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Abstract Results dealing with a Fixed Point for a map need not be continuous on a metric space, which improves
a famous classical result, has been presented here, wherein the convergence aspect is duly addressed. This paper
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theorem. Further, here the rate of convergence aspects is duly taken care of.
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1. Introduction

The fixed point theorem most frequently cited in
literature is Banach contraction principle, which asserts

that if (X,d) is a complete metric space and T: X — X

is a contractive mapping (T is contractive if there exist
A€[01) such that for all xyeX

d(Tx,Ty)<Ad(x,y) ) then T has a unique fixed point.

In 1968, Kannan [3] established a fixed point T for
mapping satisfying:

d(Tx,Ty) < A[d(x,Tx)+d (v, Ty)]

for 1€[0,1/2) and forall x,y e X

Kannan’s paper [3] dealing with the generalization of
Banach fixed point theorem was followed by a spate of
papers containing a variety of contractive definitions in
metric spaces.

Rhodes [6] considered 250 types of contractive
definitions and analyzed the interrelation among them.

Jungck and Rhoades [8] introduced the concept of
weakly compatible maps for extending some well known
fixed point theorems to the setting of set valued non
continuous functions. Here the fixed point theorems were
proved for set valued functions without appealing to the
continuity.

In 2008 Azam and Arshad [1] extended Kannan’s
theorem for the generalized metric space introduced by
Branciari [2] by replacing triangular inequality by
rectangular one in the context of fixed point theorem.

In 2010 Moradi and Beiranvand [7] and Moardi and
Omid [5] introduced new classes of contractive functions

as following and established the Banach contraction
principle.

1.1. Definition

Let (X,d) be a metric space. A mapping T : X — X
is said to be sequentially convergent if we have, for every
sequence {yy}, if {Ty,} is convergent then {y,} is also
convergent. T is said to be subsequentially convergent if
we have, for every sequence {y,} , if {Ty,} is
convergent then {yn} has a convergent subsequence.

In 2011, Moradi and Alimohammadi [4] extended the
Kannan’s theorem and the theorem due to Azam and
Arshad [1] as following:

1.2. Theorem

Let (X,d) be a complete metric space and

T,S:X — X be mappings such that T is continuous,
one- to- one and subsequentially convergent. If
2 €[0,1/2) and for all x,y e X

d (TSx,TSy) < A[d (Tx, TSx)+d (Ty,TSy) ]

then S has a unique fixed point. Also if T is sequentially
convergent then for every x, € X the sequence of iterates

{S”xo} converges to this fixed point.

In the present paper, sufficient conditions were obtained
for the existence of the unique fixed point of Kannan’s
type mapping on complete metric spaces depending on
another function. Of course, a variation of this aspect has
been discussed by Patel and Deheri [9] in 2013 where
common fixed point theorems were proved in the light of
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another function. Of course, the underlying spaces were
Banach spaces.

Indeed, It has been deemed proper to provide some
generalizations and variations of the main results
presented in Moradi and Alimohammadi [5].

2. Main Results

The main result of the paper is contained in

2.1. Theorem

Let (X,d) space and
T,S:X — X be mappings such that T is continuous,

one- to- one and subsequentially convergent. If
2€[0,5/2) and for all x,y e X

be a complete metric

d(TSx,TSy) < A[d (Tx,TSy)+d (Ty,TSx)] (1)

then S has a unique fixed point. Also if T is sequentially
convergent then for every x5 € X the sequence of iterates

{S”XO} converges to this fixed point.

Proof Let xy € X be an arbitrary point in X . We
define the iterative sequence {X,} by Xp,=SX,

(equivalently, x, =S"xy), n=12,3... .Using equation (1)

one gets
d (TXq, TXq41) = d (TSXq_1,TSXy) ()
S Ad(TX_1, TSXp ) +d (TXp, TSXp_1)]

leading to
d (T, TXps1 ) < (%) d(TX,_1,TXy) 3)
Using induction and equation (3), one finds that
/1 n
d(TXy, TXpag) < (—1 /J d(Tx. Tx) (4)

By (4), for every m,n e N such that m > n one obtains

d(Txm, TXy)
< d (M, TXm—1) +d (TXp_1, TXp—2)
+ 4 d(Mxn g, TXn)

(SRR
.+[ﬁjn}d (Tx0. Tx)

(5)

Letting m,n — oo in equation (5) one concludes that
{Tx,} is a Cauchy sequence, and since X is a complete
metric space, there exists ve X such that

lim Tx, =V (6)

N—o0

Since T is a subsequentially convergent, {xn} has a
convergent subsequence. So there exists ue X and

