Vol.43, No.2 / 2014

|NMATEH'-'dquatau 1al c\.‘v‘nqmwtmq

REDUCTION OF A BENT PLATE, WITH CONCURRENT EDGES
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Abstract: The paper presents a method to determine the
inertial characteristics (coordinates of the mass center,
moments and products of inertia) of a plate with
concurrent bending edges, each face representing a
homogeneous triangle. By generalising a method
previously published by the first author, the plate is
assimilated, from the inertial point of view, with a discrete
system of material points, applied in the corners and in
the mass centres of the faces. The results are
particularised for several cases frequently found in
practice: homogeneous bent plate, plane plate with the
shape of an arbitrary polygon, of a quadrilateral and of a
right-angled trapezoid, respectively. Two applications are
also presented.

Keywords: bent plate, mass center, moment of inertia,
product of inertia.

INTRODUCTION

In references [2] and [3] a calculation method is
presented for the inertial characteristics of simple bodies,
based on their assimilation with finite systems of material
points. It is shown that, in the case of a homogeneous
triangular plate of mass m, the equivalent system is

composed of three points of mass % applied in the

3m oo
corners and one of mass T applied in the mass center.

Let OA1A; ...AiAi11...An1An be a plate of mass m, with
bending edges concurrent in point O (Fig. 1a).

Z

Rezumat: Lucrarea prezinta o metoda de calcul al
caracteristicilor inertiale (coordonatele centrului de masé
si momente de inertie mecanice) ale unei pléci cu muchii
de indoire concurente, fiecare dintre fefele acesteia
reprezentdnd un triunghi omogen. Generalizdnd o
metoda publicata anterior de céatre primul autor, placa
este echivalata, din punct de vedere inertial, cu un sistem
discret de puncte materiale, aplicate in colturi gi in
centrele de masa ale fefelor. Rezultatele sunt
particularizate pentru mai multe cazuri frecvent intalnite n
practica: placa indoita omogend, placd pland avand
forma unui poligon oarecare, respectiv al unui patrulater
si al unui trapez dreptunghic. Sunt prezentate, de
asemenea, doud aplicatii.

Cuvinte cheie: centru de masd, momente de inertie,
placa indoita.

INTRODUCERE

Tn lucrarile [2] si [3] este prezentatd o metoda de calcul
al caracteristicilor inertiale ale unor corpuri simple pe
baza echivalarii acestora cu anumite sisteme finite de
puncte materiale. Se aratd ca in cazul unei placi
omogene triunghiulare de masa m, sistemul echivalent se

compune din trei puncte de masa % aplicate n colturi si

. 3m A <
unul de masa 2 aplicat in centrul de masa.

Fie placa OAiA; ...AAi1..An1An de masa m, cu
muchiile de Tndoire concurente in punctul O (fig. 1a).

z

a)

Fig. 1 - Bent plate, with concurrent edges

MATERIALS AND METHODS

The orthogonal reference system Oxyz is considered,
with the origin in point O. External edges OA; and OA;
are supposed to pass also through the corner O, which is
the concurrence point of all visible edges of the plate. On
the figure, the bending edges are drawn with solid line:
OA;, OAg,..., OAn1.

MATERIALE SI METODE

Se considera sistemul de referintd ortogonal Oxyz,
cu originea in punctul O. Se presupune ca muchiile de
taiere exterioare, OA; si OA, trec, de asemenea, prin
varful O, care este punctul de concurentd al tuturor
muchiilor vizibile ale placii. Pe figura, muchiile de indoire
sunt desenate cu linie continua: OA;, OAs,..., OAn.1.

161



Vol.43, No.2 / 2014

The coordinates of all corners are also considered
kn)own: 0(0, 0, 0), A1(X1, Y1, 21), A2(X2, Y2, Z2),..., An(Xn, Yn,
Zn .

It is also supposed that all triangles OA1Az, OAZAs,...,
OAiAi+1,..., OAn.1An, which define the faces of the body,
are homogeneous plates. The coordinates of the mass
center of an arbitrary triangle, OAiAi:1, can be easily
calculated:

|NMATEH'-'dqt¢atau 1al cgnqmwtmq

Se considera cunoscute coordonatele varfurilor
plz)écii: 0(0, 0, 0), Ai(xX1, Y1, Z1), Aa(X2, Y2, Z2),..., An(Xn, Yn,
Zn .

