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1. Introduction, Definitions  and

Preliminaries

We begin by recalling the familiar general Hurwitz-
Lerch Zeta function ®(z,s,a), which is defined by (see,
for example, [2]; see also [18,19,20,21,22]).

0
D (z,5,a): z

(aeC\Zy;s€C,when [z]<1; Z(s)>1 when [z|=1).
Special cases of the Hurwitz-Lerch Zeta function
®(z,s,a) include (for example) the Riemann Zeta

(1.1)

n+a)

function g“(s) and the Hurwitz (or generalized) Zeta

function ¢ (is,a) defined by (see, for details, [2, Chapter I]
and [21, Chapter 2])

vt =0 (Ls1)=¢(s,1) (R(s)>1) (1.2)

(1.3)
(7€(s)>l;ae(C\Z6),

respectively. Just as its aforementioned special cases
¢(s) and ¢ (s,a) , the Hurwitz-Lerch Zeta function

®(z,s,a) defined by (1.4) can be continued

meromorphically to the whole complex s-plane, except for
a simple pole at s = 1 with its residue 1. It is also known
that [[2], Equation 1.11 (3)]

1 OOtS 1
D(z,s,a)=—— —dt
(2: ) F(S) ‘[O 1—:3@4

' (1.4)

1 o tS*le*(afl)t

= Jo t dt
F(S) e —z
(ﬁ(a)>0;ﬁ(s)>0 , when |{|31({¢1) ; 7€(s)>1
when gz =1).

Recently, the following modified (and slightly

generalized) version of the integral in (1.4) was introduced
and studied by Raina and Chhajed [[16], Equation (1.6)]:

@fl (z:8,a;b):
-u (1.5)

Slexp(—at—bj(l ze ) dt
%

(min{7e(a),7e(s)} >0, R(b)>0;4>0;u€C)

where we have assumed further that
ZR(s)>0 when 5=0 and |z|<1 (z#1)
or
R(s—u)>0 when b=0 and 7 =1,

provided, of course, that the integral in (1.5) exists. As a
matter of fact, the aforementioned investigation by Raina
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and Chhajed [16] was motivated by the following special
case of the function @f, (z,5,a;b) defined by (1.5):

07 (z,5,4:0) =, (5,5,

_ 1 jw e (1.6)
F(S) 0 ( —{e_t)'u
( R(a)>0;R(s)>0 , when [z]<i(z#1) ;
R (s—u)>0 when z=1).

where the function @Z(g,s,a) defined by
0 - n

CD:J (z:8,a)= Z (ﬂ)n . {—' (1.7
=0 (a+n) n:

was studied by Goyal and Laddha [[4], Equation (1.5)].
Here, and in what follows, (1) (4,veC) denotes the

Pochhammer symbol (or the shifted factorial) which is
defined, in terms of the familiar Gamma function, by

_T(2+v)
T(4)

:{1 (v=0;2eC\{0})

A(A+1)-(A+n+1) (v=neN;1eC),

where it is understood conventionally that (0), =1 and

assumed tacitly that the G-quotient exists, N being the set

of positive integers.
It may be of interest to observe in passing that, in terms of
the Riemann-Liouville fractional derivative operator

[”zﬂ defined by (see, for example, [3,7,17])

Y

TR m

—m{fzz‘”_m {f(z)}}
d;
(m—ls k(,u)<m(m € N)),

the series definitions in (1.1) and (1.7) readily yield

®, (z5,a)
AT,

which (as already remarked by Lin and Srivastava [8])
exhibits the interesting (and useful) fact that the function

q);(z,s,a) is essentially a Riemann-Liouville fractional
derivative of the classical
(D(z, S, a) .

One other special case of the function @f, (z:8,a;b)

(1.8

Hurwitz-Lerch function

defined by (1.5) occurs when we set A= =1and =1
in the definition (1.5). We thus obtain

@%(l,s,a;b)zé’b(s,a):

*Lexp (—at - bj

1 (o t

= .[ d
F(S) 0 1-¢

where é’b(s,a) is the extended Hurwitz zeta function

defined in [1]. In fact, just as it is already pointed out in
[10], the series representation (see [[16], Equation (2.1)])

given for the function @fl(z,s,a;b) in (1.5) is incorrect.

