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ABSTRACT

Translation and convolution associated with Eigenfion transform, studied by Zemanian, are defined
certain boundedness and continuity results arer@ataConvolution of a distribution and a test fume, and that of two

distributions are defined and their propertiesiavestigated.
KEYWORDS: Eigen Function Transform, Convolution, Distributo
AMS Subject Classification: Primary 44A35; Secondary 46F12
INTRODUCTION

Eigenfunction transform investigated by Zemaniasi | a unification of many transforms involvindiite
series representations and having applicationslifing various boundary value problems. Variousperties of this

transform have been investigated by [7-10, 13-15].

We first recall its definition from [15]. Ldtdenote any open interval< x < b on real line. Hera = — o andb =

+ oo are permitted.

Then Eigen Function transform afiL,(1) is defined by

b
fO(n)=(wn):= [1694n (x) dx wn O Ly(), (1.1)

where g (x) denotes the complex conjugate @f, (x).

An important classical result [15, p.250] stateat{,} is complete if and only if, for everyOL,(1), the

coefficients (f, w,) satisfyParseval’'s equation
- b
Z|(fLyn )P = JIfCORdx. 1.2)
n=0 a

Let 00 denote the linear differential operator
0:= §,0"6,D"™6, ... D"6,, (1.3)

d L .
whereD = X’ the n, are positive integers, ané, are smooth functions orl that are never equal to zero
X

anywhere on. Moreover, we assume that there exists a sequbtp,(}ﬁzo of real numbers callegigenvaluesf [, and

a sequencéy/n}‘::o of smooth functions ih,(a,b), calledeigenfunction®f
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U, suchthat, b « asn- o and
Ow, = AW, n= 0,1,2.. (1.4)

The zero function is not allowed as an eigenfunmctiFor various properties of eigenvalues, eigectfans and

eigenfunction transforms we may refer to [4, 17, 18

Next, we recall definition and properties of thsting function spaca investigated by Zemanian [15, p.252]. The

spaceA consists of all complex valued smooth functigh®n| such that

b %
ay () := [jEch(x)F dx] <, (1.5)

foreach k=0, 1, 2, ..., and for eathk /7N,

o un) : = @.0%y,). (1.6)

Ais a linear space. Moreover, it is a subspade(@f. The operatof] : A - A s continuous and linear. The dual

of A'is denoted by’ We also have
Of,g:=( 09, LA @oIA. (1.7)

Convolutions associated with certain special cadethe general Eigenfunction function transfornvéndeen
investigated by [2,3,5,6,11].The aim of the preseaper is to define translation and convolutionoesdged with the
general Eigenfunction transform and study theipprties exploiting the technique of Glaeske [6] &=sdancor et al [1].
Existence theorems for these translation and cotieol are proved. Using Zemanian's theory It isvshathat the

Eigenfunction transform of the convolution of twistdbutions is a product of their transforms.
We shall use the following theorems due to Zemafiia] in the proof of our results.

THEOREM 1.1 If ¢OA, then

0= S(ogn) . WO L), (L8)

where the series convergesiin

THEOREM 1.2. If f JA’ then
f=20(f,¢/n)¢/n o Y L(1), (1.9)
n=

where the series convergesAd
Let us define the generalized integral tramaf@ by
uf=F(n)=Ffy,) fOA, n=0,1,2,3,..., (1.10)

then the inverse mapping is given by (1.9), whighwrite as

Index Copernicus Value: 3.0 - Articles can be sernb editor@impactjournals.us




| A Convolution Structure for Eigen Function Transform 71 |

f =u1F(n)= SF(N) ¢, , (1.11)
n=0

where the series convergesAn.
A characterization of the convergence of the sdiiell) is given by the following theorem [15, GilP

THEOREM 1.3

Let bn denote complex numbers. Thenfbn @,,converges in A’ if and only if there exists a non- negative
n=0

2, converges. Furthermore, if denotes the sum id' of (1), then b,=( f &, ).

integerq such that ¥ |,||b,
470

THE BASIC GENERALIZED FUNCTION  U(X,Y;Z)

In this section we define a basic generalized tianau(x,y;z) In terms of this generalized function, translatio
and convolution associated with eigen functiongfarm are defined. Various properties of the trati@h and convolution
are investigated in the forthcoming sections.

