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A B S T R A C T 

The creep process is generally defined into three stages: primary, secondary and tertiary 

creep. Tertiary creep is the last phase among the three phases of creep process, where the 

strain rate accelerates until creep rupture occurs. This paper presents a viscoplastic 

constitutive model and demonstrates the capability of the model to capture tertiary creep 

and creep rupture. The model is based on the bounding surface plasticity and the 

viscoplastic consistency framework. It meets the consistency condition and allows a 

seamless transition from rate-independent plasticity to rate-dependent viscoplasticity. The 

rate-dependency is achieved through defining the bounding surface as a function of 

viscoplastic volumetric strain and viscoplastic volumetric strain rate. Simulation results 

and comparison with experimental data are presented for a set of undrained creep tests on 

normally consolidated soil and drained creep tests on heavily over-consolidated clay to 

show the application of the model in capturing the tertiary creep in clayey soils. 

F. ASMA & H. HAMMOUM (Eds.) special issue, 3rd International Conference on Sustainability in 

Civil Engineering ICSCE 2020, Hanoi, Vietnam, J. Mater. Eng. Struct. 7(4) (2020) 

1 Introduction 

The time-dependent behaviour of cohesive soils, especially creep and creep rupture has been of great interest in 

geotechnical engineering practice. The overstress theory was widely used in elasto-viscoplastic models to describe the time-

dependent behaviour of geomaterials. Most elasto-viscoplastic models are based on either the concept of overstress theory [1, 

2] and the critical state framework [3-9], or the nonstationary flow surface theory [10-12]. However, there were very few 

overstress type models which can capture the drained tertiary creep process and creep failure in over-consolidated clays. It is 

special importance for stability analyses of slopes where creep ruptures are most common. 

A viscoplastic constitutive model is presented in this paper to capture creep in clays including tertiary creep and creep 

rupture. The model is formulated based on the bounding surface plasticity model [13] and the viscoplastic consistency 
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theory[14, 15]. The viscoplastic strain and strain rate effects on the soil strength are considered through controlling the size of 

the bounding surface. Unlike the overstress based constitutive models, the proposed viscoplastic model meets the consistency 

condition. Within this context, the model is able to capture drained and undrained creep rupture in clays. 

2 Bounding Surface Viscoplasticity Model 

The model is the extension of the bounding surface plasticity model [13] using the consistency theory [14, 15]. The 

essential elements of the model are: elastic properties, bounding and loading surfaces, viscoplasticity flow rule, and hardening 

rule. The total strain rate can be decomposed into elastic (𝑒) and viscoplastic (𝑣𝑝) components as 

�̇� = �̇�𝑒 + �̇�𝑣𝑝 (1)  

where �̇�𝑒 and �̇�𝑣𝑝are the elastic and viscoplastic strain rates, respectively. The elastic response can be described using a stress-

strain relationship as 

�̇�′ = 𝐃𝑒�̇�𝑒 (2)  

where �̇�' is the stress rate and 𝐃𝑒 is the elastic stiffness matrix. 

2.1 Bounding and loading surfaces 

The bounding surface adopted is described as [16] 

𝐹(�̅�′, �̅�, �̅�′𝑐) = (
�̅�

𝑀𝑐𝑠�̅�′
)
𝑁

−
ln(�̅�′𝑐 �̅�′⁄ )

ln𝑅
= 0 (3)  

where  �̅�′
c
 controls the size of 𝐹 and is a function of the viscoplastic volumetric strain 휀𝑝

𝑣𝑝
 and strain rate 휀�̇�

𝑣𝑝
, the material 

constant 𝑅 represents the ratio between �̅�′
𝑐
 and the value of �̅�′ at the intercept of 𝐹 with the CSL in the (𝑞~𝑝′) plane, the 

material constant 𝑁 controls the curvature of the surface, and the superimposed bar denotes stress conditions on the bounding 

surface. 