Obvious further specializations in (1.6) and (1.9) would
immediately relate these functions with the Riemann zeta

function {(s) and the Hurwitz (or generalized) zeta

function ¢ (s,a) defined by (1.2) and (1.3), respectively.
By using the series expansion of the binomial

(1.9

t!

(1—@")_# occurring in the integrand of (1.5) and

evaluating the resulting integral by means of the corrected
version of a known integral formula [[13], Equation (1.53)]
in terms of Fox’s H-function defined by (1.12) below, the
following series and Mellin-Barnes type contour integral

representations of the function @fl(z,s,a;b) defined by
(1.5) were obtained in [10]:

1 & (#),
AC(s) 10 (a+n)*
1 (1.10)

’ (s,l),(O,%j < (2>0)

O (z.5.a;b) =

128 (a4

and

1 J-ioo F(s)l"(,u—y)
ZﬂilF(s)F(,u) -ioo (a—s5)*
1 (1.11)

(53) 0.3 ) (<) 4= (2>0)

@i ({,s,a;b) =

~H§:g (a+ s)bl

it being assumed that each member of the assertions (1.10)
and (1.11) exists.

Remark 1. The H-functions involved on the right-hand
sides of (1.10) and (1.11) are particular cases of the
celebrated Fox’s H-function which is defined as follows.
Definition 1. The well-known Fox’s H-function is defined
here by (see, for details, [[13], Defintion 1.1]; see also
[[6,11,23,24])

N )
Hpyq (%)—Hp,q z(bp,Bq)_
—H {(al’Al)’ (5] (1.12)
(v Br). ’(bp’Bq)_
1

where
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n

m r(b;+B;s)TIT(1-a;-4;5)

E(s)=—L= o (1.13)
I r(1—bi—3/5) T T(a;+4;5)
Jj=m+1 ’ ’ j=n+1 ’ ’
Here

x € C\{0} with [arg(z)|< 7

an empty product is interpreted as 1, m, n, p and ¢ are
integers such that 1<m<qg and 0<n<p,

4;>0(j=1--p) and B;>0(j=1-,q),

a;eC(j=L-,p) and B;eC(j=1-,q),

and -z is a suitable Mellin-Barnes type contour separating
the poles of the gamma functions

{F(bj +Bj5)}

from the poles of the gamma functions

m

J=1

n
In our present investigation, we consider certain
statistical applications of the generalized Hurwitz-Lerch
zeta function @fl(z,s,a;b) defined by (1.5). We first

derive a partial differential equation satisfied by the
function in (1.11). We then obtain another series
representation and related results for this generalized
Hurwitz-Lerch zeta function. The results derived here are
also applied in our investigations concerning the
generalized Hurwitz-Lerch zeta measure and its related
statistical concepts.

2. Differential Equation of the
Generalized Hurwitz-Lerch Zeta
Function o7, (z.s,4;b)

In this section, we will show that the generalized
Hurwitz-Lerch zeta function Gﬁ (z.a,a,b) satisfies a

partial differential equation when the parameter A is
given by

1
A=— N).
L (men)

We first prove the following lemma which will be used
in the proof of our main theorem.
Lemma (Derivative Property). The following derivative
formulas hold true:

1d
®ﬁ+1(z,s,a+1;b)=;d—z{®fl(z,s,a;b)} (1> 0)(2.1)

and

1 1 1 1
®Z’+l[z,s,a+1;bm J = 1;{@;’] [z,s,a;b’" ]} (meN). (2.2)
Hazx

Proof. The proofs of the derivative formulas (2.1) and (2.2)
are direct. For example, by applying the series
representation (1.10), one easily finds that

el asan)
1 & (M),
AL (5) 13 (a+n)

20 bi
T Moo |(atn)

— 1 < ('u)n+1
UL (8) 1o (a+1+n)

|m

. Hgg (a +1+ n)b

Tl

=00, (z5.a+Lb) (1>0)

which is precisely the first result (2.1) asserted by the
Lemma. The second assertion (2.2) follows immediately
from (2.1) upon setting

1

l:i (meN) and b—)b; (meN). O
m

Our first main result is contained in the following
theorem.
Theorem 1. The generalized Hurwitz-Lerch zeta function
1

