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ABSTRACT

In the present paper, a subclass of analytic andlemt function is defined by Al-Oboudi Operaterdawe have

obtained among other results like, Coefficientreates, Growth and distortion theorem, external @rigs for the classes
T.S (a.8.£,y,0,AB) andTV*'(a B¢ y § AB)
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1. INTRODUCTION

Let S denote the class of functions of the form

f(2)= z+ia\12n
n=2 1)

that are analytic and univalent in the (M(ﬁl. ForO<a <1S(a) and K@) denote the subfamilies of S

consisting of functions starlike of ordeand convex of ordet respectively.

The subfamily T of S consists of functions of tbenf

f(z):z—ianz”, a,20,forn=2,3,...; zOU .
n=2 (2)

Silverman [6] investigated function in the claskeé@) =T n' S (@) andC(a) =T n K(a).

Let NOON andA 2 0. Denote byD; the Al-Oboudi operator [3] defined bR} : A — A,

D f(2) = f(2)
D! f(2)=(1-N)f(@)+12f (2)=D, f (2)
D} f(2)=D, [D;™ (2]

Note that for f(z) is given by (1),
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DIf(2) =2+ Y [1+(j-1AFa 2 whend =1,

i
D] is the Salagean differential operal®} : A - A,NUN defined as:

D°f(2) = f(2)
D'f(z2)=Df(2)=zf (2
D"f(2) = D[D"'f(2)].

Definition 1.1: [8] Let 3, A0R,8=0,A= 0 andf (2) = Z+Zajzj we denote bD? the linear operator
j=2

defined byDy : A~ A, D) f(2) =z+) [1+(j-DAVa 2.

i=2
Remark 1.1:1f f(2)0OT, f(2)= z—iaj z, a, 20, j=2,3,..,z0U
i=2
ThenD? f(z) = z—i[1+(j 1AV a, 7.
=2
In this paper using the operaton we introduce the classe?s'nsg (a,B,¢,y,0,AB) and

TV(a, ,&,V,0,A,B) and obtain coefficient estimates for these classten the functions have negative
n

coefficients. We also obtain growth and distortibeorems, closure theorem for functions in theassds.
Definition 1.2: We say that a functiod (z) T is in the clasgnS; (a,B8,¢,y,0,AB) if and only if

DI (2) _,

D/ (2) s
A DF ) DI (2)
(8 A)‘{ DS (2 ”j+Ay( DSt (2 1}‘

Wherd4<1,0<0<1,1/2¢< 14> 0,&@as< 1/@ ,1/2ys Bz 0:0B< 4,<IA<Bs

Definition 1.3: A function f (zZ) JT is said to belong to the cla'E,$Sg (a,B,¢,y,0,AB) if and only if

D/2f(2) _
szfI(Dj;*lf(z) e < J, where
A Z — A z —_
(B_A)E{Dfﬂf(z) “}Ay{Df”f(z) 1J

17<1,0<9<11/x¢< 142 0,&as 1/@ 1/2y< Bz 090Bs< 4,<IA<Bs<
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If we replaceZ=0,4 =1 we obtain the corresponding results of S.M. Krairand Meena More [4].
If we replace8 =0,4 =1 and y = we obtain the results of Aghalary and Kulkarni §2id Silverman and Silvia [7].

If we replaceB =0,4 =1 and £ = ’, we obtain the corresponding results of [9].

2. MAIN RESULTS COEFFICIENT ESTIMATES
Theorem 2.1: A function f (z) = z—iaj z', (@ 20) is inTnS; (a,B,¢,y,0,AB) if and only if
=2
i[1+ (I -DAV[(i —DA{L+ Ayd +(B - A)OE} +(B- A oL -a)]a, <(B-A)d(1L-a)

j=2
Proof: Suppose,

i[1+(1' ~DAV[(j -DML+ AW +(B- A3} +B-A 1 ~-a)|a <(B-Ad1L-0a)
we have
D1 (2)-Df f(2) —5\(3— AE[ DIt (2)-aDf f(2) |+ AY[ D/ f(2)-Df f (z)]\ <0

with the provision,

2-3 A+ (j-AY a2 -2+ 1+ (-1 fa 2

j=2

o

(B—A)E{z—i(ﬂ (i-MY"az -az+ay @+ - DA )Bajzi}

+Ay{z—i(1+ (j-1)Ay a2 —z+i 1+ (j - )‘?ajzi} <0

For|Z| =r <litis bounded above by
i[1+(j “DAP[(J-DAL+ Ay+(B- NG +H(B-AAFL-a)|ar’ (B-A(1-a).