Se presupune ca toate triunghiurile OA1A2, OALAs,...,
OAiAi+1,..., OAn1An, care constituie fetele corpului, sunt
placi omogene. Coordonatele centrului de masa al unui
triunghi oarecare, OAiAi+1, pot fi usor calculate:

C- Xi + Xi+1
i 3 '

Taking into account the above mentioned equivalence
theorem, it results that the plate can be reduced to a
system of material points with the following masses (fig.

m, m, +m, m,_, +m,
1 o), A% A[MEm) L a(mazm).
m,,+m,, m,, 3m, 3m,
a(tgme) alg) o) (%)
4 4

RESULTS
Calculation of the inertial characteristics of an arbitrary
bent plate

The abscissa of the mass center is:

n-1

_ =l

yi + yi+1 Zi + Zi+1 H
, i=12,..n-1 1
2 2 ] ( ) (1)

Avand n vedere teorema de echivalentd mentionata
mai sus, rezultd ca orice placa poate fi redusa la un
sistem de puncte materiale cu urmatoarele mase (fig. 1

. m m1 m, +m, m._, +m;

b): O[Ej’ AI(E]’ Az[ 12 j A‘( 12 ]
m,,+m., m,., 3m, 3m,
a(mgs) a3 o) o)

4 4

REZULTATE
Calculul marimilor inertiale in cazul unei placii indoite
oarecare

Abscisa centrului de masa este:

C

By arranging this expression and by proceeding in the
same manner for the other coordinates, it follows:

Xe :3_mzmi (Xi + Xi+1)'

The calculation relations of the moments and
products of inertia are based on the definition formulae of
these quantities, for discrete systems of material points
[1]. Thus,

3-51

i=1

NIB

n-1

3

IR
l\)

i=1

By arranging these expressions and by proceeding in
the same manner for the other moments and products of
inertia, it follows:

)21
6
1nfl

J ==

y 6;
n-1

.

6=

! X yl + X|+1y|+1 + Z
i=l

mi < Sr‘ni Xi + Xi+1
Zi(x' +Xi+1)+ T
12 = 4 3
2
12m
Prelucrand aceasta expresie si  procedand
asemanator pentru celelalte coordonate, rezulta:
1 n-1
Ye=5—-2.M (y y|+1 Zc :_zm Z; +Z.+1 (3)
am4

Relatiile de calcul ale momentele de inertie axiale si
centrifugale se bazeaza pe formulele de definitie ale
acestor marimi, in cazul sistemelor discrete de puncte
materiale [1]. Astfel,

g2 ez e 5020 {(v- SRNE ” "

i=1

-1
} 3m X +X|+l y| +y|+1

4 3 ®)

Prelucrand aceste expresii si procedand asemanator
pentru celelalte momente de inertie, rezulta:

1
2
M, (V2 4 Y, Yo + V2, + 22+ 2,2, + 22,)
1
m, (22

m, (x?

242,220 X+ XX, + le) (6)

i%idl

2 2 2
+ X|X|+1 + Xi+1 + yi + yi yi+l + yi+1)'
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1 n-1
ny =74 m; (in Yi + 2Xi+1yi+1 +XiYia + Xi+1yi)
1243
n-1
v = i m; (Zyizi +2Yi02i0 +YiZigt yi+1zi) (7
1243
1 n-1
‘]zx =5 mi (zzixi + 22i+1xi+1 + Zixi+1 + Zi+1Xi )
i=1
Calculation of the inertial characteristics of a Calculul marimilor inertiale in cazul unei placii indoite
homogeneous plate omogene
If the bent plate is homogeneous, its superficial Daca placa indoitd este omogena, densitatea
density, ps, is constant and has the expression: superficiala a acesteia, ps, este constanta si are expresia:
m
- 8
P =3 C)
The total area, S, can be obtained by adding the areas Aria totala, S, se poate obtine Tnsumand ariile
of the composing triangles: triunghiurilor in care a fost impartita placa:
n-1
S=8,+S,+..8+..5,,=) 8 9)
i=1
As it is known, the modulus of the vector product of Asa cum se cunoaste, modulul produsului vectorial a
two position vectors equals twice the area of the triangle doi vectori de pozitie este dublul ariei triunghiului
determined by the vectors: determinat de vectorii respectivi:
1= | 1 2 2 2
S = E‘OA xOA,| = E\/(yiziﬂ = YinZ)" (2% = 2 %) + (XY — % Yi) (10)
where: unde:
i ]k
OAxOA, =X Y 1 11)
Xi+1 yi+1 Zi+1
The masses of the triangular plates have the expressions: Masele placilor triunghiulare au expresiile:
S S S, S,
ml :ps .Sl = m?l‘ mz :ps 'SZ = m?zv---y mi :ps .Si = m?l"'v mn—l :ps 'Sn—l =m Sl (12)
It follows that, in the case of a homogeneous plate, Rezultd de aici ca, in cazul unei placi omogene,
formulae (4)- (7) can be brought to formulele (4)- (7) pot fi aduse la
simpler forms: forme mai simple:
LSS %) Yo = SIS Zo = D822
Xe === ) S;{X + X1 ), =—)> SiYi+Viu) Zc===) Sz, +z, 13
C 35 — i i i+l yC 38 ; y y 1 (o} 38 —~ 1 ( )
n-1
J.= ﬂ Si (Yiz +YiYiat Yi2+1 + Zi2 +ZZi,, + Zi2+1)
68 i=l
n-1
‘]y :ﬂ Si(ziz + ZiZi+1+Zi2+1 +Xi2 +X Xi+1+Xi2+1) (14)
6S =
n-1
‘]z = ﬂ SI (Xlz + XiXi+1 + X|2+1 + y|2 + Yi Yi+1 + Yi2+1)’
68 i=l
m n-1
‘]xy :E H Si(zxi yi + 2Xi+1yi+1 T XYia t Xi+1yi)
n-1
‘]yz :l Si(zyizi +2Y.2i, +yizi+1+yi+1zi) (15)
12S =
m n-1
‘]zx :E i:1 SI (ZZIXI + 22|+1X|+1 + ZiX|+1 + Zi+1Xi )
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Case of a homogeneous plane polygon