G)E, ({ s, a;b) (m € N) satisfies the following partial

differential equation:
(_1)m+1 mm @b
—(a +1)bmt9z

1
O (z.5.a;b); =0, (2.3)

where the differential operators D), and 6’z are given by

D, =6, (6, —S)(eb _%j"'(eb —m—_lj 2.4)

m
and

0
0, =3~
P s

a%

respectively.
Proof. We first rewrite the H-function occurring in the
Mellin-Barnes type contour integral representation (1.11)

as follows:
1
1), 0,—
(s3).(0)
1
A

_ 1 r(s+w)r(%] (a—5)b aw,

2zi' L

1
H22| (a-5)b"

(2.5)

—w

where £ is a suitable Mellin-Barnes type contour integral
in the complex w-plane. By setting
1

=m (meN) and b—>b; (meN)

N
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in the above equation (2.5) and then applying the well-

known (Gauss-Legendre) multiplication formula:
1‘l e
[ (mz) = (27) 2 znr[ J
" (2.6)

[z¢0’_i,_3,...;

meNj,
m m

we find that

#88[ (a=2) [(5.2).(0.m)
= ZLHI ﬂl"(s + w)l"(mw)[(a —5)bJ_de

lm

= zﬂ|fj F(s+w)HF(w+—]|:(a H)bm :|_W w
L |
(O

N

2.7
where

1,0 -
Ganid ((a—s)om™)
is a very specialized case of Meijer’s G-function

Gy () which, in turn, is a special case of Fox’s H-

function defined by (1.12), that is, we have the following
relationship (see, for details, [14]; see also [2,12,15]):

(aj )17—1
Griy ()=Gpa| <]
(1) 2.8
] J o))
P (bl,l),"',(bp,l)
We know that the function W defined by
p
a;|.
W G;,"; z( J);_l
(bj )j=1

satisfies the following differential equation of order
max(p,q) (see, for example, [[2], Equation 5.4(1)]):

(17" 2(% — e +1)+(% —a, +1)

_(‘9z_bl)"'(‘9z_b4)

where

W =0,

9§ =z—.
kS zdz

Hence, clearly, the function given by (2.7) satisfies the
following differential equation:

(-1 (a=s5)m™b

0y (0 —S)(Hb ——j (6’1; —mT_lj

8 (a= oy

Syovlygl”'v_J :01
m m

where, as already stated in Theorem 1,

0
0, =b—.
b= b
Now, if we write [see also Equation (2.4)]

Dy = 9b(9b—s)(‘9b _ij"'(gb _TJ (0 = ;)

then the equation (2.9) becomes
SIO,E,E,...,_’”*]}
m m m

1 2
5,0,—,—,,
m m

s, {cgz:i% [<a—s>bm-'"
= (_1)m+l (a - s)m_mb

m+1,0 -m
GO m+1 [(a - H)bm

Applying the differential operator D, to the function
1 1
G)Z’+l [—g,s,a;bm] given by (1.11) with

1

vz i=2(meN) and b>b" (meN),
m

we find by using (2.10) that

1 1
2, G)/"] —2,8,a,b™

272') 2

J-loo ()T (u—5)
27[|F(s F(,u)

(a=s)

| 12 —1Y -
@,,{Gg”;ﬁ’[(a—g)bm " S,O,—,—,---,M—J}z ‘ds
m m m

1

i 1-m
(-1 m2 " (22) 2 b can ()M k=2) )
= _ a-s
Zﬁir(s)r(y) i (a_ﬁ)s
G(',":rnlJrg ((a—s)bmm s,O,i,E,---,m—_nggdﬁ
m m m

= (-1 m b (aA 7)),

(2.11)
where the first integral .4 is actually the generalized
Hurwitz-Lerch zeta function given by

1 1
A =00 =z s,a;b™ |

The evaluation of the second integral .~ given by

(2.12)
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e \/;(2”)% Iioo 1"(5+1)F(,u75)
T oy (2.13)
{ S’Zi‘f[(a om0, 5 2 PR L

is more complicated. Since the residues of I'(s +1) at the

poles s =—k (k eN) are computed by

Res {[(s +1)}

= lim (s +k)T(5+1)=

sk

the Residue Theorem implies that

Gén;ﬁr(l) [(a +1+k)bm™" |s

dz

m
o i (u+)), (=)
F (s k:()(a+l+k) k!
18| (a+1+k)b[(s.1),(0m)|
1 1 (2.15)
:yg(ayjﬂ -z, 8,a+1b™ |
Applying (2.2) in (2.15), we get
d 1 1
Sy =—x— G)Z’ —z,8,a;b™ (2.16)

