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Abstract In this paper, we explore the notion of generalized semi topological groups. This notion is based upon
the two ideas, generalized topological spaces introduced by Csaszar [2,3] and the semi open sets introduced by
Levine [7]. We investigate on the notion of generalized topological group introduced by Hussain [4]. We explore the
idea of Hussain by considering the generalized semi continuity upon the two maps of binary relation and inverse

function.
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1. Introduction

Let G denotes the generalized topological space (X, G).
In accordance with [3], let A< X be generalized semi open
if and only if there exists a generalized open set (G-open
set) O € G such that O S Acclg(0), where clg(O)
denotes the generalized closure of the set O in G. For more

details on generalized topological spaces, we refer to [2,3].

In 2013, Murad et al. [4], defined and studied the concept
of generalized topological groups (G-topological groups).
This study was further extended and published in [5] and
[6]. In 2015, C. Selvi and R. Selvi [10] were motivated by
G-topological groups [4] and S-topological groups [9], and
defined on new notion with the name of generalized S-
topological groups.

In this paper, we intend to generalized further the
notion of G-topological groups and G-S-topological groups
by using G -semi continuity. G -semi continuity is a
generalization of G-continuity and it was defined by A.
Cséaszar in [3].

2. Generalized Semi Topological Group

In this section, we will explore the notion of
generalized semi topological group. Generalized semi
topological groups contains the structure of generalized
topology and groups. The whole idea is backed by the
generalized semi continuity, as the binary operation and
the inverse map undergo the process of generalized semi
continuity. We will study the basic definitions and gradual
development of the phenomenon.

Lemma 2.1. Let (X,u;) and (Y,u,) be generalized
topological spaces and f:X — Y is generalized semi
continuous, then for any subset A of X, f(scl(4) c

cl(f(A).

Theorem 2.2. Let (73, 1) and (73, u,) be generalized
topological spaces and let (77 X T3, uy X pp) = (T, u) be
their product generalized topological space if A; is
generalized semi open set in 7; and A, is generalized semi
open in 7,, then A; X A, is generalized semi open in
(T, ).

Proof. Assume that A, = O; U B;, where O, is
generalized open in X; and B; c cl;0; — 0;,fori =1,2.
This is nowhere dense set as well. Then,

A x Py =(0UBy)x(0, UBy)
=(0yx0y)U(Byx0,)U(O; xB, )U(B; xBy)
But O; X 0, is generalized open set in X ; X X, and

(leOZ)U(leBZ)U(leBz)Ccl,ulxyz(leOZ)
=cluy x 1 (0 x02)

Hence, A1 X A2 € (0; X 03) Ucluy X u, (07 X 0,)
=clpy X pp (01 X 0p)

0, x0; c A x Ay cClpy x 1y (O xO; )

This proves that A1 X Az is generalized semi open set
inX; xX,.
Theorem 2.3. Let: (X, u) —(Y, o) semi generalized
continuous map between two generalized topological
spaces. Let B be semi generalized compact set relative to
(X, u) then f(B) is semi generalized compact in (Y, o).
Proof.Let{U; : i € V} beany collection of generalized
open set of (X, ), such that f(B) cu {U; : i € )}. Then
B cu {f~1(U;): i € V} holds by hypothesis and there
exists a finite subset of V, of 7 such that B cu {f ~1(U;):
i € Vy} which shows that f(B) is semi generalized
compact in (Y, ).

3. Semi Generalized Topological Group
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In this section, we will define semi generalized
topological groups ( G -s-topological groups) and
investigate its basic properties.

Definition 3.1. (X, G) is said to be a G- s-topological
group if

(D). (X, §) is generalized topological space;

(2). (X,*) is a group;

(3). The multiplication map m: X X X — X, defined by

m(x,y) = x =y and the inverse map i: X — X defined by
i(x) = x~1; V x € X are the generalized semi-continuous.
Equivalently, (X,x,G) is semi generalized topological
group if Vx,y € X and for each generalized open set W
containing x *y~! € X, there exist generalized semi
open sets U containing x and V' containing y, such that,
UxV-'eW . Since every G - continuous is G —
semi —continuous therefore, every G-topological group is
G-S-topological groups. And G-S-topological group may
not be a G-topological group. Further, we note that, every
G-topological group is G-s-topological group and every G-
s-topological group is G-S-topological group. However,
converses may not be true in general. It is evident from the
following example:
Example 3.2. Let ' = Z,= {0, 1} be the two-element
(cyclic) group with the multiplication mapping p = +2 the
usual addition modulo 2. Equip T with the Sierpinski
topology 7 = {{¢}, {0}, T'}. Then the collection of all the
semi open sets

SO
{(0.0)}.{(0.0).(0.1)}.
{(0.0).(10)}.{(0.0).(0:1),(10)}.
(ex7)=11(0,0),(0.2),(1.0). (L)},
((0.0).(11)}.{(0.0).(0.0). 1)},
(0,0).(x

and that u: t xt — <t is continuous at (0, 0),
(1, 0), (0, 1), but not continuous at (1, 1). However, u is
semi-continuous at (1, 1). For this, let us take the open set
¢ = {0} in T containing p(1, 1) = 0. Then the semi-open
set Y= {(0,0), (1,1)} € 7 xt contains (1,1) . The
inverse mapping i : T — t is continuous and hence semi-
continuous. Therefore, (I',+2, 7) is a G-s-topological
group which is not a topological group. It was noticed in
[1] that (T",+2, T ) is not a G-S-topological group.
Theorem3.3. Let (X, =, u) be a generalized s-
topological group. Leti: (X,u) — (X,u) be an inverse
mapping defined by i(x) = x™'; Vx € X. Then i is
generelized semi continuuous mapping.