Hencef (2) DTnSfJ (a,B,¢,y,0,A,B).

Now we prove the converse result.

D1 (2) _
D’ f(2)

_ D/ f(2) _ D7 (2) _
(B A)‘([ D’ (2) aj””( D’t (2) 1}

Let, <0
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00

2= 1+ (j-)Ay"a 7

j=2 -1

00

z- Z(1+(j—1)/])/3ajz’

= <o
2-Y 1+ (j -4V "a 2 2= (+ (-0 FaZ
(B-A§| —= —a |+ Ay|—2 -1
Z(l+(j DAY a7 z—Z(1+ (i-WYa7
> @+ (j-DAY (- Mz
= 1=2 <J

(B—A)Ez(l—a)—i(ﬂ (i-INF[B-AX (@-a ) (B-A¥+Ay)i- ]2

As|Ref (z)]<|Z for all z wehave

> @+ (i-DY (- g2
j=2 <J

a)y (B-A¥+Ay)(-1]az

[+l
we choose values of z on real axis such—t—l%g— is real and clearing the denominator of above esgon and
A

allowingZ — 1 through real values, we obtain.

i[1+(i “DAV[(i ~DML+ A +(B- A} +B-A i1 -a)|a, (B~ A 1L-a)

00

= D[+ (i~ P{( -DAA+ A+ (B~ A)X)+ (B~ AX (1-a )} oy —(B- AF(1-a)<0

j=2
Remark 2.1:1f f(2)OT,S)(a,8,¢,y,0,A,B) then

a < (B-A(1-a) =234
T A+ (DA DA+ AS + (B- A)XE)+ (B- AV (1-a )} 4.

and equality holds for,

(B-AX(1-a) /i
@+ (- DAV{(] -DAQ+ A+ (B- A+ B- AZ (A-a)}

f(z)=2z-

Corollary 2.1: If T(2) DTHS; (a,B.,¢,y,0,—1,1 (In particular if A= —1, B = 1) then we get,
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N — D) L i=2,3,4,...
[1+ (=DA]"{(i DA (265 +1- yB) + 20 (1~ ) }

and equality holds for,

f(2)=z- 25o0(-a) vA

[1+ (-] {(] 1)1 (280 + 1~ 0) + 20¢ (1~ @) }
This corollary is due to [11].

Corollary 2.2: If (2) DTnsé(a,O,f,y,é',— 1% (in particular3 =0, A =1, B =1, A= - ) then we get,

QS —— 25{(1__0). ——, ]=2,34,.
(1-D)-d2as-25j+yj-n
286(1-a) i
(i-D-o2as-2¢j+yj-y}

and equality holds forf (z) = z—

This corollary is due to [4].

Corollary 2.3: If f(2) DTHSE(O',O,f,l,O_ — 11 (In particular 3=0,A=1,y=1A=-1landB= )

L i=2,34,...

then we getajs - 255(1_0'). .
(-1)-o{2éa-2¢j+ -1

285(1-a) y
(j-D-oeéa-2&j+j-1

and equality holds forf (z) = z—

This corollary is due to [2] and [7].

Corollary 2.4: If T(2) DTnS;(a',O,l,lb_,— 1,1 (in particular8=0,A=1,y=1¢=1A=-1lan@= )

20(1-a)
then we geta, <

<— ., j=2,3,4,...
(j-D)-o{2a-j-1

and equality holds forf (2) = z—— -
(j-D-o{2a-j-1

This corollary is due to [9].