The general relations determined above can be used
for any homogeneous plane polygon, if the following
geometrical condition is fulfilled: point O can be chosen in
any corner or in any point placed inside the polygon, so
that no segment OA; (i=1,2,...,n) intersects any edge of
the polygon:

OANAA, =
where the corners are consecutively counted.

In the case of plane polygons, all z-coordinates are
null: z=0 (i=1,2,...,n). If such bodies present symmetries,
calculations are simplified by choosing point O on the
symmetry element (point, axis or plane). The same
reasoning is valid for the choice of axis Ox.

The triangle areas are:

S

The coordinates of the mass center have the

following general expressions:

_ |Xi Yin— Xi+1yi|
=

INMATEH:- dquatau 1al cgnqmwtmq

Cazul poligonului plan omogen
Relatiile generale determinate mai sus isi gasesc o
utilizare imediata pentru orice poligon plan omogen, daca
se respecta urmatoarea conditie geometrica: punctul O
poate fi ales in orice varf sau in orice punct situat n
interiorul unui poligonului, astfel incat nici un segment
OA (i = 1,2,...,n) sa nu intersecteze vreo muchie a
poligonului:
@ (i=12...,nj=12,...,n-1) (16)
unde varfurile sunt numerotate consecutiv.

n cazul corpurilor plane, toate cotele sunt nule: z=0
(i=1,2,...,n). Daca aceste corpuri prezinta simetrii,
calculele se simplifica alegand punctul O pe elementul de
simetrie (punct, axa sau plan). Acelasi rationament este
valabil si pentru alegerea axei Ox.

Ariile triunghiurilor sunt:

> 17

Coordonatele centrului de masd au urmatoarele

expresii generale:

n-1

Xe :_Zsi(xi +Xi+1)’ Ye _gzsi(yi +Yi+1)1 7. =0 (18)
i=l i=l
The moments and products of de inertia become: Momentele de inertie devin:
3 =SSy v+ v2)
X 68 — 1 1 iJi+l i+1
n-1
3y =2 >, (6 x4 ) (19)
6S =
n-1
J, = %2 Si (Xuz XXy X Y Y Y yi2+l)’
i=l
m n-1
w o E Z:l: Si (2Xi yi t 2Xi+1yi+1 +XYiat+ Xi+1yi)
J, =0 (20)
J, =0.

Application 1

Half of the cross-section of a symmetrical part of
a mechanical device has the polygonal shape in
Figure 2.

Aplicatia 1

Juméatate din sectiunea transversald a unei piese simetrice
din componenta unui dispozitiv mecanic are forma poligonala
din figura 2.

y
A
\ Ao
\ Ag
\f“
As
As
Ay
Az
Ay
0 A X

Fig. 2 - Example of a homogeneous plane plate

164



Vol.43, No.2 / 2014

The coordinates of corners A are defined in Table 1.

|NMATEH'-'dquatau 1al c\.‘v‘nqmwtmq

Coordonatele varfurilor A;j sunt definite in tabelul 1.

Table Error! Reference source not found.