{Xn(k)}le

continuous and  lim X,y =u, lim Tx,) =Tu.
k—o0 k—00

such that  lim Xpqy =u . Since T s
k—o0

By equation (6) one gets that Tu = v, which results in
d(TSu,Tu)
<d(TSu, TS"®x) +d (Ts"®xy, TSy )
+d(TS n(k)+1x0 ,Tu)
< ALd (Tu, TSXn y-1) +d (TXn(k)-1, TSU)] (7)

5 )
+d(TXn(k)+1,TU)+(EJ d(TXO,TX]_)

=Ad (I'u,Tan(k)_l) +Ad (TXn(k)_]_,TSU)

PG
+d (Txn(k)+1,Tu) + (m) d(Txg,Tx)

Letting k — <o in equation (7) one gets
d(TSu,Tu) < Ad(TSu,Tu).

This implies d(TSu,Tu)=0.

Since T isone-to-one Su=u and S has a fixed point.
Uniqueness

For the uniqueness of the fixed point let us assume that
there are upand up in X, (u #Uy) such that Suj =uj
and Su, =u, .

Then by equation (1) one get

d (TSuy, TSu, ) < A[ d (Tug, TSup ) +d (Tup, TSuy ) |
implies
d(Tug, Tuy ) < 24d (Tuy, Tuy)
Since T is one-to-one and 4 €[0,1/2) one finds
U =Uy.

Also, if T is sequentially convergent, by replacing {n}

with {n(k)} we conclude that lim x, =u and this shows
n—o0

that {x,} converges to the fixed point of S .

To understand the importance of this result one can cast
a glance at the following:

2.2. Example

Let X={O}u{%,%%,...} endowed with the

Euclidean metric. Define S: X — X by S(0)=0 and
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S(lj:L for all n>4. Obviously the condition in
n) n+l

Kannan’s theorem is not true for every A >0. So we
cannot use Kannan’s theorem. By defining T : X — X by

T(0)=0 and T(ij:in for all n>4 one have, for
n n
mneN (m>n),
1 1 1 1
‘TS (EJ_TS [;J =( N+l m+1
n+1) (m+1)
1
< n+l
(n+1)

| R
30" (n+)™
EA IS S

3_nn (n+1)n+l mm (m+l)m+l

G2

3 n

+

Therefore, by theorem 2.1
point u=0

Now, a little variation in the inequality of above result
leads to:

2.3. Theorem

Let (X,d) be a complete space and
T,S:X — X be mappings such that T is continuous,

one- to- one and subsequentially convergent. If
2€[0,1/3) and forall x,ye X

metric

d(TSx, TSy) < A[d (Tx,TSX)+d (Ty,TSy)+d (T, Ty) | (8)
then S has a unique fixed point. Also if T is sequentially
convergent then for every x5 € X the sequence of iterates
{S”XO} converges to this fixed point.

Proof Let xq € X be an arbitrary point in X . We
define the iterative sequence {X,} by Xn, =SX,

(equivalently, x, =S"xy), n=1,2,3....Using equation (8)
one gets
d (TXn, TXns1 ) = A (TSXq_1, TSX,) 9)
S ALd(TXn_q, TSX_1) + A (TX, TSX,)
+d (TXp_1. TXp)]

leading to
22
d(Txy, TXpp1) < [n)d (TX_1,T%) (10)
Using induction and equation (10), one finds that
22 )"
d(TX, TXs1) < ) d(Tx,Tx) (11

By equation (11), for every m,ne N such that m>n
one obtains

d(Txy, TX)
S d(MXm s TxXm—q) + A (TXm—1, TXm—_2)
+-o+ d(TXp g, TX,)

R

12)

Letting m,n — oo in equation (12) one concludes that
{Tx,} is a Cauchy sequence, and since X is a complete
metric space, there exists ve X such that

lim Tx, =V (13)

N—o0

Since T is a subsequentially convergent, {xn} has a
convergent subsequence. So there exists ue X and

{Xn(k)}:;l

continuous and  1im X,y =u, lim Tx,y =Tu.
k—o0 k—o

such that lim X,y =u . Since T is
k—o0

By equation (13) one gets that Tu = v, which leads to
d(TSu,Tu)
<d(TSu, TS"®xg) +d (15" Wy, TSy )
+d(|-Sn(k)+lXO,Tu)

<, d(Tu,TSu)
A (MXn k)10 TSXn(ky-1) + A (TU, Xy ) -1)

22 'K
+ n d(TXO,TX1)+d(an(k)+1,TU)

24

n(k)
< Ad(Tu,TSu) JH{WJ d(Txg,Tx)

27 YK
Ad(Tu, Tx —_— d(Txqy, Tx
20T+ (2] a0, 0)

hence,

1+2)( 22 \'®
d(TSu,Tu) <| —= || — d(Txy,Tx
(TSu, Tu) (HJ[H] (T%,Tx)

1
+(m]d(l'xn(k)+l,Tu) (14)

A
+[Ej d (TU,TXn(k))

Letting k — oo in equation (14) one gets
d(TSu,Tu) =0.