In terms of eigen function{wn(x)} let us define the basic generalized functigxy;z)by

u(xy;z)= Zé//n(x)l//n(y)[//n(z)- (2.1)
n=l
We show that the above series convergef'inLet us assume that there exists a congfant0 andp/N, such
that
suply , (X)<HAP. (2.2)
xO1
Such estimates hold for many special caseg dfx).Few examples are given below.
Example 1. 1=(-1,1), 0O=D(x2-1)D,

Yo (X)=(N+%)%2 P (X), A,=n(n+l) [15, p.268].
Since [P (x)<1 for -1<x<1  [4, p.205],
we have

W, (x)s(n+35)esn(ntl)=A,  for rel

Example 2.1=(-w ), [O=e%De*De% ,

-2
e N (X) _on (5, p. 267].

wn(X)zi(znn!\/})yz’ n

From [4, p.208], we know that there exists a positonstantH, 1 < H < 2, such that
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‘e‘*%Hn(x)‘st%(n! )%
Hence

W (X)sHITVsH Y 2n=Hm %A, for r=l.
Now, in view of estimate (2.2),

by f:=

Y W (y)<H2AD.
Hence

-2q 2 -2q 4p
T Aol by 7S X A THA A < o0,
%0 %0
for some large q > 2p, becausé, } is a increasing sequence aAgl-c as n-c .Therefore, by Theorem 1.3,

éom W (2)= n%{gwn(x)z,un(y))wnm

converges inA’, which is denoted by(x,y;z) Moreover, from Theorem 1.3, we also have

b= ¢n (X) & (YF(UXY: )0 () - (2.3)

In case u(x,y; .) is a regular generalized functio', (2.3) can be written as

Yo (X) Yo (Y)=2u(xy 2 W, (2)z. (2.4)

If we assume thal;(/o(x) =1 (this holds in many special cases), from (2.4)llbws that

j;’ u(xy;zz=1. (2.5)

TRANSLATION AND CONVOLUTION ON A

Using basic generalized functiautx,y;z) we define the generalized translation associatiélal tive eigenfunction

transform and investigate its properties.

DEFINITION 3.1. Translation associated with eigen function transfof a functiongA, is defined by
(r.Py)=gxy)=< u(xy:2)p(z)> (3.1)
THEOREM 3.2. Leta<X, Yy, z < band ¢0JA. Then
L,I(OWg2] = 0Mir,02 k=0,1,2... . (3.2)
Proof : Using property (1.7) dfl we have

ry(0@)(2)=<u(xy;z){0,¢)(x)>
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= <O, u(xy;z)g(x)>

=<§O[wn(x)wn(y)m W (2)] Z(X)>

<§éun(x>wn(yunwn (2)@(x)>

=§Omn(x)wn(y)pn (2)@x)>
= <§0D W O (YW (2)@(X)>

xég%(x)wn(yxan(z),mxco(x»

= 0 [,9) @)
In general, we can prove that
[ty (0%)(21 = 0¥ [(1,0(2]
THEOREM 3.3. Leta < x, y, z < band ¢[JA, then mappingp-7,¢ is bounded and continuous frakinto itself.

Proof. In view of definition (2.1), relation (3.2) gives

Ok(7y@)(z)=1,(0%@)(2)

=< 3, (X) a (¥) ¥ () 0¥ 2)>

=341, (X) U (X ¥ (2)0%A2)).
Therefore,
0% (r,0)(2) = zéa () @a (YX ¢4 (2).0%@(2)) n;i;owm(xwm(y) (@ (2)0%0(2)).

Using orthonormality of {,, } we get

HOX(ry0 )(z) dz = éo\wn (O (VP A2 Ay (2)Dke(2))

=§0\wn(x)\2 W (V2 (g, (2)0kag(2))

<3 (00 W (Y)Y A0 025
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Using estimate (2.2) and choosigdarge we can show that the above series conveksce there exists a
constanC > 0 such that

@ (T, 0)< Cayuq(9)  for kN ; (3.3)
from which the conclusion of the theorem follows.

