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Envelope analysis equations for two-span continuous girder bridges
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ABSTRACT

ARTICLE INFO

In this paper, envelope analysis equations for two-span continuous girder bridges were
presented by deriving the analysis equation for uniformly distributed loading, concen-
trated loading and moving loads (single and multiple wheel loads). Most bridge engi-
neers are using special software’s to find the moment, shear and deflection envelopes
for bridge girder, the complexity for this analysis increasing with the number of spans,
most of cases are one-span and two-span continuous bridge, the two-span continuous
bridge is more complicated which was presented in this paper, the same methodology
can be applied in one-span bridge. The objective of this paper was to give all the bridge
engineers direct equations for complete analysis (moment, shear and deflection) for
two-span continuous bridge with more accuracy than most bridge software’s by adapt-
ing continuous moving of wheel loads rather than using interval check distance to move
the concentrated loads as in most of bridge software’s. Pinned end boundary condition
was presented here. The results were showed that shear envelope, moment envelope
and maximum envelope deflection values were obtained by direct equations for two-
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span continuous girder bridges under single and multiple moving loads.

1. Introduction

Earthquake analysis of the bridge design that won an
international design competition, in which aesthetics
played an important role. (Wieland and Malla, 2015). In
order to reflect this phenomena analysis envelope equa-
tions (moment, shear and deflection) for two-span con-
tinuous girder bridge was derived on four stages, based
on direct integration method that depends on solving
linear equations to obtain the values of unknown inte-
gration constants coming from each integration process.

The chain of integration processes starting from load-
ing to shear to moment to slope and finally to deflection,
will produce one integration constant on each integra-
tion step, these unknown constants defines the analysis
equations (moment, shear and deflection), the formula-
tion of solving equations based on geometry of bridge
girder, loading and boundary conditions.

The first stage was to derive the analysis equations for
uniformly distributed loading, these loads mainly repre-
sent the own weight of bridge girder, super imposed
dead loads and lane live loads.

The first stage was to derive the analysis equations for
uniformly distributed loading, these loads mainly repre-
sent the own weight of bridge girder, super imposed
dead loads and lane live loads.

The second stage was to derive the analysis equations
for single concentrated load located in any specified lo-
cation for any value on each span.

The third stage was to derive the envelope analysis
equations for a single moving load based on the concen-
trated load analysis equations (second stage).

The fourth stage was to derive the envelope analysis
equations for multiple moving load based on envelope
analysis equations for single moving load (third stage),
the motion of moving load will be continuous in third
and fourth stages giving more accurate results.

2. Sign Convention
Load downward was assumed to be positive, load up-

ward was negative, positive shear was upward, negative
shear was downward, positive moment was concave

* Corresponding author. Tel.: +966-59-9409355 ; Fax: +962-79-6988920 ; E-mail address: daud_abdo@yahoo.com (D. Abdoh)


tel:+966-59-9409355
fax:+962-79-6988920
mailto:daud_abdo@yahoo.com
http://cjsmec.challengejournal.com/

Abdoh / Challenge Journal of Structural Mechanics 1 (3) (2015) 124-133 125

down (tension at top), negative moment was concaveup 4 X) = Wixx* | CixX3 | CGxX? | C3xX 4G 4)
(compression at top), positive slope for counterclock- ! 24xEl ~ 6xEl  2XEl El  EI
wise rotation, negative slope for clockwise rotation, neg-
ative deflection was downward, positive deflection was V,(X) =W, XX + Cs, (5)
upward.
2
My(X) =225 4 Co x X + g, (6)

3. First Stage (Uniformly Distributed Load) 2

. . . . _ Wpxx3 | CsxX% | CeXX | C7
.The 1ntegra_t10n of umformly load fo_r each span gives 0,(X) = pop e T TE (7)

a linear equation of shear, the integration of shear gives

the second order polynomial equation for moment, the

WoxX* | CsxX3 | CexX® | (XX | Cg

integration of moment gives slope equation as third or- A4,(X) = il T oxEr YT P Pt (8)

der polynomial, and finally the integration of this slope

results in deflection equation as 4% polynomial order In these equations, Wiand W> are the uniformly dis-

equation, as follows: tributed load on span 1 and 2, respectively; C1 to Csis the
integration constants; X is the distance from start of span

