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SINCRONIZAREA COMPLETA A
RETELELOR CU STRUCTURA
DE STEA

V.M. Ungureanu,
Universitatea Constantin Brancusi, Tg-Jiu,
ROMANIA

REZUMAT: In acest articol este considerati o clasd
de retele cu structura de stea, in care transferul
informatiei intre nodurile refelei depinde de un proces
Markov. Proprietatea de sincronizare a acestor retele
este studiata folosind rezultate din teoria stabilitatii
sistemelor liniare.

Cuvinte cheie: retea cu structura stea, nod de
retea, teoria stabilitatii

1. INTRODUCERE

In ultimii ani problema sincronizarii retelelor
complexe ce modeleaza sisteme dinamice s-a
bucurat de o mare atentie din partea
comunitatii stiintifice. In prezentul articol,
vom studia aceastd problemd pentru o clasa
de retele stocastice cu structurd de stea.
Bazandu-ne pe teoria stabilitatii sistemelor
liniare, am stabilit conditii suficiente pentru
sincronizarea unei clase de sisteme neliniare
asociate  retelei  stocastice investigate.
Modelul de retea discutat in lucrare este
inspirat de articolele [2] si [3].

In general, o retea este o multime de unitati
(colonii, unitati neuronale, etc.)
ol Uy ,0,U ..., neN" intre care existd
schimb de informatii si ale caror valori
depind de timpul z. (N* este multimea
numerelor naturale nenule.) Pentru a arita
aceastd dependentd de timp vom folosi
notatia u'" pentru valoarea unititii i a retelei
la momentul ¢, unde ¢ se presupune ca ia doar
valori naturale. Unitatile retelei
interactioneaza intr-o maniera data, astfel ca
valorile acestora se schimba dupad o formula
de tipul u™ = G, unde u” este

T
vectorul (...,uf‘),...,uff),...)

transpozitia), iar G este o functie. Este clar

(" desemneazi
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ABSTRACT: In this paper we consider a class of
stochastic networks with star structure, in which the
flow of information depends on a Markov chain. We
investigate the synchronization of the stochastic star
shaped networks by using linear stability analysis
approach.
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1. INTRODUCTION

The synchronization problem of complex
networks for dynamical systems has received
a great deal of attention in the last years. In
this paper we study this problem for a class
of stochastic star-shaped networks. Based on
linear stability theory, we establish sufficient
conditions for the synchronization property
of the investigated non-linear systems. The
network model discussed in this paper is
inspired by papers [2] and [3].

Generally a network is a set of compartments
(patches, colonies, neural wunits, etc.)
woU, Uyt ., neN"  which values
depend on the time period it is in. (N°
denotes the set of all positive integers.) We
will denote the state value by u'”

.7 where t
1S a nonnegative integer.

The network's units can interact in

given manner and their values change
according to the following formula
u" = G ).
. T
Here u® is the vector (...,uit),...,u(nt),...)

("denotes the transposition) and G is an
appropriate function. It is clear that, given an
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ci, dati fiind distributia initiali u® a
valorilor unitatilor retelei, putem determina
u(l), u(z), u(t),... din ecuatia de mai sus.
Pentru ¢ suficient de mare este posibil ca o
submultime u; ,u; ,...,u; a unitatilor retelei
(sau chiar toate unitatile) sd contind
informatii similare la acelasi moment ¢. Mai

v _ =0
>

i

lim{u

t—o00
pentru Ljef{l,.1,},1#] (or
L,je{l,...,N},i#]). In acest caz vom spune

. o o (t)
precis este posibil ca u;

toti

ca U ,U; ..U,

1k

(respectiv {u,,u,,...,u } )

sunt complet sincronizati, 1n  mod
determinist.
Asa cum am spus mai sus, in cele ce

urmeaza vom considera un model de retea cu
structura de stea care combind modelele de
retele utilizate n [2] si [3]. in [2] sunt
studiate retele ce constau in »  unitati
u,u,,.,u, dispuse in sens direct, In
varfurile unui poligon regulat cu n laturi
astfel incat fiecare unitate interactioneaza
doar cu vecinii sdi directi.