Corollary 2.5: If (2 DTnsi(a,O,LlJ,— 11(in Particular 3=0,A=1,y=1¢=10= 1A=-1B= )

if and only if i(j -a)a s(1-a).
j=2
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Theorem 2.2: A function ¢ (2 = Z_i a,z', (a,20)isin Tnsg(a,ﬁ,é,y,J,A,B) if and only if

i[1+(j “DAP?[(i -DAML+ Ay +(B- A& +(B-A {1 -a)]a (B-A31L-0a).

Proof: The proof of this theorem is analogous to that ®heorem 1, because a function

f(2) DTnV”(a',,B,f,y,J,A,B) if and only if Zf (2) DTnS; (a,B,¢,y,0,A,B). So it is enough that replacing
L with £ +1in Theorem 2.1.

Remark 2.2:1f f(2) DTnV” (a,B,¢,y,0,A,B)then

iy (B-AX(-a)
TR (DAY DML+ Ay +(B- A (B~ A &L~ 0)]

and equality holds forf (2) = z— - (B-A&(1-a)
@+ (=AY H( -DAL+ Ao+ (B- A)AE)+ (B- A)5{(1—a)}

Corollary 2.6: If f(2) DTnV/] (a,B.¢,y,0,—1,1) (in particular = 0,A = 1L,A=-1B = J) then we get

a < 20c(1-a) 1=2,3,4,....
V(G- @2+ o BE(Ea)]

and equality holds for,

f(2)=2z- 26{(1-a)
(L+ (=)~ (@6 + 190 )+ BE(Fa)]

This corollary is due to [11].

Corollary 2.7: If f(2) DTnvl(a,O,E,y,d,— 1,1 (in particularB=0,4 =1,A=-1B = J) then we get
_— 2o(-a) 1=2,3,4,....
i[(i-1)-d{2aé-2&j+yj-p]

a =

and equality holds forf (z2) = z— 20¢(1-a)
i[(i-1-0dfaf-28j+yj- y}]

This corollary is due to [4].

Corollary 2.8: If f(z)0TV'(a,0,§,1,0 ~11(in particular3=0,A=1,y=1, A=-1andB= )

20¢(1-a) -
then we get@; < J[(J - oAz —28] + ] _1}] , 1=2,3,4,....
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20¢(1-a) S

and equality holds forf () = z——— —
i[(i-D-d{2a¢-2¢j+j-1]

This corollary is due to [2] and [7].

Corollary 2.9: If f(2)0TV*(a,0,1,19 ~ 1,1 (in particular 5=0,A=1,y=1,E= LA=-landB= )

20(-q)

i=2,34,..
i[(i-D-dea-j-1]

then we geta]-

25(1-a) Zj
i[(i-)-of2a-j-1]

and equality holds forf (z) = z—

Corollary 2.10: If f(2) 0T v'(a,0,1,1,1- 1,1(in particular 3=0,A=1,y=1F=19= 1A=- lan@= )

if and only ifij(j -a)a <(1-a).

j=2
3. GROWTH AND DISTORTION THEOREM

Theorem 3.1:If (2 UI;S; (a,B.&,y,0,AB)then

. { (B- A&(1-a) F (2
@+ AV {A+(B-AéN+ AdA +(B- Aéd1-a
cr4r? (B-A)édl-a)
- @+ AY{A+(B- AN+ Ay +(B- A1 -a)}
(B-Ad¥(@1-a)

Equality holds for f () = z— Z* at z+r

{1+2(B-Aédt +d Ay B-A g
Proof: By theorem 2.1, we havé(2) DTH% (a,B,¢,y,0,AB)if and only if
i[l’f(l' “DAP[(j -DML+ Ao +(B-A HB-A i1 -a)]a (B-A1-0)

(B-A)&(L-a)
A+(B-A)éor + Ayol

Let, t=1-

0 f (20T, (@, 8.6,y.8,AB) fandonly it 3 1+ (] ~IA ¥ (j~t)a, < (1-t)
E @

when j=2
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A+ 1Y 2-1)Ya <3 @+ (- 18 (-t)s ()

j=2

N < 1-t
Olf(2)|<r+ r"<r+r? sr+r{—}
1@l 2,a 2 AP 1)

similarly,

= = 1-t
aOlf(2)|=r- r">r-r? >Sr—r?| ——
f@=r-2a 2% {(1+A)ﬂ<2—t>}

SO,

r—r{L}sH(zﬂsr +r2{L}.
(@1+A)°(2-t) (@AY (2-t)