VX)) =W, xX+Cy, @8] 1 or 2 to required point of analysis; EI is the flexural reg-

istry of the span section, modulus of elasticity multiplied
Wexx? by moment of inertia around the moment axis; L1 and L2
M, (X) = 1T +C, xXX+Cy, (2) are span 1 and 2 lengths, respectively,
Refer to Fig. 1 for loading, shear, moment, slope and
N ) deflection diagrams for two-span continuous girder
0,(X) = DX ok XX G (3)  bridges with uniformly distributed loads.

6XEI 2XEI EI EI
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Deflection Diagram AL(x)

Fig. 1. Loading and analysis diagrams (shear, moment, slope and deflection) for uniformly distributed loading.
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As shown, each integration process leads to one inte-
gration constant, the number of these unknown con-
stants is eight which equals to number of spans (two)
multiplied by four (number of integration constants for
each step), to solve these constants, same number of
equations must be formulated based on geometry, load-
ing and boundary conditions as follows:

Moment at end span 1 is equal the moment at start
span 2 (moment continuity at support).

2
T O XL+ G —Ce=0. (9)

Slope at end of span 1 is equal the slope at start of
span 2 (rotation continuity at support).
wyxL3 | CyxL? " CyXLq n C G
6XEI 2XEl EI El El

=0. (10)

Deflection at end of span 1 is equal zero:

wixL} | cixL3 CoxL?  C3xL
o i et S 1+—=0. (11)
24XEI 6XEI 2XEI

Deflection at end of span 2 is equal zero (pinned):

WoxLy | CsxL3 . CexL3 . CyxL
i S i 2+—=0. (12)
24XEI 6XEI 2XEI

Moment at end of span 2 is equal zero (pinned):

W2><LZ

+ CsXL,+Co=0. (13)

Moment at start of span 1 is equal zero (pinned):

W1><0

+C,x0+C,=0. (14)

Deflection at start of span 1 is equal zero (pinned):

Wix0 . C1X0 | CX0 c3><o
24XEl  6XEl = 2XEI

+22=0. (15)

Deflection at start of span 2 is equal zero:

Wyx0  CgX0  CX0 c7><0
24XEl = 6XEl = 2XEI

+2=0. (16)

Solving these equations, will give the values of inte-
gration constants thus defines the analysis equations for
each span as follows:

3XWyXL3 —Wy XL + 4xWy XL XL,

€= 8XLq(Ly+L1) ’ (17)

¢, =0, (18)
3_ 2

c, = Wi XL3—4xCy x L2 ’ (19)

24

c, =0, (20)

Wy XL+ Wy X L5 —2XCy XL
C5= 1 XLy +Wo XLy 1 1' (21)

2XLy

2
_2XCy XLy -WyxI3

Cs . ) (22)
8XCy XL% —3xWy xL3
C)=——"F—"2, (23)
24
Cg =0. (24)

4. Second Stage (Concentrated Loading)

The location of concentrated load divides the span to
two, a is the distance from start of span 1 or end of span
2 to the location of this concentrated load of P value, the
load within all three segments will be zero, thus the
shear will be constant with a different value on each seg-
ment, the moment in turns to be linear, the slope is 2nd
order polynomial equation and deflection is third order
polynomial equation, as follows:

Vi(x) =Cy, (25)
Mi(x)=C, xX+C,, (26)
Cixx? L exXX | G
0:1(x) = 2XEI El B’ (27)
cy xx3 c2><x2 C3xX | Cy
4,(x) = 6XEI 2XEl El + EI’ (28)
Vo(x) =Cs, (29)
CsxXx2 4 CoxX
0,(0) ==+ X4 (31)
CsxXx3 CsxXZ C;xX | Cg
4, (x) = 6XEl 2XEl El ' EI’ (32)
V3(x) = Co, (33)
M;(x) = Cy X X + Cqp, (34)
C9><X CloxX Ci11
05(x) = 2%El TR (35)
CoxX3 CloxXZ Ci1XX | Ciz
45(x) = 6XEI 2XEI EI + B (36)

In these equations, Vi(X), V2(X), V3(X) are the shear
equations; M1(X), Mz(X), M3(X) are the moment equa-
tions; 61(X), 62(X), 63(X) are the slope equations; 41(X),
A2(X), 43(X) are the deflection equations; C1-C12 are the
integration constants in parts 1, 2 and 3, respectively.