Acum consideram o retea similard, in care
fiecare unitate u;, i€ {1,..,n}este nodul central
al unei retea in forma de stea. O retea in
forma de stea este o retea cu N € N noduri
Vi, Va2, ...,VN, In care nodul vy este centrul
retelei si toate celelalte noduri vy, va, ...,VN-1
sunt conectate doar la nodul centru vy, fara a
exista o alta conexiune intre ele [3] (Fig. 1).

Pentru a nu complica expunerea, in aceastd
lucrare vom presupune ca reteaua are 6
noduri centru uj, Uy, ...,Us dispuse in sens
direct in varfurile unui hexagon regulat,
fiecare nod central u; avand atasat 2 noduri
diferite vi; si vi . Mai mult, vom presupune
ca oricare doua noduri centru nu au
conexiune cu un nod non-centru comun.
Informatia continutd de nodurile retelei la
momentul t va fi notata

OISO ;

visup,ied{l,.,n}, je{l,2}.

Trebuie mentionat ca rezultatele din lucrare
pot fi extinse cu usurinta la retele cu structura
de stea in care existd n noduri centru, fiecare
fiind conectat la alte N-1 noduri non-centru.

0) 2

initial distribution u*”, we may find u(l), u’,
.. u", .. from the above equation. For ¢
sufficiently large it is possible that a subset
u; ,u; ..., u;  of the networks units (or all of

them) contain a similar information at each
time period ¢. More precisely it is possible
that

limfu{" —u'"

t—o0

=0,

forall 1,je€{i,,.1,},1# ] (or
1,je{L...,N},i#j ). In this case we will say
that u; ,u; ,...,u; (respectively
{u,,u,,...,u,} ) are complete synchronized in
a deterministic manner.

In what follows we will consider a network
model based on star shaped networks. In fact
our model combines the ones in [2] and [3].

In [2] we studied some networks consisting
of n units u,u,,..,u placed in a

n

clockwise manner on the vertices of a regular
n- gon so that each unit interacts with its two
immediate neighbors.

Now we consider a similar network where
and each unit u,,ie{l,.,n} is the center

node of a star shaped network. By a star
shaped network we mean a network with
NeN" nodes, vi, vy, ...,vn, in which the
node vy is called the center of the network
and all the others nodes vi, v, ...,vn.1 have
connections to the center node, but they have

no connections among themselves [3](see
Fig. 1).

For the sake of simplicity, in this paper we
will assume that we have 6 center nodes uy,
Uy, ...,us placed in a clockwise manner and
each center node u; has 2 different non-
center nodes, Vi, Vi attached to it.
Moreover, we assume that any two center
nodes have no connections to a common non-
center node. The information contained by a
node of the network at the time period ¢ will

be denoted by v\, ul"ie {1,...n},je {1,2}.

Clearly the results of this paper can be easily
extended to the case of star shaped networks
with n center nodes, each of then being
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Avand in vedere modelele matematice ale
retelelor din [2] si [3], vom considera
urmatoarele ecuatii de evolutie ale retelei

(D

W = 1, ”’)+a(t FON A ) -2 )+ At
Sttt )

= A, "’)+a(t MOV ) =21+ feal)
—Za(t r(t))[f(t (”) ](t,vz?)],

U = f(t <’))+a(t r(t)L’(tm(’)) 211, (f’)+ t, “’))
—Za(t r(t))[f(t (’)) f(t vél)]

D = At )+ altar@) et~ et
W5 = At ate o) e ) - At

19 =l el )
W = A2 +ate ) A ) - A2

unde functia de difuzie a(t,r(t)), dependenta

de momentul ¢ In care se afld sistemul, are
fluctuatii stocastice determinate de un proces
Markov 1(t) .

Presupunem ca sunt indeplinite urmétoarele

ipoteze:

(HI) {r(t)}:io este un lant Markov omogen

cu spatiul starilor Z (multimea intregilor),
spatiul timpului N si matricea infinite de
tranzitie Q = (q;j) definita de

q; =Plr(t+1) = j|r(t) =i}

(H2) Matricea de tranzitie Q = (qu) satisface

conditia q; = 0, JeZ\{l Myl i+ J,
unde m, € N" este un numir dat.
(H3) Pentru fiecare teN, {a(t,i)}iEZ

c R, =[0,0) este marginita;