Now, upon substituting from (2.12) and (2.16) into
(2.11), we obtain

1 1
D, @;’j —z,8,a;b™

1 1
= (—1)m+1m_mab®/”} [—z,s,a;bm }

L 1

(1) e 2 o
oz

(2.17)

)7 —z,S,a;bm ’

which, after a little simplification, becomes

1 1
|:(_1)m+1 m*m@b —ab —bez}{G);'] [—z, S, a;b; ]}
(2.18)
0
ooz

Finally, by setting

b—b" (meN) and y > —z

in the last equation (2.18), we arrive at the desired result
(2.3) asserted by Theorem 1. o

It is interesting to consider a special case of Theorem 1
when m = 1. Thus, if we write

@H(z,s,a;b),

then we have the following corollary.
Corollary 1. The generalized Hurwitz-Lerch zeta function

0, (f{,s,a;b) satisfies the following partial differential

G)L (z.8,a;b) = (2.19)

equation:
O (p0 )52 1) 9 ) =0(2.20)
{bab(bab sj(bab j(a+1)bzaz}®ﬂ(g,s,a,b) 0

Furthermore; the function ® u (1, S, a;b) , considered as an

analytic function of the variable b satisfies the following

relation:
PR R e
ob\ 0ob ob

=(a+1)bu® 1 (L s,a+1b)

_1)6)" (Ls.a:b) (2.21)

3 Further Series Representations and
Related Results

In this section, we first give a new series representation
of the generalized Hurwitz-Lerch zeta function

@fl(:{,s,a;b) involving  the  familiar ~ Laguerre

polynomials of order (index) a and degree » in x, which

are generated by

[ 1exp( )" (jf| <Laec). (3.1

-2
Indeed, upon setting
t—>1-t* and x=b

in (3.1), we get

exp (_ % J _ Aast) b i (@)
n=0

t

p)(1-+)'. (6.2

We now make use of (3.2) and the series expansions of
the binomials

(1—/“)” and (1—ge_t)_ﬂ
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occurring in the integrand of (1.5). By evaluating the
resulting Eulerian integral, we thus arrive at the series
representations given by Theorem 2 below.

Theorem 2. FEach of the jfollowing series
representations holds true for the generalized Hurwitz-

Lerch zeta function ®f1 (z.5,a;b):
H+e—-1
J ¢

() ¢
OF(S+/1(a+j+l)Ln (b))m (33)

CHERY)) SR IPIE

T(s) im0 j=0
(R(a)>0;R(s+Aa)>-1)

ig ( )r (s+A(a+j+1)

,L(“)(b)q)ﬂ(z,s+l(0l+j+l)ra)

n

(R(a)>0;R(s+Aar)>-4),

and

e’ ({,9ab

(3.4)

provided that each member of the assertions (3.3) and (3.4)
exists, @Z({,S,a) being given by (1.7).

Proof. As already outlined above, our demonstration of
the first assertion (3.3) of Theorem 2 is based essentially
upon the representation (3.2) and the following well-
known Eulerian integral:

o r ]
jo P, 0%{;:% (mln {7€(p),7€(o—)}>0).(3.5)

The second assertion (3.4) follows from the first
assertion (3.3) when we interpret the ¢-series in (3.4) by
means of the definition (1.7).

In our derivation of each of the summation formulas
(3.3) and (3.4), it is assumed that the required inversions
of the order of summation and integration are justified by
absolute and uniform convergence of the series and
integrals involved. The final results (3.3) and (3.4) would
thus hold true whenever each member of the assertions
(3.3) and (3.4) of Theorem 2 exists. o
Remark 2. For the extended Hurwitz zeta function

¢y (s,a) defined by (1.9), it is easily deduced from the
assertion (3.4) of Theorem 2 when A=x=1 and =1
that

J

=F(s) Z Z( 1)/( ]F(s+a+]+1)
. ("‘)(b)g“(s+a+j+1,a) (3.6)

(7€(a)>0;ﬁ(s+a)>—1),

provided that each member of (3.6) exists, ¢ (s,a) being

the Hurwitz (or generalized) zeta function given by (1.3).
The obvious further special case of (3.6) when a=1 and
a =0 would yield the corrected version of a known
result (see [[1], Equation (7.78)]).