Refer to Fig. 2 for loading, shear, moment, slope and
deflection diagrams for two-span continuous girder
bridge with concentrated load.
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Fig. 2. Loading and analysis diagrams (shear, moment, slope and deflection) for concentrated load.

Twelve unknown constants produced to define the
analysis equation for three segments in two spans,
twelve equations will be formulated to solve these con-
stants as follows:

The difference of shear at the concentrated load is
equal to Pload value:

C,—Cs=P. (37)

The moment at concentrated load is equal from two
directions (moment continuity):

C,Xxa+C—Ce=0. (38)

The slope at concentrated load is equal from two di-
rections (rotation equality):

Gxa? Gxa G G _g (39)
2XEI El EI EI

The deflection at concentrated load is equal from two
directions:

cyxa3 Cyxa®?  C3xa | C C.
1 2 X4y, (40)
6XEI 2XEI EI EI EI

Moment is equal at interior support (moment conti-
nuity):

CsX (Ly—a)+Co—Cip=0. (41)

Slope is equal at interior support (rotation continuity):

Csx(L1—a)? + Cex(li-a) | C7 _ Cua =0. (42)
2XEl El EI  EI

Deflection at the end of span 1 is equal zero (at sup-
port):

Csx(Li—a)® | Cex(L1i—@)? | Crx(L1—a) + Cg
6XEI 2XEI EI EI

=0. (43)
Moment is equal zero at end of span 2 (pinned):
ngL2+C10=0. (44)

Deflection at the end of span 2 is equal zero (at sup-
port):

CoxLp3 . CioXLz% = Cy1XL o
9XL2 10XL> 1xlz 4 L1z _ (45)
6XEI 2XEl EI EI
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Moment is equal zero at start of span 1 (pinned):
C;x0+C,=0. (46)

Deflection at the start of span 1 is equal zero (at sup-
port):

C1X0 | C3Xx0 = C3X0 | Cy4
==0. 47
6XEI  2XEI El El (47)

Deflection at the start of span 2 is equal zero (at sup-
port):

CoX0 = C10X0  C11X0  Cqp
+—==0, (48)
6XEI 2XEI El El

In these equations, a is the distance between start of
span 1 to location of concentrated load if it is in span 1 or
the distance between end of span 2 to location of concen-
trated load if it is in span 2 and P is the concentrated load.

Solving these equations will give the values of these
constants as follows:

C1=P><[a3;gil(—;+fi;m+1]. (49)
¢, =0, (18)
C,=0, (20)
Co=axC+(C—P)x (L —a), (50)
Cs=C —P, (51)
Ce=axCy, (52)
C, = —axCi-(C1-Px(t1-a) (53)

Lz

_ —3a%C;-3x(L1—@)*X(C1—P)—6xaxCy(L1—a)—2XLyxaxC1—2Ly x(C1—P)x(L1—a)

Cs : , (54)
—LyXaxCq—LyX(C1—P)X(L1—a)

C11 — 2 1 2 3 1 1 , (55)

C, =0, (56)
—3X(L1—a)2x(C{—P)—6XxaxC{(Li—a)—2XLyxaxC,{—2XL X(C1-P)x(L1—a)

C7 — 1 1 11 A 2 1 2 , (57)
2X(L1—a)3X(C1—P)+3XxaxCiX(L1—@)2+2XxLyxaxCqX(L1—a)+2L, X (C1—-P)X(L1—a)?

Cg = . (58)

6

5. Third Stage (Single Moving Load)

In this section, the analysis envelope equations were
derived for single moving load for each span based on
the analysis equations for a single concentrated load de-
rived in previous section, the motion of load in span 1
starts from beginning of span 1 to end of span 1, the mo-
tion of load in span 2 starts from end of span 2 to begin-
ning of span 2 as shown in Fig. 3.