Since T isone-to-one Su=u and S has a fixed point.
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Uniqueness
For the uniqueness of the fixed point let us assume that

there are upand up in X, (u #Uy) such that Su; =u
and Su, =u,.
Then by equation (8) one obtains
d(TSug, TSu,)
< A[d(Tug, TSuy)+d (Tup, TSuy ) +d (Tuy, Tuy ) |

which implies that

d (TU]_,TUZ) <Ad (TU]_,TUZ )
Since T is one-to-one and 4 €[0,1/3) one finds
U =Us.

Also if T is sequentially convergent, by replacing {n}

with {n(k)} we conclude that lim x, =u and this shows
nN—0

that {x,} converges to the fixed point of S .
The following result marks the end of the discussion:

2.4. Theorem

Let (X,d) be a complete space and
T,S:X — X be mappings such that T is continuous,
one- to- one and subsequentially convergent. If
2 €[0,1/3) and for all x,y e X

metric

d(TSx,TSy)< A d(Tx.Ty) 15
(TSx.TSy) < +d (Ty,TSx)+d (Tx,Ty) (15)

then S has a unique fixed point. Also if T is sequentially
convergent then for every x5 € X the sequence of iterates

{S”xo} converges to this fixed point.

Proof Let xy be an arbitrary point in X . We define the
iterative sequence {X,} by X,,1=SX, (equivalently,

X, =S"%) n=1,2,3,... .Using equation (15) one gets

d (X, TXn41)
=d(TSxp_1.TSX,)
< A[d(TXn_1, TSXp) +d (T, TSXp_1) +d (TX 1, TX) ]
< A[d(TXn_1, ) +d (TX, TXn1g) +d (T, TX 1) ]
(16)
leading to

d (T, TXps1 ) < (%)d (Txn_1, TX,) 17)
Using induction and equation (17), one finds that
22"
d (T, Txpa) < =) d(Txo, Tx) (18)

By equation (18), for every m,ne N such that m>n
one obtains

d(Txy, TX)
S d(MXm s TxXm—q) + A (TXm—1, TXm—_2)
+o+d (X1, TX)

IR

19

Letting m,n — oo in equation (19) one concludes that
{Tx,} is a Cauchy sequence, and since X is a complete
metric space, there exists ve X such that

lim Tx, =V (20)

N—o0

Since T is a subsequentially convergent, {xn} has a
convergent subsequence. So there exists ue X and

{Xn(k)}:;l

continuous and  1im X,y =u, lim Tx,y =Tu.
k—o0 k—o

such that lim X,y =u . Since T is
k—o0

By equation (20) one gets that Tu =v, which results in
d(TSu,Tu)
<d(TSu, TS"®xg) + d (15" Ky, TSIy )
+d(@s"yg Tu)
< 4] d(Tu, TSy g)-1) +d (TXq i1, TSU) (21)
n(k
+d(Tu,Txn(k))]+(%j ( )d(Txo,Txl)
+d(TXn ()2, TU)
Letting k — oo in equation (21) one gets
d(TSu,Tu) < Ad(TSu,Tu).
This impliesd(TSu,Tu)=0.

Since T isone-to-one Su=uand S has a fixed point.

Uniqueness
For the uniqueness of the fixed point let us assume that

there are upand u, in X, (u #u,) such that Su; =uy
and Su, =u, .
Then by equation (15) one obtains
d(Tuy, TSuy)
d(TSuy, TSy) < 4| +d (Tu,,TSuy)
+d (Tug, Tuy)

which implies that

d (TU]_,TUZ ) <34d (TU2 ,TU]_)
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Since T is one-to-oneand A e [0,]/3) one finds
U =Us.

Also, if T is sequentially convergent, by replacing {n}

with {n(k)} we conclude that lim x, =u and this shows
nN—0

that {x,} converges to the fixed point of S .

3. Conclusion

As can be seen the results presented here not only are
far more generalized version, but also improve some of
the well known classical results, addressing convergence
intervals.
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