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Introduction 

The construction and study of mathematical 

models of physical phenomena is associated with the 

study of the solution of the problem of mathematical 

physics. It is appropriate to trace the main stages of the 

origin and development of mathematical physics. 

Mathematical physics has developed since the time of 

Newton in parallel with the development of physics 

and mathematics. First, differential and integral 

calculus was discovered, the methods of mathematical 

physics began to form in the study of vibrations of 

strings and rods, as well as in solving problems related 

to acoustics and hydrodynamics. At the same time, the 

foundations of analytical mechanics were laid. Then 

the ideas of mathematical physics received a new 

development in connection with the problems of heat 

conduction, diffusion, elasticity and viscoelasticity, 

optics, and electrodynamics. During this period, the 

theory of potential and the theory of stability of motion 

are created, the problems of quantum physics and the 

theory of relativity are included, as well as new 

problems of gas dynamics, particle transport and 

plasma physics. Many problems of classical 

mathematical physics are reduced to boundary value 

problems for differential (integral-differential) 

equations—the equations of mathematical physics. 

The main mathematical tools for studying these 

problems are the theory of differential equations 

http://s-o-i.org/1.1/tas
http://dx.doi.org/10.15863/TAS
http://t-science.org/
mailto:azim_xj@mail.ru
mailto:gulrukh.ismatullayeva@bk.ru
http://s-o-i.org/1.1/TAS-06-110-17
https://dx.doi.org/10.15863/TAS.2022.06.110.17


Impact Factor: 

ISRA (India)        = 6.317 

ISI (Dubai, UAE) = 1.582 

GIF (Australia)    = 0.564 

JIF                        = 1.500 

SIS (USA)         = 0.912  

РИНЦ (Russia) = 3.939  

ESJI (KZ)          = 8.771 

SJIF (Morocco) = 7.184 

ICV (Poland)  = 6.630 

PIF (India)  = 1.940 

IBI (India)  = 4.260 

OAJI (USA)        = 0.350 

 

 

Philadelphia, USA  123 

 

 

(including related areas - integral equations and the 

calculus of variations), the theory of functions, 

functional analysis, probability theory, approximate 

methods, and computational mathematics. 

In papers [1,2], the problems of studying dynamic 

stability and numerical solution of nonlinear problems 

of the dynamics of viscoelastic systems are considered. 

Mathematical modeling of dynamic problems of 

vibrations and stability of viscoelastic systems is also 

very relevant due to the fact that, on the one hand, the 

possibilities of using materials with pronounced 

viscoelastic properties in the aviation industry and 

other branches of mechanical engineering are 

expanding, and on the other hand, when using 

hereditary models [3,4,5] to describe the internal 

damping of a material, the equations of oscillations of 

elastic systems are written in the same form as for 

viscoelastic systems, however, in a viscoelastic 

formulation, the problem has not been studied in a 

complex form. 

When studying complex technological processes, 

apparatuses and physical phenomena, a researcher 

cannot take into account all the factors: some are the 

most important, and some can be neglected. To take 

into account these factors, an object model is created, 

which is then transformed into the “model-algorithm-

program” triad, which is supplemented when solving 

many problems with the stages of primary processing 

of the experimental results, checking the adequacy and 

correction of the model, testing the program and 

analyzing the results of a computational experiment. 

The value of a computational experiment can hardly be 

overestimated, especially if a full-scale experiment is 

dangerous, expensive or simply impossible. Only a 

reasonable combination of analytical and numerical 

methods is a necessary condition for success in solving 

practical problems. 

 

Mathematical formulation of the problem and 

methods of solution. 

The mathematical model of the problems of 

bending viscoelastic plates is described by the equation 
𝜕2𝑀𝑥

∗

𝜕𝑥2 + 2
𝜕2𝑀𝑥𝑦

∗

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦
∗

𝜕𝑦2 + 𝑞(𝑥, 𝑦, 𝑡)=0    (1) 

 

If the hypothesis of the constancy of the Poisson's 

ratio is used when formulating the basic physical 

relations, the bending and torque moments are 

determined by the following dependencies: 

𝑀𝑥
∗ = -D(1 − 𝑅∗) {

𝜕2𝑊

𝜕𝑥2
+ µ

𝜕2𝑊

𝜕𝑦2
} ; 

 𝑀𝑦
∗ = -D(1-𝑅∗) {

𝜕2𝑊

𝜕𝑦2
+ µ

𝜕2𝑊

𝜕𝑥2
} ; 

𝑀𝑥𝑦
∗ = -D(1 − µ)(1-𝑅∗) 

𝜕2𝑊

𝜕𝑥∂y
                  (2) 

where,  

𝐷 - the stiffness of the viscoelastic plates; 𝑅∗ −  
an integral operator with relaxation kernels 𝑅(𝑡), i.e.  