5.1. Shear envelope equations

The maximum shear at any point in a span length
when single concentrated load is moving on that span oc-
curs when moving load acts on that point, the maximum

Direction Of Moving

positive and negative shear at any point is equal the pos-
itive and negative shear of the single concentrated load
at this point, which means Ci1 (Eq. (49)) at this point for
maximum positive shear, and Cs (Eq. (51)) at the same
point for maximum negative shear, replacing a (location
of concentrated load) with X as follows:

_ X3-Xx(3XL2+2XLyXLy)

PVE (X) =P x [ 2XL2X(Ly+L3) + 1] ’

0<X<L, (59)
_ X3—Xx(3xLi+2xLyXLy)

NVE; (X) = P X [ 2XL2X(L1+Ly) ’

0<X<L,. (60)

Direction Of Moving

P

I

|

Lo T

Fig. 3. Single moving load diagram.
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The same equations are applicable in span 2 but re-
placing L1 with Lz, and vice versa, X start from zero (end
of span 2) to L2 (start of span 2) as follows:

B X3-xXx(3xL3+2XLy XL3)
PVE,(X) = P X [ 2xL3x(L1+L3) * 1] '
_ X3-Xx(3XL3+2XL1XLy)
NVE,(X) = P X [ 2xL3x(L1+Ly) ’
0<X<IL,. (62)

In these equations, PVE1(X) is the positive shear enve-
lope equation for span 1; NVE1(X) is the negative shear
envelope equation for span 1; PVE>(X) is the positive
shear envelope equation for span 2; NVE>(X) is the nega-
tive shear envelope equation for span 2.

Refer to Fig. 4 for Positive and negative shear enve-
lope diagrams for both spans with single moving load.

5.2. Moment envelope equations

The maximum negative moment (downward) in each
span at any point occurs when moving load acts on that
point, replacing a with Xin the moment equation for con-
centrated load at any point will give the moment enve-
lope equation as 4t degree polynomial equation for each
span as follows:

X3 -x(3L1%+2L4L
NME, () = P x X x [Fi B 4 q)
0<X<IL;, (63)
X3 -x(3Ly%+2L4L
NME,(X) = P x X x [—m(% o 2) | 1] ,
0<X<L,. (64)

In these equations, NME1(X) is the negative moment
envelope equation in for span 1 and NME>(X) is the neg-
ative moment envelope equation in for span 2.

Py,
ke r &

Shear Envelope

Fig. 4. Shear envelope diagram for single moving load.

The maximum positive moment will occur generally
when the concentrated load acts on the other span. In
case of equal span lengths (Li=Lz),the positive moment
envelope equation will be line extending from the maxi-
mum positive moment at interior support (MPMIS) due
to moving load to the end of span (zero moment at
pinned) based on the shape of positive moment equation
for the concentrated load on the another span, by Re-
placing a with X in the moment equation for concen-
trated load at the location of interior support, refer to
Eg. (34), and derive this equation according to X, equal
this equation by zero to find the X which gives the loca-
tion of moving load that producing the maximum posi-
tive moment at interior support, substituting this value
in previous equation (Eq. (34)) will give the maximum

L1

NME ,

positive moment at interior support. Thus defines the
positive moment envelope equation as follows:

If L1 = L2 =L )
L
a= oL (65)
LxP
MPMIS = =, (66)

where, MPMIS is the maximum positive moment at inte-
rior support.

Refer to Fig. 5 for positive and negative moment en-
velope diagram for both spans with single moving load
for equal span case.

