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ABSTRACT

Gallian in 2007 gave the construction of the prighby considering the cartesian product of the cygleand the
pathP,. The generalized Petersen graph was introduc&850 by Coxeter. The generalized Petersen gragha tamily
of cubic graphs formed by connecting the verticea oegular polygon to the corresponding verticEs atar polygon.
A graph G is said to be equitabitecoloring if the vertex séf (G) is partitioned into disjoint independent sets lsat the
size of each partition differs at most one by thst 0f the partitions. In this paper, we discugbedequitable coloring of
the prisms and obtained the result that its chrmmatmber always lies betweén and3. We have also discussed the

equitable coloring of the generalized Petersentggpm,n), m = 2n + 1,n > 1.
AMS Classification Code:05C15
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INTRODUCTION

Mayer [1] introduced the equitable chromatic numbka graph and Lih [2,3] have elaborately discdsseout
the equitable coloring of graphs and in particiabout bipartite graphs and trees. Dorothee [4]dissussed about the
equitable coloring of complete multipartite grapAgrismY;: is a simple graph and is obtained as the cartjmaduct of
the cycle C,,, and the pathP,. The prismY, has mn vertices andm(2n — 1) edges. Coxeter [5] introduced the
generalization of Petersen graphs. An equitablerit is an assignment of colors to the verticea gfaph in such a way
that no two adjacent vertices have the same colbitlee number of vertices in any two color clasifer at most by one.

Application of equitable coloring is found in sclidg and timetabling problems.
Definition 1

Graph coloring is the coloring the vertices of amr with the minimum number of colors without amyot

adjacent vertices having the same color.
Definition 2

In vertex coloring of a graph, the set of vertioésame color are said to be in that color clask-toloring of a

graph, there are k color classes. They are repegséyC[1], C[2], ..., wherel,2, ... denote the colors.

Definition 3

A graph G is said to be equitable k-colorablesfiiertex set V can be partitioned into k sub®gtg,, ..., V;, such
that eachV; is an independent set and the condillibfal - |V]|| <1 holds for alll <i,j < k. The smallest integer k for

which G is equitable k-coloring is known as theitahle chromatic number of G and is denoted; bg.
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Definition 4
The cartisian product of the cydlg,and the patl®, is said to be the prism graph and is denotel}by

EQUITABLE COLORING OF PRISM GRAPHS

Theorem 1
The prism graply,: admits equitable coloring and its chromatic numilesrbetween 2 and 3.

Proof: For the prism graph, we consider the cartesian producCof andpP,. In Y;}, the subscript m stands for

the order of the cycle and the superscript n stéordhie number of vertices in the p&th We represent the vertices of the

first cycle byvi, v, vi, .. v}, the vertices of the second cycle by, vZ vZ, .. v3 and so on. The spokezs[v’url

i 1

1 <i<mandl <j < n are as shown in the figure 1.

Figure 1

The function' f’ is defined as the coloring from the vertices & grismY,} to the set of color§1,2,3,...} as

follows:
Case (i):Let m be even. Definefdr<i<mandl<j<n
‘ 1,if i +j is even
f(v) = @
2,ifi+jisodd
Here we getC[1]| = |C[2]|. The prism¥;} admits equitable coloring with this type of cofagi
Hencey_(Y) = 2 if mis even.
Case (ii): Let m be odd anth # 1(mod3), we define the functiofi,1 <i <m and1 < j < n as follows:
Forj = 1(mod3)
1,if i = 1(mod3)
f(w)) = j 2,if i = 2(mod3) (2)

3,if i = 0(mod3)
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Forj = 2(mod3)
(2,if i = 1(mod3)
f(v]) =1{3,if i = 2(mod3) 3)
\1,if i = 0(mod3)
Forj = 0(mod3)
3,if i = 1(mod3)
fw)) = j 1,if i = 2(mod3) 4)
2,if i = 0(mod3)

The color classe«[1],C[2] and C[3] satisfy the conditions{lC[i]l - |C[j]|| <l1<i<3and1<j<3.