We now give a pair of summation formulas involving the

generalized Hurwitz-Lerch zeta function G)fl (z,5.a;b).

Theorem 3. Each of the following summation formulas
holds true for the generalized Hurwitz-Lerch zeta function

G)ﬁ (z,s,a;b):

2571 [@fl (—g,s, a;b)+ ®f1 (g,s,a;b)}

(o a2 a1\ 2m 8.7
:rg (2n)2! Qu(% ,s,§+n,2 bjz
and
25_1[®f,(—{,s,a;b)—®fl(g,s,a;b)}
(3.8

E(M)ppt i 2 atl A,).2
— —® , 2 b }’H—:I.7
,;(2“1)! ”(z T j

provided that each member of the assertions (3.7) and (3.8)
exists.
Proof. Making use of the integral representation in (1.5)

for the function ®f, (z:8,a;b), we get

0% (~z.5,a:b) + 0% (z,5,a0)

{0
F(s) t (1_ zze_Zt )/‘
Since

(1—{€_t ),u +(1+Z ) _ 22 2n 2n —2nt (3 10)

s 211)

by substituting from (3.10) into (3.9) and interchanging
the order of summation and integration, we find that

@ft (—z,s,a;b)+®}L ({,s,a;b)

2 & (-n),, L2 b 2,2
F % < oo 2= fo- ey
_ 21_Y < (_'u)Zn 2n [® _s-1 22 2 —t
_l“( )nza 2n)! 2 _[0 T exp[ (2+n]r—r—j(l Y Hdr
s & (1), _ "
= % (2n)! Gy[zz,s,%+n,24b]z2 ,

(3.11)

which obviously proves the assertion (3.7) of Theorem 3.

The assertion (3.8) of Theorem 3 can be proven in a
manner analogous to that detailed above. o
Remark 3. If we set x=1in (3.7) and (3.8), the series
occurring on their right-hand sides would terminate. Upon
setting ; > — and a — 2a, we thus obtain

251 [@f (z,s,Za;b)+®f (—z,s, 2a;b)}
(3.12)
= ®f (zz,s,a;Zﬂb)
and

2 Of (1,5,24:5) ~0f (~3,5,2a:0)
1 (3.13)
= %®f (zz,s,a+5;2}“bj.
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In particular, if we set =1 in these last two
summation formulas (3.12) and (3.13), we get

01 (-1,s,2a;b)

_osef (1,s,a;2’1b)_@1i (L5,24:D) (3.14)
and
®f (~Ls,2a;b)
Of (Ls,2a;b)- 2" ©f [1sa+ Zﬁj (3.15)

respectively. In its further special case when A =1, the
summation formula (3.14)can be shown to correspond to
known results (see, for example, [[1], Theorem 7.9]; see
also [1]).

4. A Generalization of the Hurwitz
Measure

Suppose that y 4 (n) denote the characteristic function

of the subset 4 of the set N of positive integers (or, in
the language of probability theory, the indicator function
of the event 4 N ). Then it is well known that the
following arithmetic density of number theory:

ZZA

does not define a measure on the set N of positive
integers. In order to remedy this deficiency, Golomb [5]
defined a probability on the sample space N as follows:

dens = I|m (4.1

L 24(n) (4.2
;(S) n=1 n’

where ¢(s) denotes the Riemann zeta function defined
by (1.2) and the characteristic (or indicator) function
24 (o) is given by

0,(4)=

1 (a)eA)
XA(”)z{O (a),e’A)'

Furthermore, Golomb [5] showed that, if the subset A of
N has an arithmetic density, then

Iiles (A) = dens(A),

(4.3

(4.4)

thereby allowing number-theoretic facts regarding
densities of sets of positive integers to be proven by
probabilistic means and then showing that such properties
are preserved in the limit.