MPMIS

NME ,

Moment Envelope (L =L,)

Fig. 5. Moment envelope diagram for single moving load when Li=L>.
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In case of unequal spans, the positive moment enve-
lope equation is divided into two lines on the longer span
and one line for shorter span, due to that maximum pos-
itive moment at interior support on longer span will
come from moving load on the same span not on the
other one, the derivation of maximum positive moment
at interior support (MPMIS) is derived as discussed
above when moving load acts on the longer span only,
the derivation of the maximum positive moment near
the interior support on the longer span (MPMNIS) is the
same as in equal span case when moving load acts on
shorter span only, by deriving these values, the location
of intersection of two positive moment line equations
(POI) can be found as follows:

If Ly >L,,
Y
a=7z, (67)
_ LixP
MPMIS = = — , (68)
. Lixp
MPMNIS = 3IXBx (gt Ly) (69)
11-13
3xV3x(L3+ LyxLd
POI = (vi+1p4d) . , (70)
3X(3xLq+2XxLy)—Lq 2xL5
6xXV3x(L1+Ly)  6XV3xLyX(Ly+2XLq)

where, MPMNIS is the maximum positive moment near
interior support; POI is the point of intersection.

Refer to Fig. 6 for positive and negative moment en-
velope diagram for both spans with single moving load
when L1> La.

MPMNIS

If L, <L,,
L
a=z, (71)
_ L2><P
MPMIS = 2=, (72)
MPMNIS = —12XP (73)
T 3xV3X(Ly+Ly)’
Ly-Lf
3xv3x(L3+ LyxL2
POI = CADE) . (74)
3X(3XLy+2XLy)~Ly 2XL7
6xvV3x(L1+Ly) 6XV3xXLyX(Ly+2XLy)

Refer to Fig. 7 for Positive and negative moment en-
velope diagram for both spans with single moving load
when L1 < La.

5.3. Maximum envelope deflection

During load moving, the maximum deflection at each
point occurs when slope (6) is equal zero, there is only
one point on each span where maximum deflection oc-
curs at same location of moving load, this point will be
called point of maximum envelope deflection (PMED),
this point divides the span into two parts, the first one,
where the maximum deflection occurs after any re-
quired point in that part, the second part, where the
maximum deflection occurs before any required point in
that part, the maximum envelope deflection at each span
occurs at the point of maximum envelope deflection
(PMED).

MPMIS

—POI—

NME

NME ,

Moment Envelope (Ly >L,)

Fig. 6. Moment envelope diagram for single moving load when L1>Lo.

MPMIS

L4

NME ,

MPMNIS

[—POI —|

NME

Moment Envelope (L4 <L)

Fig. 7. Moment Envelope diagram for single moving load when Li<L>.
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The PMED occurs at the location of moving load where the slope value is equal zero under this load, this can be
derived by equaling the slope equation at moving load location a by zero, the following demonstration is for span 1:

Cixa? | Cyxa | C3

b=t T~ (75)
3XaxXPXL}+3Xa3XPXL1+4XLE XLy XPXa+2Xa3XPXLy=6Xa? XL XP—6Xa*XPXLyXLy  a?XCy 0 26
12XL2 +12XLy XL, 2 (76)
ax[12Xa?xPXLE+8Xa?XPXLy XLy =12XL3XPXa—12XaxPXLyXL3+3XPXL}+4XL3 XLy XxP=3xa*xP] 0 27
12xL3 +12xL23 XL, - 7
Solving this equation to obtain the location of PMED R, =2, (81)
directly is hard, instead of that, the variable a will be re- L2
placed with Ri1xL1 and Lz with RaxLi.
R, =2, (82)
a Ly
R, = o (78)
In case of equal span length (Li=L2=L), R1 is equal
L 0.46875, Substituting a=0.46875xL in Xand a in Eq. (28)
R, = ﬁ, (79) or Eq. (32) (and in corresponding integration constants

where, Ri1is the ratio between the location of moving
load (a) and span 1 length (L1); Rz is the ratio of span 2
length (Lz) with span 1 length (L1).

Converting the above equation into following form:

Y=L x[12XR?+8xR?XR,— 12X R; —12 X
Ry XR,+3+4xR,—3xR{]. (80)

Substituting Rz with a range of values from 0.1 to 10,
and finding the intersection of Y curve with X-axis for
each value of R: to find the value of R1 that makes the
above equation is zero, arranging R: values with R» val-
ues, gives a curve that defines the relationship between
span 1 length to span 2 length ratio (Rz) and the location
of PMED as a ratio of span length where deflection is to
be calculated (R1), substituting this value in a parameter
in deflection equation (Eq. (28) or Eq. (32))for concen-
trated load to obtain the value of PMED.