Geometrical characteristics of the plate

Punct A1 Ao Az As Asg As A7 Asg Ag
Xi 4a 4a 3a 3a 2a 2a a a 0
Vi 0 2a 4a 6a 8a 10a 12a 14a 16a

Assuming that the plate is homogeneous, its inertia
properties can be determined.

By applying relation (17), the areas result of the eight
triangles composing the polygon:

Presupundnd ca placa este omogena, se pot
determina proprietatile de inertie ale acesteia.

Aplicand relatia de calcul (17), rezultd ariile celor opt
triunghiuri in care poate fi impartit poligonul:

S, =4a*, S,=5a’, S,=3a*, S,=6a’, S,=2a°, S,=7a’, S,=a*, S,=83a°

The area of the whole polygonal section is:

Aria intregii sectiuni poligonale este:

S=)S =36a".

After some elementary operations, the coordinates of
the center of mass are obtained:

Dupa cateva calcule elementare rezulta coordonatele
centrului de masa:

C(x. =1.426a,y. =6.556a)

The elements of the matrix of inertia can be also
easily calculated:

Elementele matricei de inertie pot fi si ele usor
calculate:

J, =4439ma‘, J, =3037ma‘, J, =47.333ma’,

J,, =6,093ma’, J,=J,=0.

Application 2

Let OA1A2A3A4AsAs be a homogeneous plate of mass
m, part of the header of a corn-picker-husker, with the
shape of a pyramid surface (fig. 3).

yz x

Aplicatia 2

Fie placa omogena de masa m, din componenta unui
heder al unei combine de recoltat porumb, care are
forma unei suprafete piramidale OA1A2AzA4AsAs (fig. 3).

A=A,

Az

Fig. 3 - Header of a corn-picker-husker

The orthogonal reference system with plane Oxy
situated in the plane of the plate OAA; is used, with axis
Ox in the symmetry plane of the body, perpendicular on
the side AzAe.

The plate is divided into six triangles: OA:A,,
OAZAs3,..., OAsA7.

The coordinates of the corners of the surface are:
0O(0, 0, 0), A(l, 0, 0), A(l, &, 0), As(l, a-b, c), A4, O, d),
As(l, b-a, ), As(l, -a, 0) and A;=Aq(, O, 0).

Se utilizeaza sistemul de referinta ortogonal, cu planul
Oxy situat in planul placii OA1A;, alegandu-se axa Ox Tn
planul de simetrie al corpului, perpendiculara pe latura
A2As.

Placa se imparte in sase triunghiuri: OA1A2, OAZAs, ...,
OAG6A7.

Coordonatele varfurilor suprafetei sunt: O(0, 0, 0), Aq(l,
0, 0), Ax(l, a, 0), As(l, a-b, c), A(l, 0, d), As(l, b-a, c), As(l,
-a, 0) si A7=Aq(l, 0, 0).
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According to formula (10), the areas of the triangles

composing the body are:
Jaic? +1%(b? +c?)

2

1

By replacing the particular values of the studied body
into relation (13), the following coordinates of the mass
center are obtained:

Ye =0, z

(o}

Case of an arbitrary homogeneous quadrilateral

The homogeneous plate described by quadrilateral
OA1AzA3, situated in plane Oxy, is considered (Fig.4a).
The plate is divided into triangles OA1A> and OAAs.

The coordinates of the corners are known: O(0, 0, 0),
A1(X1, 0, O), Az(Xz, Y2, 0), A3(X3, Y3, 0).

y /

N

Az

A1
Fig. 4 - Homogeneous plate with the

The areas have the expressions

The superficial density is

»|3

Ps =
The masses of the two triangular plates are:

le yZ
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Conform formulei (10), ariile triunghiurilor care compun
corpul sunt:

J@=b)?(@d? +12)+12(c’ —d?)

S,=8§,= 5
Tnlocuind valorile particulare ale corpului studiat in
relatile (13), se obtin urmatoarele coordonate ale

centrului de masa:

2 ¢S, +(c+d)S,
S
28
i=1

Cazul patrulaterului omogen oarecare

Se considera placa omogena plana descrisa de
patrulaterul OA1A>Az, situatd Tn planul Oxy (fig.4a).
Placa se imparte in triunghiurile OA1A; si OAZAs.

