The dynamics of the system is determined in the same way as for the problem with average cost,

but the objective function which has to be minimized is defined by the sum Z yt’ ¢, ,where y e (0, 1) isa
J
Jj=0
given discount factor. An arbitrary control in the graph of states’ transitions G generates a trajectory

12
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x(to),x(tl),x(tz),..., for which the discounted expected total cost is defined as follows

G}/

Xo

(S) = Z }/t’ ¢, . We are seeking for a stationary strategy s* such that O')}:O (S*) =min O'ilo (S) .
J=0 ’
We develop a linear programming approach for the discounted stochastic control problem on the network
(G,X s X y>Co Dy xo) using the same scheme as above. We have the following result.
Theorem 2. Let a, , ( x'eX., e X'), i (x’ € X') be an optimal solution of the following linear

programming problem:

Minimize
g, (@.B)= D, Z cxy D wp (3)

xeXCng z'eX}y
subject to

B,=v D, au,-r X, p.yB.=1 y=x,

x'eX y) zeXN(y)
Bo=r 2, @uy=7 2, PayBe=0 WY eX\x},

xeXC(y) zeXV( ) (4)
z a,,=p., Vx'eX(,
y'eX"™(x')
B.20,9x'eX’, a,, 20, Vx'eX;,yeX"(x),

where 1, = Z C.oyPo s VZ'€X) Ifin G'=(X',E") an arbitrary vertex x' € X' is attainable
y'eX'*(z')

from x;, then 3. >0,V x'e X and

a.
e {0,1}, Vx'eX.,yeX"” (x').
ﬁx'

The optimal stationary strategy s of the discounted stochastic control problem on the network can be

*

found by fixing s, , = Y for x' e X and every y'e X'+( ) if B #0; otherwise we put 5., ,=0.
Based on the Theorem 2 we can propose the following algorithm for determining the optimal solution of
the discounted stochastic control problem on the network, with fixed starting state x; and varying time of

states’ transitions.
Algorithm 3.
1. Formulate the linear programming problem (3), (4);

2. Determine an optimal solution a, , (x'e X, y'e X'), yix (x' € X') of the problem (3), (4) and fix
a stationary strategy s in G': put s, , =ay / p. for x'e X[, y'eX"” (x') if S, #0; otherwise
put 57, =0.

3. Fix a stationary strategy s* in G : for each (x',y') € E' sothat s, =1 put s, =1for ye X" (x') ,
so that (X, y') is edge of a directed path from x' to y ; otherwise put s, , =0.

4. Conclusion

A linear programming approach for finding the optimal stationary strategies of stochastic discrete optimal
control problems with infinite time horizon and varying time of states’ transitions is proposed. Polinomial
time algorithms based on such approach for solving the considered problems on networks are developed.

13
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