Refer to Fig. 8 for relationship of Rz (X-axis) with R1 (Y-
axis) for location of point of maximum deflection (PMED).

The same equations and curve used to derive the
point of maximum envelope deflection PMED in spanl
was used in span 2 by replacing L1 with L2 and vice versa
as follows:

Direction Of Moving

Ps B R

f a S2 ‘ 81*‘
| b

VAR L

equations) gives the same value of PMED for both spans
1 and 2.

0,5

0,49

0,48

0,47

0,46
0,45

R,(X-axis) vs R, (Y-axis)

——

0,44

0,43

0,42

0,41

0 1 2 3 4 5 6 7 8 9 10 11

Fig. 8. Relationship between Rz and R: for single mov-
ing load.

6. Fourth Stage (Multiple Moving Load)
In this stage, Analysis envelope equations for multiple

loads will be derived based on the single load deriva-
tions, refer to Fig. 9 for three moving loads diagram.

Direction Of Moving

Fig. 9. Three moving loads diagram.
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6.1. Shear envelope equations

The maximum positive shear at any point in span 1 due to moving of multiple loads occurs when the last load (P3)
acts on it as follows:

115, )° — (X4 ZM 15y ) x(3xL3+2x L1 x L) N
2xLEx(Ly+L;)

P(X) = EN=1 Py x [(“Z 1] L, 0<X<1,. (83)

The maximum negative shear at any point in span 1 due to moving of multiple loads occurs when the first load acts
(P1) on it as follows:

2XL3X(Ly+L2) OsX<lL,. (84)

NVE;(X) = ¥N-1 Py X [

(x-xi-1 SN)3—(X—2’1"‘1 Sn)x(3xL3+2 xleLz)]
,

The maximum positive shear at any point in span 2 due to moving of multiple loads occurs when the first load (P1)
acts on it as follows:

N-1¢ \3_ N-1 2
PVE,(X) = TY_, Py x [(X+21 Sw) —(X+ZY 1 Sy)x(3xL3+2xL1XL;) N 1] L,2X>0. (85)

2XL3x (L1 +Ly)

The maximum negative shear at any point in span 2 due to moving of multiple loads occurs when the lastload (Ps3)
acts on it as follows:

2XLEX(Ly+Ly) , L,=2X=0. (86)

NVE,(X) = ¥N=1 Py X [

(x-sM-150) - (x-z¥-1 sy )x(3x13+2 xleLz)]

In these equations, PVE1(X) is the positive shear envelope equation for span 1; NVE1(X) is the negative shear enve-
lope equation for span 1; PVE2(X) is the positive shear envelope equation for span 2; NVE2(X) is the negative shear
envelope equation for span 2; Syis the distance between N wheel axis loads; Pw is the wheel axial load number N; M is
the total number of wheel loads.

6.2. Moment envelope equations

The maximum negative moment at each point on both spans, occur when one of any multiple moving load acts on
it due to moment diagram shape for multiple concentrated load (vertex of moment diagram), for demonstration, three
moving loads (most general wheel load, truck load) were taken, and accordingly the negative moment envelope equa-
tions were developed.

The maximum negative moment at any point on span length can be caused by one of the three moving loads acting
on it directly, three moment envelope equations were developed by taking each load acting on required point, the
other loads will add moment to this point according to their value and relative location to demonstrate moving load
(Distance between moving loads, axis distance), each distance interval on each span, one of the three negative moment
envelope equation will be maximum, thus the resultant negative moment envelope equation is the maximum of the
three developed negative moment envelope equation at any point as follows (0 < X < L;):

x* -X(3L1*+2L1L,)
2XL3x(L1+Ly)
(X—81=82)3 ~(X—S1=S)x(3L1*+2L1L,) + 1] ’
2XLEX(Ly+Ly)

P1><

+1]+P2X

X—S1)3 -(X—S)%(3L1*+2L{L
X=51)°-(X=5p ( 1 1 2)+1]

2XLEx (L1 +Ly)

NMEp;(X) = X x { (87)

+P3X

( x> -X(3L1°+2L1Ly)

2XL2X(Ly+Ly)