In an interesting sequel to Golomb’s investigation [5],
Lippert [9] gave an analogous definition of the
probabilities P, when the set N is replaced by the set of
all real numbers greater than 1. Thus, for a Borel set
Ag(l,oo), Lippert’s Hurwitz measure of the set A is

defined by (see, for details, [[9], Definition 1]

Q(A):ﬁjlwz/,(a){(s+l,x)dx (4.5)

or, equivalently, by
BA(A)=[ g 21 (M (5),

where, in terms of the Hurwitz (or generalized) zeta
function ¢ (s,a) defined by (1.3),

4.6

i1(x,s '=—M an
e €(s) d (4.7)
d[z(x,s):—dé/(s’x) =s4’(s+1,x) e

¢(s) ¢(s)
In this section, we propose to introduce a new

continuous analogue of Lippert’s Hurwitz measure in (4.5)
by using a special case of the generalized Hurwitz-Lerch

zeta function @fl(z,s,a;b) defined by (1.5).

Definition 2. For a Borel set 4 c (1,oo), the generalized
Hurwitz measure of the set 4 is defined by

P (4)=

or, equivalently, by

- 0% (Ls+1 a;b)da (4.8)
@1(1s1bI 74(a)®f (L5 +1ab)da

PS(A)zJ‘ae(l,oo)lA (a)dii(a,s;b,2), (4.9)
where
o1 (Ls,a;b
fi(a,s;b,2)= —M (4.10)
of (1,5,Lb)
and
dof (1,s,a;b
dji(a,s;b,2) = —M
Of (5.15) (4.11)
—@ 1s+1a;b)da,
of (Ls.Lb) - ( )
since it is easily seen from the definition (1.5) that
4 g (zsab)=—s0% (. s+La;b).  (4.12)

da

In view of the following relationship:
R((1))= ], dii(a,sib,2)

= lim a(a,5;b,2)— it(Ls;b,2) =1,

a—»o
the generalized Hurwitz measure P, (4) in (4.8) or (4.9)
also defines a probability measure on (1,oo) .
Remark 4. For A =1 and by letting b — 0, we have

Z!TOHZO[ab‘ (50.01)]-r(s), @13
which implies that
o1 (1, s,a,b
U v
53) 1 (LsLb) (4.14)
__g“ §,X)
=205 = i(x.5).



Turkish Journal of Analysis and Number Theory 33

Thus, clearly, (x s) can be continuously approximated
by fi(a,s;b,1).
Proposition. The measure ,&(a,s;b,/i) satisfies the

following difference equation:
f(a+1s6,2)-

ol

2,0 7
HO,Z ab’
- (4.15)

2a°T (5)07 (1,5,1b)
(s>La>0;b>0;4>0).

(asbl)

Proof. From the series (1.10) of

@f’,(g,s,a+l;b) (with =1 and y =1), we have

)

representation

07 (Ls,a+1b)
1 & 1 =
) Hgg (a+n+1)b*

(s,l),(o,

The difference equation (4.15) now follows on combining
(4.10) and (4.16). O
Remark 5. For A =1 and by letting » — 0, the difference
equation (4.15) reduces to the following form:

1
(a s) asé’(s) ,

NS

B T (s) n=0(a+n+1)’

1 (4.16)

H&‘g [(a + n)b;

SR S
ﬂ,l"(s) n=1(a+n)s

1
LS
Aa F(S)

= (E)fI (l,s,a;b)—

fa+ls)- (4.17)
where /i(x,s) is given by (4.7).

For open events, the generalized Hurwitz measure
RQ(A) in (4.8) or (4.9) can be evaluated by using (4.9)

and the above Proposition. The results are being stated as
Theorem 4 below.

Theorem 4. If A=(a,a+1), then

P,

2 (4) =P, ((a,a+1))
o)

HE)| ab? (4.18)
2a°T (5)07 (1,5,1b)

More generally; the generalized Hurwitz measure of an
open set A C (1, oo) is given by

Ps(A):Z; ((al,bl))

—Z{ £ (Ls,a;;b)-0f (1,5,5;:b)

= 07 (Ls,1b)

} (4.19)

where
A= U(a b) (a b: e[l,oo);ie]).

1Y i1V
iel

The following theorem shows that the generalized
Hurwitz measure P, (A4) in (4.8) or (4.9) basically inherits
all properties of Lippert’s Hurwitz measure given by (4.5)
or (4.6).