𝑅∗𝑊 = ∫ 𝑅(𝑡 − 𝜏)𝑊(𝑥, 𝑦, 𝜏)

𝑡

0

𝑑𝜏 ;  

W(𝑥, 𝑦, 𝑡) - plate deflection;  

µ - Poisson's coefficient;  

𝑞(𝑥, 𝑦, 𝑡) - the intensity of the external load. 

 

If the hypothesis of the elasticity of volumetric 

deformations is used, then the following dependences 

are valid for the bending and torque moments: 

 𝑀𝑥
∗ = − [2𝐺(1 − 𝑅𝑐

∗)
𝜕2𝑊

𝜕𝑥2

+ 𝐿∗ {
𝜕2𝑊

𝜕𝑥2
+

𝜕2𝑊

𝜕𝑦2
}] ·

ℎ3

12
  ; 

𝑀𝑦
∗ = − [2𝐺(1 − 𝑅𝑐

∗)
𝜕2𝑊

𝜕𝑦2

+ 𝐿∗ {
𝜕2𝑊

𝜕𝑥2
+

𝜕2𝑊

𝜕𝑦2
}] ·

ℎ3

12
; (3) 

𝑀𝑥𝑦
∗ = -D(1 − µ)(1-𝑅𝑐

∗) 
𝜕2𝑊

𝜕x∂y
·

ℎ3

12
    

where,  

𝐺 = 𝐸/2(1 + µ) - shear modulus; 𝐸 – the 

modulus of elasticity; 𝑅𝑐
∗ - integral operator with shear 

relaxation kernels 𝑅𝑐(𝑡);  𝐿∗ - an integral operator, i.e. 

𝐿∗ = {
2

3
+ 𝐾[2𝐺(1 − 𝑅𝑐

∗)]¯¹} ¯¹ [𝐾 −
2

3
𝐺(1 − 𝑅𝑐

∗)] ; 

𝐾 = 𝐸/3(1 − 2µ) - bulk modulus of elasticity; ℎ 

is the plate thickness. 

 

To obtain the equation of motion, it is sufficient 

to substitute the expression 𝑞(𝑥, 𝑦, 𝑡)  - 𝜌ℎ
𝜕2𝑊

𝜕𝑡2  instead 

of 𝑞(𝑥, 𝑦, 𝑡) in equations (1) and obtain the following 

equation for an oscillating fine viscoelastic plate 
𝜕2𝑀𝑥

∗

𝜕𝑥2 + 2
𝜕2𝑀𝑥𝑦

∗

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦
∗

𝜕𝑦2 + 𝑞(𝑥, 𝑦, 𝑡) = 𝜌ℎ
∂
2
W

∂t2
  (4) 

where 𝜌ℎ is the mass of the slab per unit surface. 

 

Equations (1) and (4) are solved under the 

appropriate boundary and initial conditions 

𝐿𝑖𝑊⎟Г𝑖 = 𝜑𝑖(𝑥, 𝑦);   Г = ⋃𝑖=1
𝑛 Г𝑖 ;   

      𝑊𝑡=0 = 𝑊0  ;   
𝜕𝑊

𝜕𝑡
 ⎟𝑡=0 = 𝑊0

𝑡                 (5) 

where 𝐿𝑖 are differential operators depending on the 

boundary conditions; Г is the boundary of the region; 

𝑊0 0 and 𝑊0
𝑡    are initial values.  

 

Systems of coordinate functions (SCF) 𝑊 and the 

boundary of the studied area Г are constructed using 

the R-function method of V.L. Rvachev [6]. 