(H4) f: N xR — R este o functie Lipschitz
ce satisface conditie [f(t, u) - f(t, v)| < T'(t)| u -
v, u,veR,teN pentru o anumitd functie
pozitiva I' : N — (0, ).

connected to N-1 non center nodes.
Following [2] and [3], the evolution
equations of our stochastic network can be
written as

(1)

' = 1, (’))+a(t FON i)~ 21 (2 )+ o))
—Za(t HOA )~ AAet?)]
=1, (’))+a(t HON Al ) =212 )+ fei”)
—Za(t A~ £l ),

U™ = £, ('))+a(t r(t))(/(t (’)) 211, “))+ t, (f’))
—Za(t HO)F(al? - A2,

e = Al ettt Aot
o5 = fletg J+at r(r))[f(z ")~ fleot)

Wi = ﬂt vé?)Jra(t r(t)) [f(t u(t)) f(t v’))]
0 = A2+ AL -t

Vo2
where a(t,r(t)), the diffusion function, has
randomly fluctuations and depends on the
time period ¢ and on a Markov process r(t) .

We also assume that the
hypotheses are satisfied:

following

(HD) {r(t)}:o=0 is a homogeneous Markov

chain with the state space Z (the set of
integers), the time space N (the set of all
nonnegative integers) and the infinite
transition matrix Q (qij) defined by

q; =Plr(t+1) = j[r(t) =i}

(H2) The transition matrix Q = (q;j) satisfies
the condition g;;=0
forje Z\{i—-m,,...i,..,i+m,}, where

m, € N is a given number.

fa(t.i},

,0) 1s bounded;

(H3) Foreach teN,
cR, =[0

(H4) f: N xR — R is a Lipschitz function
which satisfying
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2. SINCRONIZAREA iN MEDIE
PATRATICA CONDITIONATA

Fie (€,F,P) un spatiu de probabilitate. Daca
€ este o variabila aleatoare, atunci vom nota
cu E(§) media lui & Pentru orice ¢ algebra
G de submultimi ale lui F, GcF, vom nota
prin E[§|G] media conditionatd a lui & In
. Daca G

n
generata de variabila aleatoare m, atunci vom

E[E|n]

conditionata a lui & 1in raport cu G, .

Elg|n=x],
de evenimentul mn=x,

raport cu G este o -algebra

folosi notatia pentru  media

Reamintim ca media
este

astfel:

conditionata

definita
1
ELE In=x]= 5o [ B(EIP(d0),

daci P{o|n(0)=x}>0si E[¢|n=x]=0,
dacd P{o|n(w)=x}=0.

Presupunem ca ipotezele (H1) si (H2)

sunt indeplinite. Notam
v = VOV v (vezi sistemul
(1)). Date fiind
xeng,x=(x1,..,xé,...,X18)T§i keN,

sistemul (1) cu conditia initiala

2)

&) _ |, & o\ _ T (k) _
u —(ul yeens U, ) = (X, 5eer Xg) =

= (X, Xg> Xgperer Xig)

va genera sirul {u(t),v(t)} Acest sir se

=k *
numeste solutia sistemului (1), (2).

DEFINITIA 1. Daca pentru oriceleZ,
keN si xeR", componentele
u, ={u"} st vy ={v{’}. ale solutiei
{u“),v(t)}tZk a sistemului (1), (2) satisface
}i_{gEDuf’) —uf (k) = 1} 0,

limE[ v O (k) = z} —0,0=1,2

t—w

[£(t,u) = £(t,v)| <T(D)u—v

for some positive function I' : N — (0,00).

2. CONDITIONAL MEAN SQUARE
ERROR SYNCHRONIZATION

, u,veR,teN

Let (QQ,F,P) be a probability space. If § is a
random variable then we will denote by E(&)
the expectation (mean) of & For any o
algebra G of subsets of F, G cF, we denote
by E[& | G] the conditional expectation
(mean) of & with respect to G . If G, is the

c -algebra generated by the random variable
1, then we also use the notation E[{|n] for

the conditional expectation of & with respect
to G,. We recall that E[i In= x], the
conditional expectation on the event mn=x,
is defined as it follows:

1
ELE == 5o [y B(@IP(d0),

if P{o|n(w)=x}>0 and E[g|n=x]=0,
if P{o|n(w)=x}=0.