Theorem 5. Corresponding to the generalized Hurwitz
measure given by (4.19), let

A(e)= U (ii+e) (e€[01]). (4.20)
ieN
Then
lim 7, (4(e))=e. (4.21)
Proof. From (4.19), we have
R;(A)=§: 01 (Ls,i;b)-OFf (L,s,i+;b)  (122)

a 07 (L5,1b)
By expanding the function ©; (Ls,i+¢,b) by means of
Taylor’s series and using the derivative formula (4.12), we get

o0
SSZGf (1,s +l,i;b)
1 i=1

A 1 2
o1 (Lstb)| s sl VD)3 O (s +2,5:6) -
i=1
We now consider each sum in (4.23) separately. We
thus find that

> 0f (Ls+m,i;b)

i=1

1

- f i - -(HH)M (Hm’l)(q’ll)} (4.24)

/1F(s+m) oy (,'_,_n)”m

HEY _(j+n+1)b% W}
z z ] o

/Il"(s+m) j=Ln=0 (j+n+1

Since the number of non-negative integer solutions of the
Diophantine equation j+n=N is

N+1
1 =N+1,

the double summation in (4.24) can be replaced by a
single summation, that is,

Z@f (1,s+m,i;b)
i=1

e
HS;S [(N+1)b/1 (s+m1), 0,% ]
o0
_ 1 5 (4.25)
/ll"(s+m) NeO (N+l)s+m -
=0f (Ls+m-11b).
We thus obtain
et (Ls,Lb
im 7, ()= tim| % (450
51 1l g2 ( +1)®1 (1,s+1,1;b)+
2T o (Lstb)
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2 A (1L s+1Lh
_g_g_s(s+1)|| M
2 s=1 Of (Ls,Lb)

+---.(4.26)

We note that, when s —1, the series for @f (Ls,Lb) is

divergent and the series for G)f1 (l,s +1,1;b) is convergent.

Therefore, all other terms vanish in (4.26) except the
leading term. Consequently, we get

lim 7, (d)=¢, (4.27)

which completes the proof of Theorem 5. o
As in the theory of probability, we introduce the

following definition.

Definition 3. A random variable & is said to be

generalized Hurwitz distributed if its probability density
function (p.d.f.) is given by

507 (Ls+1,a;b) (a>1)
az
of (1,5,Lb)
0 (otherwise).

fe(a)= (4.28)

Theorem 6. Let & be a continuous random variable & with
its p.d.f defined by (4.28). Then the moment generating
function M (z) of the random variable & is given by

e |- ZE[ }—! (4.29)

with the moment E [f”} of order n given by

M(z)=E

0

nl n! T(s—k)©f (Ls-kLb)
58 ]_/;)(n—k)! T(s)  of (Ls1b)

Proof. The assertion in (4.29) follows easily by using the

exponential series for &% . If we use integration by parts,
we find from the definition that

.(4.30)

E, |:§n:| = .[looan]% (a)da

m] a"d0] (Ls+1,a;b)da
1
= mj‘ ad(@l(lsab))

] .
__d'Ofsap)le [“a"ef (Ls.10)da

of (Ls.16) 11 ©f (1s,16)™
1 1 1Dy =y
—— lim a"0f (Ls.a; b),

a>n Of (1s5,Lb)

n nl
+— ®1 (Ls,a;b)da
of (1511))I { (L aib)da

:1+;J‘

n-1
01 (1,s,a;b)da
Of (15,1;b) ¥ (Lsait)

(n IS N),
(4.31)

where we have also used the derivative property (4.12)

and the following limit formula:

lim a"71®f (1, s, a;b)

a—o
_ b
n ts 16Xp(—at—ij
a ©

lim t
”*“’F(S)Io 1-¢” (4.32)
1 1exp(§j
- j g "7 lim a"e " dt
F(S) 0 1-¢! a—x
=0 (n EN).

Consequently, we have the following reduction formula

for B, [f”}:

of (Ls-1Lb) n

Bl & =1
S[éﬂ ’ o1 (Ls,1b) s-1
(4.33)

By iterating the recurrence (4.33), we arrive at the
desired result (4.30) asserted by Theorem 6. o
Remark 6. The assertion (4.30) of Theorem 6 provides a
generalization of a known result [[9], Proposition 3].

Bq[ & (nen).
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