CONVOLUTION OF A DISTRIBUTION AND A FUNCTION

In this section, we shall study the convolutionaoflistribution and a test function associated wlith eigen
function transform. For proving, existence theormthis convolution, we shall use the expansiorf of A’, given in

Theorem 1.2 and generalized translation define(BH).

THEOREM 4.1. Let fOA and ¢JJA; define

(F*g)w):=(f@)(1,0)2). (4.1)
Then f*g@lA.

Proof. Since by Theorem 3.37,¢ )(z)JA, the right-side expression is meaningful. Novings'heorem 3.2,

Dk(f*¢)(2)i=<f(x).<§é//n (X) @n(y) ¢ (Z)D"(TwaZ)>>-

= S0 (W @M (Y).

n=0

Now, by the arguments used in the proof of Thedde3n

[20K( 1) (2)2dz = zo (o Y@ Okg)

< io\( tyn)| 22520 kgl
n=
so that

a(f*@)xCay.4(@), for some constant C > 0.

THEOREM 4.2. Let fOOA and ¢JA, then the following identity holds:
(f*@)” (m)= f~(m) @7 (m), m=0,12,... . (4.2)
where f~(m) denotes generalized integral transfornfi af A'.

Proof. Since f*@JA, its generalized eigen function transform exiatsin the proof of Theorem 4.1,

(f*o)(2) = zo( 0 )W OW (2). 4.3)
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Using ortho normality condition, we get
(F*@)” () =((*9)(2) Wm (2)=( 1. (@Y, m=01.2,.. .
= f~(m)g~(m).
GENERALIZED CONVOLUTION OF TWO DISTRIBUTIONS

Let f gOA andgOA. Then by Theorem 4.9* [0 A. Therefore, we can defirfiégg by
(1*d(@). o2} =(1(@). (9(y), ply2))

=(1(2). (0*9)(2). (5.1)
It can easily be shown thdtg is a linear, continuous functional dnso thatf *gOA".

THEOREM 5.1. Let f gOA'"; then

(f*g)” (MEF(M)G(m). (5.2)

Proof: Let ¢0A. Using (4.3) and (5.1) we have

(F*g)(x), @x) =<f(z), éggwm)(cfm m>wm(z)>
= Sowatwnuno)

=< éop(m)e(mwjm (2), ¢(z)>. 5.

But in view of the fact thaf *gA, we have

(f*d(2), p(2) = < rg(gf*gr (M) ¢ (2), q(z)> : (5.4)
Hence, by uniqueness of generalized integral fwams (5.3) and (5.4), yield
(f*g)” (m)= FM)G(m).
THEOREM 5.2 Letf, g, KJA ; then the following holds:
M (f*dm=(g* ), (5.5)

(i) (f*g)*h = f*(g*h). (5.6)

Proof. By Theorem 5.1, we have
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(f*g)™ (m) = F(M)G(m)=G(m)F(m)= (g* fy (m) ,m=0,1,2,...
Uniqueness property of the transform gives (igxt\Nin view of (5.1) for¢gJA, we have
ICf*gyh1(x), () = ((F* 9, (*@)(X) )

={f00[g*(h* )] (x)). (6.7)

But
[g*(l( x) = (o), (h@)r,0) @)

= {(g*h (y), p(zy). (5.8)

From (5.7) and (5.8), we get
(ICT*g)*h1(x), @(x) = (f(x).((@*h)Y). &zy)
=(1(x), [(g*h)* ¢](x))

=([f* (g*h)] (x), @x)) -
This is the conclusion of part (ii).

REMARK 5.3. Convolutions for Legendre transform [11], Chebyshensform [2], Jacobi transform [5], Laguerre
transform [3], Hermite transform [6] and many otlescrete transforms can be derived as speciab@dd®.1), and hence

their properties can be investigated.
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