Hence the result.

r—r{ (B-AXUd-a) }5|f(2)|
(L+ AV {A+(B- A oA+ Ay +(B- AL -a))

rar? (B-A)X(1-a)

T L@ YA +(B- A&+ AoA +(B- AéXL-a))

Corollary 3.1: If f(2) DTnst(a,O,f,y,é',A,B ) (i.e. replacing3 = 0,1 = 1) then we get,

r_r{ (B-A)X(1-a) }S“(Zﬂsm{ (B-A)%(1-a) }
1+2(B-A)o+o{Ay-(B-Ada} 1+2(B-Aéo+X Avy(B-Adq
and equality holds forf (z) = z— (B-Aocl-a) 22 at z=+r

1+2B-A)0+{Ay—-(B-Aéa}
This corollary is due to [4].

Corollary 3.2: If (2) DTnS‘l) (a,0,6,10 ,A B)(i.e. replacingB = 0,4 = 1and y = 1) then we get,

r_r{ (B- A& (1-a) }S“(ZNS r +r{ (B-A)X(1-a) }
1+2(B- Ao+ d{A-(B- A)éa) 1+2(B- Ao+ JA«(B-Ad

(B-A)d(1-a)
1+ 2(B- A)é5 + 0{A—(B - A éa}

Z at z=4r

and Equality holds for,f (2) = z—

This corollary is due to [2] and [7].

Corollary 3.3: If T(2) DTHS; (a,0,,10 A B | (i.e. replacing3 =0,A =1,y = 1and & = 1) then we get,
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r_r{ (B-A)S(1-a) }S“(msm{ (B-A)J(-a) }
1+ 2(B- A)d + 5{A-(B-Ad} 1+2(B-Ad+JA~(B-Ad

and Equality holds for,

f(2)=z- (B-A)ol1-a) z! Z=4#r
1+2(B-A)+o{A-(B-Aa}
This corollary is due to [9].
Theorem 3.2:If (2) DTnVA (a,B.¢,y,0,AB)then
r._r.2|: — (B_A)fd(l_a) j|s|f(z)|
@+ Ay HA+(B- A + AYdA +(B- Aéd(L-a)}

or? (B-A(-a)
L+ AV HA+(B= A8 + Ayl +(B- AL~ a)

Proof: The proof of this theorem is analogous to that theorem 3.1, because a function
f(Z)DTnV”(a,,B,f,y,J,A,B) if and only if Zf (2) DTnSfJ (a,B,¢,y,0,AB). So it is enough that replacing

L with £ +1in Theorem: 2.1.

Corollary 3.4: If f (2) OT.V*(a,0,&,y,0,A B) (i.e. replacing = 0,1 = 1) then we get,

r_r{ (B-AX(-a) }S“(zﬂw{ (B-A%(-a) }
21+ 2B~ A0+ S{AY~(B- Aéar)] 21 +2(B-Aéd+d Ay B-A&g)]

And equality holds for

(B-AX1-a) }zi at z=xr

f(2=z —{
2[1+2(B-A)o+{Ay—-(B-Aéa)}]

This corollary is due to [4].

Corollary 3.5: If (2) DTnVl(a’,O,f,l,é- A B)(i.e. replacing3 = 0,4 = 1and y = 1) then we get,

r_rz[ (B-A)(1-a) }S“(mswz[ (B-A)X%(1-a) }
2[L+2(B- A)Xd+d{A-(B- A éa)}] 2L +2(B-A &3+ A« B-A &)

And Equality holds for,

(B-Ax(l-a) }z" at z=+r

f(2)= z—{
2[1+2(B-A)o+{A-(B-Aéa)}]

This corollary is due to [2] and [7].
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Corollary 3.6: If f(2)OTV*(a,0,1,10 A B (i.e. replacing8=0,4 =1,y = land & = 1) then we get,

r_r{ (B-A)d(1-a) }S“(ZNSW{ (B-A)9(1-a) }
2[1+2B- A +{A-(B-Aa)}] 2l +2(B-Ad+J A B-Aa}]

and Equality holds for,

(B-A)J(1-0a)
21+ 2(B— A) + 3{A—(B- Aa)}]

Z at z=+4r

f(2)=z-

This corollary is due to [9].