Proof.Letx € X. Let W be a generalized open set in X
containing x~! . Then by hypothesis, there exist
generalized semi open sets U and V containing e and X,
respectively, such that U xV~! cCW. In
particular,i(V) = V1=exV1CU V! cW.
Theorem 3.4. If K is semi generalized compact, then
y * K~1 is semi generalized compact in a semi generalized
topological group (X,*, u).

Proof. Let {U, : a € I} be a cover of yxK™1 c
Uge; U,. This implies that K1 cyt*U,e, U, =
Uge vy~ * U,. This implies that K ¢ U,e,y * U, .

Since K is semi generalized compact, then there exists a
finite set I, of I'such that y=' x K € U,e; U, ~". This
implies that y* K™' © Uge,U,- That is y * K1 has a
finite subcover of X. Hence y * K=! is semi generalized
compact.

Theorem 3.5. A non empty subgroup H of a semi
generalized topological group is semi open if and only if
its semi interior is non empty.

Proof. Assume that x € S, — int(H) (semi generalized
interior). Then by definition there is a semi generalized
open set V such thatx € V < H: For everyy € H, we
have y*V c y ¢ H = H.Since V is semi generalized
open so isy * V, we conclude that H =uU{y = V: y €
H} is a semi generalized open set as the union of semi
generalized open sets is semi generalized open. Converse
of this theorem is quite simple.

Lemma 3.6. Let (X, ) and (Y,u,) be generalized
topological spaces and f : X — Y is generalized semi
continuous, then for any subset A of X, f(scl(A) <
cl(f(A).

Further theorem is the extension of the work presented
by Bohn Lee [1].

Theorem3.7. Let (X,»,u) be a semi generalized
topological group. Then for each generalized open set X
subset A of X; A~1 is semi generalized open.

Proof. Let A be generalized open in X, there exists a
generalized open set U in X, such that,

UcAcclU) @By [5])

Ut c At et

Because, (X,*, 1) is semi generalized topological group.
Lemma 3.8. Let A be G-topological space. If A € X is G-
semi open and A € B < cl;(A), then B is G-semi open.
Proof: Let AC B < clz(A). Since A is semi G -open
therefore there exists a G-open set O such that 0 € A <
clg(0).

= 0 S A< Bimpliesthat 0 € B < cl;(0).

This proves that B is semi G-open in X.

Theorem 3.9. Let (X,*,G) be a G-s-topological group.
Then the multiplication mapping

M: G x G — G defined by m((x,y)) =x*y

is semi G-continuous for each x,y € X.

Proof: Let x,y € X and W be a G-open set containing
x =y, since X is G-semi open sets U and V containing x
and y~1, such that

u*vrtcw
= x*yeU*vV1lcw
= m((x,y))=x*yeU v 1w
- m(u xv*l):u *v1ow

Since V is semi G-open set containing y~!, therefore,
by Theorem-1.6, V~1 is G-semi open set containing Y.
Moreover, by Theorem 2, U x V=1 is G-semi open set
containing (x,y). Hence ‘m’ is semi G-continuous for
each (x, y).

By Theorems 2.5 and 2.7, it is clear that every G-s-
topological group is G-S-topological group.
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Theorem 3.10. Let (X,*,G) be a G-s-topological group
and A be any G-open set in X. Then, foreachx € X, x * A
both are G-semi open in X.

Proof: Let z € A * x. This gives z = y * x for some y € A.

—y=z*x" e(A*X)*X_l.

Since, X is G-s-topological group, therefore, for G-open
set A containing y, there exist G-open set U and V
containing z and x respectively, such that

U*v1cAa
Or
7*x teU*xteurvica

This gives z € c A = x. This proves that A*x is G-
semi open set.
Theorem 3.12. Let (X,x,u) . be semi G -topological
group. If A is generalized open and B € X, then A *
B,B = A is generalized semi open in X.
Proof.Letx e Bandz = A *x

Z=Yy* X
or, forsomey € A= (A * &) xx!
Now, z,x € X, implies,
z+xx'€EA

Where A is generalized open set in X, therefore, by the
hypothesis, i.e., X is semi generalized topological group,
there exist generalized semi open set in X containing z and
V containing x such that,

U*vica
or
U*xtcu*vica
or
U c A*x.

This implies that for each point z € A = X, we can find a
generalized semi open set U containing z such that U € A
* X. This means A * X is generalized semi open. Since the
union of semi open sets is generalized semi open,
therefore,

A*B =, g A*X

is generalized semi open.

Lemma 3.13. Let (X,, G) be a semi G-topological group
and let B be the base at identity element e of X. Then, for
every U € B, there is an element V € SO(X); so that
following holds,

1)  V?cu.

2) Vvlcu

3) V+x c U, foreachx € U.

Theorem 3.14. Let (X,*,G) be a semi G -topological
group. Then each left(right) translation [, : G —
G (ry 1 G — §) is G-semi homeomorphic.

Proof: It is obviously bijective map and l;, : G — G is
semi G -continuous containing gx, there exists G -semi
open set U containing x such that [, (U) € W. Again, let V
be a G-open set in G, then [, (V) =V = g is semi G-open.
That is the image of G-open set is semi G-open. This
proves that [, is G-semi homeomorphic.

Note: Let (X,*,G) be semi G -topological group and
x € X. Then for any local base 8, and e € G, then each of
the families B, = {x*U:U € B,} and {x = U':U € B,}
is a semi G-open neighborhood system of x.
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