The prismY;* admits equitable coloring with this type of cotagi
Hencey_(Yy) = 3 if mis odd andn % 1(mod3)
Case (iii): Let m be odd aneh = 1(mod3), we define the functiofi, 1 <i < m and1 < j < n as follows:
Forj = 1(mod3)
1,if i = 1(mod3)
f(w)) = j 2,if i = 2(mod3) (5)
3,if i = 0(mod3)
Forj = 2(mod3)
(2,if i = 1(mod3)
f(v)) =143,if i = 2(mod3) (6)
kl, if i =0(mod3)
Forj = 0(mod3)
3,if i = 1(mod3)
f(w)) = j 1,if i = 2(mod3) (7
2,if i = 0(mod3)
and
2,if j = 1(mod3)

f(vl) = j 3,if j = 2(mod3) (8)
1,if j = 0(mod3)
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The color classe€[1], C[2] and C[3] satisfy the conditionsHC[i]l - |C[i]|| <l,1<i<3and1<j<3.

The prismY;* admits the equitable coloring with this type ofaring.

Hencey_(Y;:) = 3 if mis odd andn = 1(mod3).

Therefore the chromatic numberigf satisfies the inequality < x_(Yn) < 3.
lllustration 1

Consider the prisnir2, where m is even. Using the above theorem casee(idssign the color 1 for the vertices

vi, v}, v2,v2,v3,v3 and the color 2 for the vertices, vi, vZ, v3,v3,v3 as shown in figure 2.

Figure 2

Here|C[1]| = 6, |C[2]] = 6 and these satisfy the conditipl€[1]| — |C[2]|| < 1. This type of coloring the prism

Y2 satisfies the conditions for equitable coloring.
Hencey_(Y3) = 2.
lllustration 2

Consider the prisriiz!, where m is odd anet # 1(mod3). Using the above theorem case (ii) we assign oha ¢
1 for the verticesvi, v}, vZ,v3,v3, vf, vi, the color 2 for the vertices?, v, v, vz, v3, vy, vé and the color 3 for the

verticesvi, vZ, v, v, v3, v} as shown in figure 3.

Figure 3

Here |C[1]| = 7, IC[2]| = 7 and |C[3]| = 6. these satisfy the conditior¢C[i]| — |C[j]I| <1,1<i <3 and

1 < j < 3. This type of coloring the prisi* satisfies the conditions for equitable coloring.

Hence_(Y) = 3.
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lllustration 3
Consider the prisri;f, where m is odd anek = 1(mod3). Using the above theorem case (i) we assigrcther
1 for the vertice!, v}, vz, v2,v3, v, v3,vi, vi, the color 2 for the vertices?, vi, v, v2,v2, v3,v3,vi, vi, vy and the

color 3 for the verticesl, v}, vZ, vZ, v2, v, v3,vs, v} as shown in figure 4.

Figure 4

Here |C[1]| = 9, |C[2]| = 10 and|C[3]| = 9. They satisfy the condition§C[i]| — IC[j]I| < 1,1 <i <3 and

1 < j < 3 This type of coloring the prisii* satisfies the conditions for equitable coloring.

Hencey_(Ys") = 3.
EQUITABLE COLORING OF A GENERALIZED PETERSEN GRAPH P(m,n),m=2n+1n>1
Theorem 2

The Petersen gragh(2n, n) has the equitable chromatic number 2 fonadf 3.

Proof: The inner vertices of the Petersen grdj(2n,n) are denoted by, u,,us,...,u, successively and
vertices diametrically opposite to these verticese denoted byv,,v,,vs,..,v,. The outer vertices adjacent to
Uy, Uy, Ug, ..., U, are denoted by, x,,x5,...,x, ane the outer vertices adjacentugv,,vs,...,v, are denoted by

V1, V2, Vs, -- -, Yo @S Shown in figure 5.