Theorem 3.3:If f(2) DTHSS (a,B,¢,y,0,A,B)then

(1+/1)/’{/1(1+ AYO) +(B- A ESNA +1- a)}

<1+r? (B-A*&d(1-a)
B L+ )P{AL+ AY) +(B- AEH(A +1-a)}

Proof: Since f (2) DTHSS (a,pB,¢,y,0,A,B)we have by Theorem.3.1,

i(1+(j ~DAY (j-t)a < (1-t)

In view of Theorem 3.1 we have

R o _ (B-A-1)
2,08 = 2,008, +12.3 <1 o

(4)

‘ f '(z)‘ sl+i“ na, |Z|n—l <1+ ri na, <1+r {W}
n=2 n=2

L+ 1) (2-1)

Similarly,

. © n-1 S (B-AA-1)
‘f (Z)‘Zl_;nan|2| Zl—l’;nan Zl_r{m}

%J—r{w}s‘f'(z)‘er{W}
1+A)°(2-1) 1+ A Y (2-1)

Substituting the value of t in above inequality,
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(B-A?*$d(1-a) ‘ ()‘
(1+/1)/3{)|(1+ AY) +(B- AN +1-a)}
i (B-A?&(1-a)
B L+ A)P{AL+ AY) +(B- AENA +1-a)}

Corollary 3.7: If T(2) DTnS,1J (a,0,¢,y,0,AB)(ie. replacing3 = 0,4 = 1) then we get,

_r (B-A?éol-a) <|f (@|<1 (B-A’é5(1-a) for |4 =1
1+ Ay0)+(B-A)o(2-a)} L@ mo)+(B-NEs2-a))

This corollary is due to [4].

Corollary 3.8: If T(2) DTHSE (a,0,£,10 ,A B)(i.e. replacing3 = 0,4 = 1and y = 1) then we get,

_r[ (B-A’&(1-a) M (0] s1s { (B- Ay ¢3(1-a) }mzl:r
(1+ D)+ (B- A)E3(2-ar)) L+ A9+ (B~ A)ES(2-a)}

This corollary is due to [2] and [7].

Corollary 3.9: If (2) DTHS;(O’,O,l,lb' A B (i.e. replacing3=0,A =1,y = land & = 1) then we get,

{ (B-A)’d(1-a) } It (f <1+ { (B-A)Ps(1-a) }forlzlﬂ
1+ Ad)+ (B- A)J(2-a)} 1+ Ad)+(B-A)d(2-a)}

This corollary is due to [9].

Theorem 3.4:If f(2) DTHVA (a,B,¢,y,0,AB)then

(B-A?&0(1-a) <|f(2)
(1+/1)/’+1{/1(1+ AYO) +(B - AE(A +1- B
<142 (B-A?’&(1-a)
a L+ )AL+ A) +(B- AEO(A +1-a)}

Proof: The proof of this theorem is analogous to that tfeorem 3.3, because a function
f(2) DTnVA (a,B,&,y,0,A,B) if and only if Zf (2) DTnS; (a,B,¢,y,0,AB). So it is enough that replacing

L with B +1in Theorem: 3.3.

Corollary 3.10: If f(2) DTHVI(O’, 0,¢,y,0,AB) (i.e. replacing = 0,4 = 1) then we get,

WSSO BPRPOO S W PO
1+ A)+(B-A)o(2-a)} A+ Ap)+(B-A)d(2-a)}
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This corollary is due to [4].

Corollary 3.11: If f(2) DTnVl(a’,O,f,l,é- A B)(i.e. replacing3 = 0,4 = 1and y = 1) then we get,

—r{ (B-A¢od-a) }s|f(z)|sl+r{ (B-Ayéou-a) }for|z|:r
1+ Ad)+(B-A)¢o(2-a)} 1+Ad)+(B-A)o(2-a)}

This corollary is due to [2] and [7].