Assume that (H1) and (H2) hold. Let
= (D G0
(1)). Given xeR" x= (Xl,..,xﬁ,...,xlg)T

and keN the system (1) with the initial
condition

2)

us denote

u® =(ul(k),.

= (X, Xg> Xgserer Xig )

T
u(k)) = (xl,..,xé)T,v(k) =

sty

This

will generate a sequence {u(”,v(t)}tzk.

sequence is called a solution of (1), (2).

DEFINITION 1 If for any 1€ Z, ke N and
X eRls, the components u, = {ui(t)}tzk and
Vi = {Vi(jt)}tZk of the solution {u(t)’v(t)} of
(1), (2) Satisfy

t>k
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Atunci vom spune cd u; si u; sunt complet

sincronizate in medie conditionata.

Daca A este o submultime a multimii

{,2,..,6} si u;, wu; sunt complet
sincronizate sincronizate in medie
conditionata pentru orice 1,je A, atunci

vom spune cd sistemul (1), (2) este A
complet sincronizat in medie conditionata.
Dacd u; si u; sunt complet sincronizate in
medie conditionatd pentru 1i,je {l,2,...,6},
atunci vom spune ca sistemul (1), (2) este
complet sincronizat in medie conditionata.

3. COMPORTAREA ASIMPTOTICA A
SISTEMELOR LINIARE DISCRETE CU
CONDITIE FINALA

In aceastd sectiune vom reaminti céteva
rezultate importante din teoria stabilitatii
sistemelor liniare discrete cu conditie finala

impusa. Fie R",neN" spatiul Hilbert real
dotat produsul
(X,¥)= XY, +X,¥, +oet X, ¥,
X = (X3 X000 X, Y = (Y10 Yo ¥, b X,y R
si norma ||x|| = <x,x>. Notam cu L(R“)

cu scalar

spatiul Banach al tuturor operatorilor liniari
si marginiti definiti pe R", cu valori in R"
sicu SL(R“) subspatiul Banach al lui L(R“)
format din toti operatorii autoadjuncti. De

asemenea I (] V2 reprezenta multimea

SL
sirurilor infinite g={g.}._,.,g; eSL( “) cu
gi| <o . (Aici [

reprezintd norma elementelor lui SL(Rn )).

proprietatea ||g||w =sup,_,

Este usor de vazut ca l‘:L( este un spatiu

R")
liniar real cu operatiile uzuale de adunare pe
componente §i respectiv de inmultire cu

. 0 .
scalari. In plus, ISL( ") este spatiu Banach cu

0

norma ””w Spunem cé elementul Me lSL(R,, |

este pozitiv dacd operatorul liniar M(i)
(componenta i a lui M) este pozitiv pentru
orice i€ Z. Daca notam cu I operatorul

identic pe R", atunci @ este sirul infinit

0,

limE ‘u(’) —u'"
{—0 i J

k) = 1}

el ¢

’ |r(k)=l}:0,l:1,2

then we will say that u; and u; are

completely conditional

mean.

synchronized in

If A is asubsetof {1,2,..,6} and u,
and u; are completely synchronized in
then we
will say that system (1), (2) is A -
completely synchronized in conditional
mean. If u; and u; are synchronized in

conditional mean for all i,je A,

conditional mean for all 1, j € {l,2,...,6}, then

we will say that system (1), (2) is completely
synchronized in conditional mean.

3. ASYMPTOTIC BEHAVIOR OF
BACKWARD LINEAR DISCRETE
TIME SYSTEMS

We now recall an important result from the
stability theory of linear backward discrete

time systems. Let R",neN" be the well
known Hilbert space endowed with the inner
product <X,y>:xly1 +X,¥, Tt X, Y,

X = (XI,XZ,...,XH ),y = (yl,yz,...,yn ),x,y eR"
and the norm

denote by L(R") the Banach space of all

bounded linear operators on R" and b
SL(R“) the Banach subspace of L(R“g
formed by all self adjoint operators.

x||: <x,x>. Then we will

Let I:L( ) denotes the set of all

infinite sequences g=1{g;}..;.g; € SL(R“)
satisfying ||g||w =sup,_,
denotes the norms of the elements in

SL(R“)). It is easy to see that l:L(R“) is a real

gi||<oo . (Here ||||

linear space with the usual termwise addition
and (real) scalar multiplication. Moreover, it

is a Banach space with the norm ||||w .
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( ’In”n’ )G lw()