Sunt cunoscute coordonatele punctelor placii:
0(0, 0, 0), A1(x1, 0, 0), Ax(X2, Y2, 0), As(Xs, Y3, 0).
y N
As
: \\\ ’AZ
‘:" \
,:’J \. C
:': \
i,‘ \\
/ X
"‘,"‘ s \‘ Cl
d ~ >
@) Ay X
b)
shape of an arbitrary quadrilateral
Avriile au expresiile
S =XY,, S, :lxzy?, _X3y2|v S=xY, +|X2y3 - X3y2| (21)
Densitatea superficiala este
(22)
Masele celor doua placi triunghiulare sunt:
m|x,y, — X
m, =p.S, = M (23)

m, =p.S, =

The coordinates of the mass centers of the two
triangles can be easily calculated:

By taking into account the presented results, it can be
concluded that an arbitrary quadrilateral may be reduced
to a system of six material points, with the following

m, m m,

, . m
masses (fig. 4b): O[E] A(Ej A{Ej AS[EJ

) e()

3m,
4

XY, +|Xzy3 _X3Y2|l

XY, +|XzY3 - Xsyzl

Coordonatele centrelor de masa ale celor doua
triunghiuri pot fi usor calculate:

X2+X3 YZ+YS

2 '8 22 I8 24
[ 7 j (24)

Luadnd 1n considerare rezultatele prezentate, se

desprinde concluzia ca un patrulater oarecare poate fi
redus la un sistem de sase puncte materiale, cu

m, m

< ) . m
urmatoarele mase (fig. 4b): O(—j Al(ﬁ] A{E]

) ompefm)
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The coordinates of the mass center of the quadrilateral
are:

D mx,

X~ =
¢ m

The moments and products of inertia with respect to
the chosen reference system take, respectively, the
forms:

1
_Z 2
‘]x_ n']iyi 6
J, = E m, x’

3,=3,+3,,

1
6

‘]xy :zmixiyi =
Jyz =0
J, =0.

Case of aright-angled trapezoid

A right-angled trapezoid is represented in Figure 5,
corresponding to a homogeneous plate of mass m, with
the following geometrical characteristics: the large base
B, the small base b and the height h.

As3(0, h)

mX, + m,X
410 273
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Coordonatele centrului de masa ale patrulaterului sunt:

} e B )

Momentele de inertie Tn raport cu sistemul de
referinta ales iau, respectiv, formele:

_2my 1

m 3

m2y3
Y, + 22
T m

(25)
m

[my2 +m,y, (v, +v,)]
[mxj (X + %, )+ myxg (%, + X, )] (26)
1
E[mez yZ + mlxlyz + m2 (XZ y3 + X3y2 + 2X3y3 )]
(27)

Cazul trapezului dreptunghic

In figura 5 este reprezentat trapezul dreptunghic
corespunzator unei placi omogene de masa m, cu
urmatoarele caracteristici geometrice: baza mare B, baza
mica b si inaltimea h.

Ax(b, h)

>

@)

Fig. 5 - Homogeneous plate with the

According to relations (10) and (12), the masses of
the two composing triangles are:

mB
m =—,
B+b

m, =

By applying relations (3), the coordinates of the mass
center can be calculated:

_ B*+Bb+b’

7
Al(B, O) X
shape of a right-angled trapezoid

TIn conformitate cu relatile (10) si (12), masele celor
doua triunghiuri componente sunt:

mb
B+b

(28)

Aplicand relatile (3), se calculeaza coordonatele
centrului de masa:

_h(B+2b)

° 3(B+b)

The moments and products of inertia, determined by

Ye = 3(B+b) (29)

Momentele de inertie, determinate cu ajutorul relatiilor

relations (6)- ), have the (6)- (7), au urmatoarele expresii:
following expressions:
2 2 2 2
x:mh (B+3b)’ y:m(B +b)’ Jzzm h (B+3b)+Bz+bz (30)
6(B+hb) 6 6 B+b
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_ mh(3b® + B? + 2bB)

INMATEH:- dquatau 1al cgnqmwtmq

v 12(B +h)

CONCLUSIONS

The presented method allows a fast calculation of the
inertia characteristics of a plate with concurrent bending
edges, as well as of a plane plate with polygonal shape
and, in particular, of a quadrilateral one.

The method, which can be easily implemented in a
computer code, represents a useful tool in machine and
mechanical device design activity.

The two chosen applications certify for its benefits.
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, J,=0,J,=0 (31)
CONCLUZII
Metoda prezentata permite calculul rapid al

caracteristicilor inertiale ale unei placi cu muchii de indoire
concurente, precum si al unor placi plane de forme
poligonale si, in particular, de forma patrulatera.

Metoda, care poate fi usor implementata in programe
de calcul automat, reprezintd un instrument valoros in
activitatea de proiectare a masinilor si utilajelor mecanice.
Cele doua aplicatii alese atesta avantajele sale.
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