Corollary 3.12: If f(2)0TV*(a,0,1,10 A B (i.e. replacing = 0,4 =1,y = land & = 1) then we get,

—r{ (B-A'0(1-a) }s|f(z)|s1+r{ (B-A)'o(-a) } for|z=r
1+ Ad)+(B-A)(2-a)} 1+Ad)+(B-A)d(2-a)}

This corollary is due to [9].

4. CLOSURE THEOREM

Theorem 4.11et f,(Z) =z and

(B-A¥(1-a)

z' for j=2,3,4,....
L+ (i -DAVI(] -DML+ A +(B- A& H B- A {1 -a)]

f,(2)=
Then f(2) DTnVA (a,B,¢,y,0,A,B)if and only if f(z) can be expressed in the forms

f(2)=> A,(2), where A, 20 and Y A =1
=1 ]

=1

Proof: Let f(2) :Z/‘i f(2,4,20,]=123,....... with ZAJ- =
= '
We have,f (2) = Z/‘i f,(2) = A, f,(2 +Z/]j f,(2)
=1 i=2

=2 i (B- A (-a) .
="' [+ (- DAPI( DAL+ A +(B~ A5 +( B~ A &L - a)

Then,
(B-AX(1-a)
" _ B ®
Z L+ -DAF[( -DAML+ AS+(B-A S} HB-A L - 09] =34 =1-4s1
= | L+ -DAYI( DML+ A +(B-A G H B-A 0§l -a)] =2
(B-A)X(1-a)

Hence, f (2) OT.V*(a,B.€,y,0,A,B)
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Conversely, supposé (2) DTnVA (a,B,¢,y,0,A,B) then remark of theorem 2.1 gives us

p (B-A%(1-a)
7@ (DY -DAAr A+ (B~ AE)+ (B- A (L-a)}

i=2,3,4,....

3 = @G-V -DAA+ A+ (B-A)X)+ (B- A)X (1-a)}
’ (B-A)(1-a) g

We take

And A, :1—Zﬁj :
=1

Then, 1(2) = YA, 1,(2).

Corollary 4.1: If f4(z )=z and

— (B-A%(1-a)
| (i-D-3((B-Aéa~(B-A&j - AL] -1}

Z' for j=2,3,4,....

Then f(2) DTnvl(a', 0,¢,y,0,A B)if and only if f(z) can be expressed in the form

f(2) :Z/]j f;(2), where A, 20 and Z/lj =1,forj=1,2,3,4,..
=1

=1

This corollary is due to [4].

Corollary 4.2: If f4(z )=z and

f(2)=2-— (B-Ax-a)
‘ (i-D-5{(B-Ada~(B-Aj-Aj-D}

Z' for j=2,3,4,....

Then f(2) DTnvl(a', 0,£,1,0 ,A B Jif and only if f(z) can be expressed in the form

f(2) :Z/lj fj(z), where Z/lj =l1land /lj >0 ,for j=1,23,4,..
=1 j=1

This corollary is due to [2] and [7].

(B- Ad1-a)
(I-)-o{(B-Aa-B+A

Corollary 4.3: If f(z )=z andf,(2) =z~
Then f(2) DTnVl(a', 0,1,10 A B if and only if f(z) can be expressed in the form
f(2)=> A,f,(2), where > A, =1and A, 20, for j =1,2,34,.....

=

j=1

This corollary is due to [9].

Z' for j=2,3,4,....

j=2,3,4,..

This article can be downloaded fromwww.impactjournals.us
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(B-A
j(B+1)-(A+1)

Corollary 4.4: 1f fi(z )=z and fj (2=z- z' for ]=2,3,4,....

Then f(2) DTnVI(O, 0,1,1,1A B if and only if f(z) can be expressed in the form

f(2=YAf,(2), where Y’ A =1and A 20, for j=1,2,34,.....
=1

=1
5. CONCLUSIONS

In this paper making use of Al-Oboudi operator tm@wv sub classes of analytic and univalent functiares
introduced for the functions with negative coeffitis. Many subclasses which are already studiedhbigus researchers
are obtained as special cases of our two new ssises. We have obtained varies properties suobefficient estimates,

growth distortion theorems, Further new subclassag be possible from the two classes introducebignpaper.
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