Presupunem ca (H1) - (H3) sunt ndeplinite.
Fie {V,},n CIOLO(R")' Pentru orice teN,
introducem functia V, : I:L(R,,) _)I:L(R") ,

1+m0

V(T (i) > a,T(

J=i-mg

TGI ( )iEZ

unde

v, (i)

V, e lf(nn)' Definim operatorul liniar T(t, k),

este componenta i a sirului

t, k eN, t > k astfel:

T(tk)=V, -V . t>kT(kk)=1. kel
SL( )

, unde I. este operatorul identic pe

SL(R J

-

IOSOL(R“ ) Reamintim ca

IT(t. k) = SUP|g -1 stz

T(LK)(S).

TEOREMA 1. [2] Urmatoarele afirmatii sunt
echivalente: a) Existda [B>1 si ace€ (0,1)
astfel incat pentru toti t,keN,t>k, avem
||T(t,k]| <Ba'™ . b) Ecuatia

3)

are o solutie unicd {Z, },_, marginitd pe N
si uniform pozitiva, adica exista M >0 ,
astfel incat (2) are o solutie unica ce satisface
relatia I <Z ( )< MI ,te N pentrutotii €

Z.

Z,=V(Z.)+D,

t+1

4. CONDITII SUFICIENTE PENTRU
SINCRONIZARE

Din (1) deducem cu usurinta ca, pentru toti
t>k,

(t+l) (1) (t+])

(t+) (t+1) (t+1)
(u, SUy 7~ — U4 5V 51 o
(t+1) (t+1) (t+1) (t+1) (t+1) (t+1)

Vio m T Vs 5V T V4 5V L T Vg )
4) = Aq(t,

1(t))

The element M € I:L(R") is called

positive if the linear operator M(i) is positive
for all ie Z (Here M(i) is the i -th
component of M). We denote by I  the

identity operator on R" and by @ the
sequence (...,I ,...I ,...)e 1°°( )

Assume that (HI) - (H3) hold. Let
{Vi}n C lf(R“). For any t € N, we introduce

the function
Vl : lzL(R“) - I:L(R“) >

1+m0

Vt Z ql]

J=i-mg

Telw( )iGZ

where V(i) is the i -th component of the

sequence V, elf(Rn). Let us define the

following linear operator T(t, k), t, k eN, t >
k:

T(t.k)=V, -V .t>kTlkk)=1. keI
(=)

where 1, e is the identity operator on

I:L(R“) ’

We recall that

. The

[Tt k) = SUP|g 1. selz T(t.k)(S),

following result is known (see [2]):

THEOREM 1. The following statements are
equivalent: a) There exist f>1 and

ae (0,1) such that for all t,keN,t>k, we
have ||T(t,k)|<Bo.'™. b) The equation

3)
has a unique, bounded on N and uniformly
positive solution {Z } _y, 1.e. there exists

M >0 , such that (2) has a unique solution
which satisfies I, <Z (i)<MI,,teN for

alli e Z.
4. SUFFICIENT CONDITIONS FOR

Z,=V(Z, )+,

t+1
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(Pt} U2 F( ) ). £ V) (6 V),

f(t’ V?Z) ) _f(t’ V(5t2) ) ’f(t’ V(Z? ) _f(ta Vftt ; ) 9f(t9 Vgg ) _f(ta Vfg ))T

, unde

Ali)=
1—4dei) dti)  dti) 0
dei) 1-4dti) 0 0 dt) dti)
dt 0 l-dti) 0 0 0
dt 0 0 l-dti) 0 0
0 dt) 0 0 1-dti)
0 dt) 0 0 0
,JteNiel
Distributia initiald (la momentul k) a
sistemului (4)-(2) este
W= (X = X5, Xy =Xy, X5 = X5, X5 — Xyg,

dei) 0

0
1=,

Xg = Xy35 X509 — x14)T
Evident sistemul (1) este ‘invariant' in raport
cu numerotarea unitatilor sale. Rationind ca
in [1], deducem ca, efectudnd niste rotatii,
vectorii

(0) @ (1) ) 1, ()

(uy’ —ug s us’ —us’, vy —vg', .
(5) (1) ) |, ) L, (1) h
Vyy —VersVai —Vsi sV —Vsy)
(t t t) (t 1) (t
6) (”3)_7“‘1():”4(1 _”6)3V§1 _vll)’

v =il = =)
satisfac aceeasi ecuatie (4). Din acest motiv
proprietatile  asimptotice ale  solutiilor
sistemului (4)-(2), raman adevarate si in
cazul solutiilor (5) si (6).