 

Fig. 1. Bounding surface, loading surface and image point in the (𝒒~𝒑′) plane 
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The loading surface adopted is of the same shape and is homologous to the bounding surface about the origin in the (𝑞~𝑝′) 

plane. The function for the loading surface takes the form 

𝑓(𝑝′, 𝑞, 𝑝′𝑐) =  (
𝑞

𝑀𝑐𝑠𝑝′
)
𝑁

−
ln(𝑝′𝑐 𝑝′⁄ )

ln𝑅
= 0 (4)  

where 𝑝′𝑐  is the hardening parameter controlling the size of the loading surface. The image point is defined using a mapping 

rule such that a straight line passing through the centre of homology and 𝛔′ intersects the bounding surface at �̅�′ having the 

same unit normal vector as 𝛔′ on the loading surface (Figure. 1). The unit normal vector at the image point defining the direction 

of loading is given by 

𝐧 =
𝜕𝑓 𝜕𝛔′⁄

‖𝜕𝑓 𝜕𝛔′⁄ ‖
=

𝜕𝐹 𝜕�̅�′⁄

‖𝜕𝐹 𝜕�̅�′⁄ ‖
 (5)  

2.2 Viscoplastic potential 

The viscoplastic potential defines the direction of viscoplastic strain increments and is generally expressed using a plastic 

flow rule relating the plastic dilatancy to the stress ratio as 

𝑑 =
�̇�𝑝
𝑣𝑝

�̇�𝑞
𝑣𝑝 = �̃�̅𝐴 (𝑀𝑐𝑠 −

𝑞

𝑝′
) (6)  

where 𝐴 is a material constant dependent on the mechanism and amount of energy dissipation.  

The viscoplastic potential 𝑔 is obtained by integrating Eq. (6) with respect to 𝑝′ and 𝑞 as 

𝑔(𝑝′, 𝑞, 𝑝0) = �̃�̅ [𝑞 +
𝐴𝑀𝑐𝑠𝑝

′

𝐴 − 1
((

𝑝′

𝑝0
)

𝐴−1

− 1)] (7)  

in which 𝑝0 is the variable controlling the size of the viscoplastic potential.  

The direction of viscoplastic flow is defined as 

𝐦 =
𝜕𝑔 𝜕𝛔′⁄

‖∂g 𝜕𝛔′⁄ ‖
 (8)  

2.3 Hardening rule 

The hardening rule defines the variation of the size and the location of the loading and bounding surfaces with respect to 

the variation of viscoplastic strain and the viscoplastic strain rate. In this model, the strain hardening modulus ℎ can be divided 

into two components 

ℎ = ℎ𝑏 + ℎ𝑓 (9)  

where ℎ𝑏 is the viscoplastic strain hardening modulus at the image point �̅�′ on the bounding surface, and ℎ𝑓 is some arbitrary 

modulus at 𝛔′, defined as a function of the distance between �̅�′ and 𝛔′.  

The strain hardening modulus ℎ𝑓 is defined such that it is zero on the bounding surface and infinity at the point of stress 

reversal as 

ℎ𝑓 = �̃�
𝜕�̅�′𝑐

𝜕휀𝑝
𝑣𝑝

𝑝′

�̅�′𝑐
[
�̅�′𝑐
�̂�′𝑐

− 1] 𝑘𝑚(𝜂𝑝 − 𝜂) (10)  
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where 𝜂𝑝 = 𝑀𝑐𝑠(1 − 2(𝜐 − 𝜐𝑐𝑠)) is the slope of the peak strength line in the (𝑞 − 𝑝′) plane and 𝑘𝑚 is a material parameter 

controlling the steepness of the response in the (𝑞 − 휀𝑞) plane.  

Applying the consistency condition to the bounding surface yields 

�̇� = (
𝜕𝐹

𝜕�̅�′
)
𝑇

�̇̅�′ +
𝜕𝐹

𝜕�̅�′𝑐

𝜕�̅�′𝑐

𝜕휀𝑝
𝑣𝑝 휀�̇�

𝑣𝑝
+

𝜕𝐹

𝜕�̅�′𝑐

𝜕�̅�′𝑐

𝜕휀�̇�
𝑣𝑝 휀�̈�

𝑣𝑝
= 0 (11)  

Eq. (11) can also be rewritten as 

𝐧𝑇 �̇̅�′𝑚𝑝 − ℎ𝑏휀�̇�
𝑣𝑝
− 𝜉𝑏휀�̈�

𝑣𝑝
= 0 (12)  