PzX

+1]+P1X

(X+S1)3 ~(X+S1)x(3L12+2L4L
1 1 ( 1 1 2)+ 1]

2XLEX(Ly+Ly)

NME, p,(X) = X X (88)

+P3X

(X=52)3 ~(X=52)X(3L1*+2L1 Ly +1 ’
2XLEx(L1+Ly)

X*-X(3L,°+2L1L,)
2XLEx(L1+Ly)

P3 X 2
2XLix(L1+Ly)

+1]+P2X

(X+52)3 ~(X+S2)%(3L1>+2L{L
2 2 ( 1 1 2)+ 1]

NME;p3(X) = X X (89)

+P1X

(X+81+52)% ~(X+S1+52)%(3L1* +2L1 L) +1
2XLIX(Lq+Ly)
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In these equations, NME1p1(X) is the negative moment envelope equation for span 1 as load P: is the main load;
NME1p2(X) is the Negative moment envelope equation for span 1 as load P2 is the main load; NME1p3(X) is the Negative
moment envelope equation for span 1 as load Ps is the main load; P1, P2, Ps are the moving loads (represent vehicle

axis loads); S1, Sz2is the distance between P1 and P2, the distance between Pz and P3 respectively.
The same concept applied in span 2, by replacing L1 with Lz and vice versa, as follows (0 < X < L,):

NME,p,(X) = X x4

NME,p,(X) = X x4

NME,p3(X) = X x4

P, [X3 -X(3L1*+2L1Ly)

P, [X3 -X(3L1*+2L1Ly)

P3X[

+1]+P2X

X+SD3 -(X+S)x(3L12+2LL
1 1 ( 1 1 2)+ 1]

2XL3x(L1+Ly) 2XLEX(Ly+Ly)

+P. X [(X+51+52)3—(X+51+52)><(3L12+2L1L2)+ 1]
3

2XL3X(L1+Ly)

2XL5X(Ly+Ly)

> + 1] + Py X
2xL2x(L1+Ly)

X=SP3 -(X=S)x(3L2+2LL
1 1 ( 1 1 2)+ 1]

+P3 X >
2xLEX(L1+Ly)

(X+52)3 ~(X+S2)%(3L1>+2L{L
2 2 ( 1 1 2)+1]

X -X(3L*+2L1L)
2XL3X(Lq+Ly)
(X=81=52)3 ~(X—S1=5)x (3L +2L1L,) 4 1]
2XL3X(Ly+Ly)

X—5,)3 ~-(X=S)X(3L12+2L4L
+1]+P2><[( 2 -G-SpX(3Ly 12)+1]

2XL3X(Ly+Ly)

+P1X[

(90)

(oD

(92)

For the positive moment envelope equation for multi-
ple moving loads, another approach was followed which
is to consider the location of multiple loads as the same
of the location of centroid of these loads, to calculate the
maximum positive moment at interior support (MPMIS),
centroid of multiple loads put on a distance as given by
Egs. (65), (67) or (71) depending which span is longer,
MPMIS is equal the sum of moments caused by each load
on their specific location as described in moment equa-
tion of concentrated load case, to calculate the maximum
positive moment near interior support (MPMNIS), the
centroid of multiple load put on POI as defined in Egs.
(70) or (74) according to span length case. MPMNIS is
equal the sum of moments caused by each load on their
specific location according to moment equation for con-
centrated load case.

6.3. Maximum envelope deflection

To calculate the maximum envelope deflection for
multiple moving load, the centroid of these loads are put
on the point of maximum envelope deflection (PMED) as
shown in section 5.3 according to span length case, then
the deflection was calculated by summing the deflection
caused by each load on their specified location at PMED
point as shown in deflection equations for concentrated
load.

7. Conclusions

Bridge engineers can follow the equations presented
in this paper to conduct complete analysis for two-span
continuous girder bridge in uniformly distributed load-
ing and wheel loading for any number of axis loads with-
out using a software with more accuracy, making the
bridge girder analysis more practical and accurate.

The future challenge in this field is to find direct anal-
ysis envelope equations for girder bridges with more
than two spans with wider boundary conditions such as
support settlement or deformation in the bearing pad.
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