Inainte de a formula rezultatele
principale din aceastd sectiune introducem
cateva notatii noi. Pentru orice i€ Zsi te N,
notim cu A(t,i) matricea 6x6 definita de

[AGD],, =[[A D], | unde [A (L),

este elementul de pe linia p si coloana ¢ a

matricei A, (t,1). De asemenea
|W| = (|x1 T Xsp Xy T X5 [X T Xs)
T 3
|x8 ~ XX — Xi3 ]| X10 —x14|)
U(t+1)=

SYNCHRONIZATION
From (1) we easily deduce that, for all t>k,

(t+1) (t+1) (t+1) (t+1) (t+1) (t+1)
(" —us 7wy —uy v =g

3

D e )
4 =A
r(t)

(Flt,u® )~ £t u). £t U ) £ ), A V) —F(E V),

it Vi) £t Vi) FE Vo) £t VD F(E Vi)~ £t Vi)Y'
where

Alri)=

14dti) dt)  dti)
dei) 1-4dti) 0 0 dti) dti
dt,i) 0 l-dti) O 0 0
dt,i) 0 0 l-dti) 0 0
0 dt) 0 0 1-dti) 0
0 d) 0 0 0 l-dti
,teNieZ

dei) 0 0

The initial distribution (at the time period k)
of (4)-(2) is
W= () = X5, X) =Xy, X7 = X5, Xg — Xg,
T
Xg = Xi3,X1g = Xyy)
Obviously system (1) is “invariant' with
respect to the numeration of its units.

Therefore, arguing as in [1], we deduce that,
after some rotations,

0 o .« 0 o 0
(3 —ug” us” —ud vy} vy,
(5) () ) L, ) L, (1) and
Vy —VersVal —VsisVa —Vsy)
(1) ) ,, @ ) L, (1)
©6) (" —uuy’ —ug vy — vy,

2 =2 D )
will satisfy the same equation (4). For this
reason the asymptotic properties of the
solutions of (4)-(2), remain true for (5) and

(6).

Before giving the main results of this
section we adopt some new notations. For
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(t+1)

(t+1) (t+1) (t+1) (t+1)
ul u5 uz u4

(t+1)
>Vit

— Vs

(

(t+1)

(1+1)
>[Via

Vs
) =(flead”)- feadd,

)~ Y f A =} e~/ 42)
£t Vi) = (6 VDL E(L V) = £ viD).

Trecand la modul in (4) si tinand cont

(t+1)

(1+1)
s[Vai

(1+1)
—Vy

(1+1)
>[Vao

— Vi

)

de (H4), obtinem
Ule+1)< Alt,r(O)F(e, U() < T()U()

pentru toti t € N. Acum introducem functia
L, : IZOL(Ré) —)l;OL(Rf,) definita  prin
(Lhy(i)=0t)’ un h(j)Alt,i), ieZhell .

_]—7\7\)

TEOREMA 2. Presupunem ca sunt
indeplinite  conditiile (HI1)-(H4). Daca

(u,v):{u“),v(‘)}tZk este solutia sistemului

sunt definite ca mai sus,

atunci pentru orice 1 €Z, keN si xeR'

aveém
wl,

BJu(t+ ) () = 1)< (L, L, L (@)()

TEOREMA 3. Presupunem cd sunt
indeplinite ipotezele teoremei de mai sus.
Daca existd o unicd solutie {Zt }teN marginita
pe N si
Z =LZ

t =+l

uniform pozitivda a ecuatiei
+®, atunci existd p>1,0e(0,1)
astfel Incat pentru toti 1 eZ xeR"sit, keN,
t >k s3 avem E|“U ]| 1r(k)= 1J< Ba'” k||w||

DEMONSTRATIE. Presupunem ca existd o
unicd solutie {Zt}teN marginitd pe N si
uniform pozitiva a ecuatiei (3). Luand n = 6,
V,(i)=Alt,i),i€Z,teNsi V,=L,teN in
Teorema 1,