 

where ℎ𝑏 = −
𝜕𝐹

𝜕�̄�𝑐
′

𝜕�̄�′𝑐

𝜕휀𝑝
𝑣𝑝

𝑚𝑝

‖𝜕𝐹/𝜕�̄�′‖
 (13)  

and 𝜉𝑏 is the viscoplastic strain rate hardening modulus, 

𝜉𝑏 = −
𝜕𝐹

𝜕�̄�𝑐
′

𝜕�̄�𝑐
′

𝜕휀�̇�
𝑣𝑝

𝑚𝑝

‖𝜕𝐹/𝜕�̄�′‖
 (14)  

where 

𝑚𝑝 = 𝜕𝑔/𝜕𝑝′/‖𝜕𝑔/𝜕𝝈′‖ (15)  

2.4 Elasto-Viscoplastic Stress-Strain Relationship 

The constitutive relations for geomaterials are highly nonlinear, and hence, they are generally expressed in the incremental 

format [17-21]. The increment of viscoplastic volumetric strain rate can be approximated by 

휀�̈�
𝑣𝑝

≅
  휀�̇�

𝑣𝑝𝑡+𝛥𝑡
− 휀�̇�

𝑣𝑝𝑡

𝛿𝑡
 (16)  

in which 𝛿𝑡 is the time increment and 휀�̇�
𝑣𝑝𝑡

 and 휀�̇�
𝑣𝑝𝑡+𝛥𝑡

 are the viscoplastic volumetric strain rates at the previous and current 

time steps, respectively. Substituting Eq. (16) into the consistency Eq. (12) yields 

𝐧𝑇�̇�′𝑚𝑝 − (ℎ +
𝜉𝑏
𝛿𝑡
) 휀�̇�

𝑣𝑝𝑡+𝛥𝑡
+ 𝜉𝑏휀�̈�

𝑣𝑝𝑡
= 0 (17)  

Eq. (2) can be re-written as 

𝛔′̇ = 𝐃e(�̇� − �̇�vp) = 𝐃e(�̇� − �̇�𝐦) (18)  

where �̇�  is the viscoplastic multiplier. From Eq.s (17) and (18),  

�̇�𝑡+𝛥𝑡 =
𝐧𝑇𝐃e�̇� + 𝜉𝑏

∗휀�̈�
𝑣𝑝𝑡

(ℎ +
𝜉𝑏

𝛿𝑡
+ 𝐧𝑇𝐃e𝐦)

 (19)  
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where 

𝜉𝑏
∗ =

𝜉𝑏
𝑚𝑝

= −
𝜕𝐹

𝜕�̄�𝑐
′

𝜕�̄�𝑐
′

𝜕휀�̇�
𝑣𝑝

1

‖𝜕𝐹/𝜕�̄�′‖
 (20)  

Substituting Eq. (19) into Eq. (18), the elasto-viscoplastic stress-strain relation is expressed as 

�̇�′ = (𝐃e −
𝐃e𝐦𝐧𝑇𝐃e

ℎ +
𝜉𝑏

𝛿𝑡
+ 𝐧𝑇𝐃e𝐦

) �̇� − (
𝐃e𝐦𝜉𝑏

∗휀�̇�
𝑣𝑝𝑡

ℎ +
𝜉𝑏

𝛿𝑡
+ 𝐧𝑇𝐃e𝐦

) (21)  

All the three stages of drained creep in geomaterials are captured by using the proposed bounding surface viscoplasticity 

model. In the case of single yield surface viscoplastic models, the creep process cannot be initiated from a stress state inside 

the yield surface and only begins when the stress point lies on the yield surface. Consequently, the hardening modulus ℎ is 

always negative, and hence the first two phases of creep process cannot be captured. This is particularly important in the 

stability analysis of clayey slopes in which the creep-induced instability generally occurs at strengths less than the peak strength 

[22, 23]. 

3 Model Validation 

3.1 Undrained Creep Tests on San Francisco Bay Mud 

Stress-controlled laboratory tests on the creep behaviour under undrained conditions at different pressures and stress levels 

were carried out on San Francisco Bay Mud [24]. Three sets of tests were selected for the simulation, where the sustained 

deviator stress was maintained at 70%, 50% and 30% of the ultimate deviator stress (qult= 77.5 kPa) determined in the normal 

strength tests during undrained creep. The creep tests were continued for a two-week period, unless prior failure occurred. 