Figure 5

This article can be downloaded fromwww.impactjournals.us




[ 110 S. Sudha & G. M. Raja |

The function f is defined from the vertex setPq®n, n) to the set of color§l,2,3, ...} for 1 < i < n as follows:

1,if iis even

fw) = 9
2,if iis odd
2,if iis even

flv) = (10)
1,if i is odd
1,if iis even

flx) = 1D
2,if iis odd
2,if iis even

fO) = (12)
1,if iis odd

The color classe§[1] andC[2] satisfy the condition§C[1]| — |C[2]l| < 1. The Petersen gragt(2n, n) has the

equitable coloring.
Hencey_(P(2n,n)) = 2.
lllutration 4

Consider the Petersen grapl6,3), wherem = 2n. By using theorem 2, we assign the color 1 tovsices

Uy, U3, Uy, X, V1, ¥3 and the color 2 to the verticas, vy, v3, X1, X3, ¥, as shown in the figure 6.

2‘3('1

Figure 6

Here|C[1]| = 6, |C[2]| = 6 and they satisfy the conditiofiC[1]| — |C[2]]| < 1. This type of coloring of the

Petersen graph(6,3) satisfies the conditions for equitable coloring.
Hencey_(P(m,n)) = 2.
Theorem 3

The Petersen gragh(m, n) has the equitable chromatic numberg} i 0(mod3).

Proof: If % = 0(mod3) then the inner vertices of Petersen grApin, n) has n cycles of order 3, let the cycles be
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denoted by, v,w;, u,v,w,, ..., uv,w,. We define the functioif from the set of inner vertices &(m,n) to the color

set{1,2,3,...} for1 < i < n as follows:

flu) =1,
fw) =2,
flw) =3.

The outer vertices adjacent#g’s are denoted by;'s; the outer vertices adjacentugds are denoted by;'s and

the outer vertices adjacentug’s are denotebly z;'s as shown in figure 7.

Figure 7

We define the functioif; from the outer vertices @¢f(m, n) to the color sef1,2,3, ...} for 1 < i < n as follows:

3,if iis odd
filx) = ; (13)
2,if iis even
The outer vertices;'s adjacent to the inner verticess are assigned with the colors either 2 or 3.
1,if iis odd
) = ; (14)
3,if iis even

The outer vertices;'s adjacent to the inner verticess are assigned with the colors either 1 or 3.
2,if iis odd
fi(z) = ; (15)
1,if i is even

The outer vertices; s adjacent to the inner verticesg’s are assigned with the colors either 1 or 2.

The color classe€[1], C[2] and C[3] satisfy the conditiond|C[i]| — |C[j]I|<1,1<i<3 and1<j<3.

The Petersen gragh(m, n) has the equitable coloring.
Hencey_(P(m,n)) = 3 if % = 0(mod3).
lllutration 5

Consider the Petersen grapli6,2), where% = 0(mod3). By using theorem 3, we assign the color 1 to the
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verticesu,, u,, v, z;, the color 2 to the verticas, v,, x,, z, and the color 3 to the vertices, w,, x;,z, as shown in the

figure 8.

EIYE

JKJ.

Figure 8

Here |C[1]] =4, |C[2]| =4 and |C[3]| = 4. It satisfy the condition||C[i]| —IC[j]l| <1,1<i<3 and

1 < i < 3. This type of coloring the Petersen grahl,2) satisfies the conditions of equitable coloring.
Hencey_(P(6,2)) = 3.
Theorem 4

If% is a positive integer then the equitable chromatiember of P(m,n) satisfies the inequality

2<y_(P(mmn)) <3.

Proof: The generalized Petersen grapfn,n) form >3 and1 <n < [mT_lJ is a graph consisting of an inner

star polygon{m,n} and an outer polygofm} with corresponding vertices in the innerand opteliygon connected with

edges.P(m,n) has 2m vertices. I-o’fll is a positive integer, we assign the color from st eithef1,2} or {1,2,3} to the

vertices ofP(m,n) in such away that no two adjacent vertices haeestime color and the number of vertices in any
two color classes differ atmost by one. Hence theiBen grapl® (m, n) admits the equitable coloring and it takes either

2 or 3 colors and so the equitable chromatic nurob&(m, n) satisfies the inequality < x_(P(m,n)) < 3.
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