<L Lol 1(q))(l) > W|> =
— ({0 K)@ )0l o) <

<[rlee)@)], b <7 ofed

aveém

W

< BOLH‘”W”2 pentru toti leZ. Concluzia

W)

any ieZand teN, we will denote by
A(t,i) the 6x6 matrix defined by

(A1), , = [A (6i)], P a € 1.6}, where
[Al(t,i)]p’c1 is the element on line p and

column ¢ of the matrix A(t,i). Also
|W|:(|x1_x5’ 2 T X X7 T Xs )
T b

|x8 ~ Xi6)>|Xo —x14|)
U(t+1)=

) )] @) | ] ) )
(o™ =gy g v = vy

) | ey | e )

L e N TN e oA

HeUe) =(Alead”)- fea).
)= fead) L feAD =D kD 62)
£t v = £(L VDL F(E V) = £t v i),

Passing to modulus in (4) and taking
into account (H4), we get

U(t+1) < A(t,r(t))F(t, U(t)) < T(t)U(t),

teN. Now, let us consider the mapping

Lt . IDSOL(Rﬁ)—)lw( )

(Llh) I(t ZqlJ t1 A(t 1)1eLhEISL(R6).
Jf—oo

THEOREM 2.(see [2] for a similar

result)Assume that (H1)-(H4) hold. If
(u,v)= {u(t),v(t)}tzk is the solution of (1), (2)

are defined as above, then for all

leZ, keN and xeR"™,
BJue+ 1) () =1 < (L (@) (1)|wl,[w]).

THEOREM 3. Assume that the hypotheses of
the above theorem hold. If there exists a
unique uniformly positive and bounded on
N  solution {Zt}teN of the equation

Z =LZ, +O,

t+1

then there existp >1,ae(0,1) such that for
all leZ,xeR™ t,keN, t>k,

EJUC) () =1]< po*|w]".

and
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rezulta aplicand teorema 2.

Acum este clar ca, in ipotezele teoremei 3,
sistemul (1), (2) este {1,5}-, {2, 4}- complet
sincronizat in medie conditionatd. Deoarece
operatorul  T(t,k) nu depinde de

componentele ul!, ij‘) solutiei

{u(‘),v(t)}tzk a sistemului (1), (2) are loc

ale

urmatorul corolar.

COROLARUL 1. Daca sunt indeplinite
ipotezele teoremei de mai sus, atunci pentru

orice xR, sistemul (1), (2) este {1,5}-
3{234} "{23 6} "{3’ 5} > {3’ 1} - Sl {4a6}'
complet sincronizat in medie conditionati. in
plus (1), (2) este{l,3,5} - si {2,4,6} - complet
sincronizat in medie conditionata.

EXEMPLUL 1. Fie &,,teN un sir de
variabile aleatoare independente, cu aceeasi
functie de repartitie anume Repartitia
Binomiala  BP —ZCk “1-p) e, cu
parametrii n= 3,p =1/2. Parametru n
reprezinta numarul de incercari

independente, p este probabilitatea de succes
iar ¢, este masura Dirac pe Z asociatd lui k

€ Z, adica ¢,(A)=7y,(k) pentru Ac Z.
Consideram sistemul (1), (2) pentru n =06,
unde {r(t)},_y este procesul stocastic definit
de relatia r(t)=&,+..+&,teN, f
NxR—-R, f(t, x) = (-1)' >x sia(t,i) = 1/4(1-
73 ), 1 € Z. Procesul Markov f()}
definita de

are
matricea de tranzitie Q =(q, )i »
q; =By ({j—1}). Deciq; =0dacd i<j sau

J>1+3s1qi= qiis = 1/8, Qi1 = Qi = 3/8.
Evident, ipotezele (H1)-(H3) sunt satisfacute.

Vom demonstra ca (1), (2) este
{1,3,5}- si {2,4,6}- complet sincronizat in
medie conditionatad. Deoarece |l1-4a(t,i)| =
1(i1+2), [ati)] = 1/4(1- 5i5) si [1 - a(ti)

=1/4(3 + ) avem

PROOF. Assume that there exists a unique,
uniformly positive and bounded on N
solution {Zt}[eN of (3). Applying Theorem

6 anth:Lt,teN we get

>=

1 for n =

<|_ oL,
= (T(t.k)(@)(1) >
<|re k)@), ||W|| <[ (o)l

SBOLH‘”W” for all 1eZ. The conclusion

lLl

follows from Theorem 2.