The material parameters used in the simulations were:  𝜅 = 0.01  and   𝜆 = 0.29;  𝐺 = 14710kPa, 𝑀𝑐𝑠 = 1.44, and 𝛤 =

4.3516. The bounding surface material constants obtained from back-calculation of the test results as N and R define the shape  

of  the bounding surface,  A describes  the  stress–dilatancy relationship, and km calibrates the hardening modulus: 𝑁 = 1.02, 

𝑅 = 2.8043, 𝐴 = 0.4, and 𝑘𝑚 = 1.0. The initial conditions of the samples were 𝑝′0 = 98.1kPa and 𝑒0 = 2.3. The viscoplastic 

parameter 𝑐𝛽 = 0.06 was used in the simulations with the reference strain rate 휀�̇�,𝑟
𝑣𝑝

= 10−3/min. 

 
 

a) b) 

Fig. 2. Simulation results and experimental data of undrained creep tests on San Francisco Bay Mud: a) Axial strain versus 

time; b) Deviatoric stress versus the mean normal effective stress 

Figure. 2 presents the comparison between the measured data and the modelling results for the undrained creep tests on 

SFBM. As observed, the specimens subjected to creep loads of 30% and 50% of 𝑞𝑢𝑙𝑡 show only a small increase in axial strain, 
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while samples subjected to creep loads of 70% show large axial strain after the initial deformation, leading to creep rupture. 

As shown in Figure. 2, the model simulations match the experimental data well, demonstrating the capability of the proposed 

model in modelling the undrained creep behaviour of clayey soils. 

3.2 Drained Creep Tests on Haney Clay 

The drained triaxial creep tests were carried out on undisturbed heavily over-consolidated Haney Clay [25]. The sample 

was initially consolidated isotropically to effective stress of 517.1 kPa for 24 h and then rebounded to an effective stress of 

20.7 kPa for 44 h. The initial conditions of the samples were 𝑝′0 = 20.7kPa and 𝑒0 = 0.667. The sustained deviator stress 

level maintained during the drained creep test was 90% of the ultimate deviator stress.  

 

Fig. 3. Simulation results and experimental data of drained creep tests on Haney Clay: Deviatoric strain rate versus Time  

The material parameters used in the simulations were calibrated using the experimental data. The model parameters were 

𝜅 = 0.018 and 𝜆 = 0.093; 𝜈 = 0.3, 𝑀𝑐𝑠 = 1.39, and 𝛤0 = 2.15. The bounding surface material constants obtained from back-

calculation of the test results as N and R define the shape of the bounding surface, A describes the stress–dilatancy relationship, 

and km calibrates the hardening modulus: 𝑁 = 2.5, 𝑅 = 1.714,  𝐴 = 1.72 and 𝑘𝑚 = 9.7. The viscoplastic parameter 𝑐𝛽 = 0.06 

was used in the simulations with the reference strain rate 휀�̇�,𝑟
𝑣𝑝

= 10−6/min. 

The simulation results of the drained creep test on Haney Clay are presented in Figure. 3 which depicts the variation of 

deviatoric strain rate with time. As observed, there is a good agreement between the experimental data and the modelling 

results. It is observed that the strain rate decreases over time during the primary phase of creep. In this phase, due to both 

increase in void ratio and decrease in viscoplastic volumetric strain rate, the compressive strength of the soil reduces. This 

leads the creep process into the secondary phase with a transient minimum strain rate of 0.004%/min. The further reduction of 

the compressive strength due to increase in void ratio leads the process into tertiary creep with increasing strain rate, leading 

to creep rupture. 

4 Conclusions 

A bounding surface viscoplasticity constitutive model is presented for the analysis of time-dependent behaviour of clay to 

capture tertiary creep and creep rupture. The model provides a continuous transition from rate-independent plasticity to rate-

dependent viscoplasticity. The model is formulated within the critical state framework using the consistency theory. The elastic 

behaviour is captured through the isotropic elasticity rule, while the viscoplastic behaviour is captured through the 

hardening/softening effects of viscoplastic strain and viscoplastic strain rate on the size of the bounding surface. The hardening 
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parameter representing the size of the bounding surface is defined as a function of viscoplastic volumetric strain and 

viscoplastic volumetric strain rate. A non-associated flow rule is defined to generalize application of the model to a wide range 

of soils. The capability of the model to predict tertiary creep in drained and undrained conditions is also presented. The 

capability of the proposed model in describing creep process and creep failures in geomaterials is demonstrated through good 

agreements between the simulation results and the experimental data. 
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