Now it is clear that, under the hypotheses of
Theorem 3, the system (1), (2) is {L,5}-
,{12,4} -completely synchronized in
conditional mean. Since the operator T(t,k)

does not depend on the components
u() u ,16{1, ,6},j=1,2  of the solution
{ , }tZk of (1), (2) we easily get the

following result.

COROLLARY 1. If the hypotheses of the
above theorem hold, then, for any xeR',
the system (1), (2) is {1,5}-,{2,4}-,{2,6}-
43,50 -,3,13 - 14,6} -
synchronized in conditional mean. Moreover,
it 1s{l,3,5}- and {2,4,6}- completely
synchronized in conditional mean.

EXAMPLE 1. Let &,,t € N be a sequence of

independent random variables, with the same
distribution function, namely the Binomial

and completely

Distribution B} =" Cjp" (1-p)"*e,, with
k=0
parameters n=3,p=1/2 . Here n is the

number of independent trials, p 1is the
probability of success and €, is the Dirac
measure on V4 associated with
keZze (A)=y,(k) forany A c Z. Now,
let us consider the system (1), (2) for n =6,
where {r(t)},_y is the random walk defined
by r(t )—&0 +..+&,teN, f: NxRoR, flt,
x)=(-1)' 2x and a(t,i) = 1/4(1- )i Z
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= sup

H H lxeR6

<A(t,i)x,x>‘ <1,

L) =0 Y 4, A" DRG] <
< 010 Ya, G s
L. @] = sup,, (L. ®)i) < ()

Aplicﬁnd lema 1 din [4] deducem ca
L] =l (@) < G
[T KW < (07107 VW]’ w eR®,t> k.t kN
si sistemul (1), (2) este {1,3,5}- si {2,4,6}-
complet sincronizat in medie conditionata.

In consecinta,

Generand aleator valorile procesului Markov
considerat in acest exemplu, obtinem sirul
70)=1,r(1)=2,72)=4,73)=6,r(4)=
=9,7(5)=9,...,r(13)=21,...

Informatia continuta de cele saisprezece
unitati ale retelei, la momentele t = 0 si
respectiv t = 29, este data in figura de mai jos

Obviously the Markov process {r(t)}

teN as
the transition matrix Q = ( q;; )i ez defined by

q; =By?({j—i}). Thus q; =0 if i<j or
j>1+3 and qi = qiiv3 = 1/8, Qii+1 = Qi =

3/8. Now it is easy to see that hypotheses
(H1)-(H3) are satisfied.

We will prove that (1), (2) is {1,3,5}-
and {2.4,6}-completely synchronized in
conditional mean. Since |1-4a(t,i)| = 1/(|i[+2),

la(t,1)| = 1/4(1- Il\+2) and |1 - a(t,i)| =1/4(3 +
miz ) then
| = sup <A(t,i)x,x>‘£1,

[x|=1.xeR®
E SOXEN SRS S

(9710 > q; [h()| and
j=—o0
||LtCD|| =Sup,, (LtCD)(im < (%)2 Applying

Lemma 1 in [4] we see that ||Lt||s(%)2.
Hence
[T k)W <(©/107" W], w eR®,t >k, t keN

and system (1)-(2) is {1,3,5}- and {2,4,6}-
completely synchronized in conditional mean
(Corollary 3).

Generating randomly the values of the
Markov process r(t) we get
r0)=1,r(1)=2,7(2)=4,73)=6,r(4)=

=9,7(5)=9,...,7(13) = 21,...
The information contained by the sixteen
units of our network, at the time periods ¢ = 0
and ¢ = 29, are given below

9 10 11 12 —0.32 —0.52 —0.54 —0.54
\\‘g’/_ _ _\3// —032 —0351
8 | \ 13 —0.53 \ —0.57
>1 4< = . = \—n_a 0.5<
7 \ / 14 _{]_53/ / =0.57
S /}\ /_OES\
15//\\17 16 15 —0.58 —0758 —0.39 —059
Fig. 1 Fig. 1
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