Note that when solving the problems of bending 

and vibrations of elastic and viscoelastic plates of 

complex shape, orthonormal SCFs are used with 

respect to the biharmonic and unit operators, 

respectively. Here, the use of orthonormal SCF greatly 

facilitates the solution of systems of integral and 

integral-differential equations (IDEs). To solve 
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autonomous systems of integral and IDE, a numerical 

method based on the use of quadrature formulas is 

used. 

Solving the Dirichlet problem for the Poisson 

equation in a complex domain in the Maple 

environment. 

In many cases, the solution of the problem of 

modeling problems of the theory of viscoelasticity of a 

complex shape is associated with the study of the 

solution of the Dirichlet problem for the Poisson 

equation in a complex domain. The work is devoted to 

modeling the solution of problems of bending and 

oscillations of elastic and viscoelastic plates of 

arbitrary configuration for various viscosity models in 

the Maple system medium [7,8,9]. 

The Dirichlet problem for the Poisson equation is 

one of the classical problems of mathematical physics. 

To solve partial differential equations, as a rule, grid 

methods are used, often with the help of a computer, a 

grid is built in the domain of definition, and a 

difference equation is compiled in which the desired 

unknowns are the values of the function at the grid 

nodes. The solution of the difference equation can also 

be sought in different ways. In practice, iterative 

methods are widely used. The computational scheme 

in this case describes how the next state of the grid 

depends on the previous one. As a result of computing 

on a computer, an approximate solution of partial 

differential equations is obtained [10,11,12,13,14]. 

In this paper, an application package (procedures-

libraries) is developed for solving the Dirichlet 

problem for the Poisson equation in a complex domain 

in the Maple system.  

To solve the problem of modeling these tasks, we 

connect the developed RFM package: 

> restart: 

> 

libname:="F:/Maple/MathPhysics/RFM/lib",libna

me; 
 

> with(RFM); 

 

Choosing a system of R-operations: 

> SetRSystem(0); 

 

Set up base areas: 

> F1:= nStripX(0,1); 

 
> F2:= nStripY(0,1); 

 
> F3:= nStripX(1,0.5); 

 
> F4:= nStripY(1,0.5); 

 
> F5:= nCircle(-0.5,-0.5,0.2); 

 
> F6:= nHalfPlane(0,-0.5,-0.5,-0.5): 

> F7:= nHalfPlane(-0.5,-0.5,-1,-1): 

 

We build a function that describes the boundary of the 

area under study:  

> Omega:= (((F1 &In F2) &In &Not(F3 &In F4)) 

&In &Not(F5)) &In &Not(F6 &In F7): 

 

We set a rectangle bounding the study area: 

> BoundRect:= [-1,-1,1,1]; 

 

We graphically depict the constructed function: 

> PlotDomain(Omega,BoundRect); 

F1 := x, y( ) ® 
1

2
 -  y -  0( )

2

2 1

F2 := x, y( ) ® 
1

2
 -  x -  0( )

2

2 1

F3 := x, y( ) ® 
0.5

2
 -  y -  1( )

2

2 0.5

F4 := x, y( ) ® 
0.5

2
 -  x -  1( )

2

2 0.5

F5 := x, y( ) ® 
0.2

2
 -  x -  -0.5( )( )

2
 -  y -  -0.5( )( )

2

2 0.2
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We start the procedure for preparing for integration: 

> PrepareForDbInt10(Omega, BoundRect, Mx1, 

My1, 20); 
 

 

 

 

 

 

 

 

 

 

 

We graphically represent the segments of integration: 

> PlotIntPaths(Omega, BoundRect, Mx1, My1); 

 

 
 

Create an array of power polynomials: 

> Basis:= GenPowerPolynoms(3); 

 
 

We generate coordinate functions:  

> w:= GenCoordFunctions(Omega(x,y), Basis): 

 

We set the common term of the left side of the Ritz 

system: 

> GenTerm:= (i,j) -> (Grad(w(x,y)[i]) &. 

Grad(w(x,y)[j])): 

 

We carry out integrations and fill in the matrix of the 

Ritz system:  

> A:= CreateLeftMatrixHF(GenTerm, Mx1, My1, 

BoundRect, true); 

 

 
 

We set the modulus of elasticity, plate thickness 

and Poisson's coefficient, since they enter the right side 

of the equation through the cylindrical stiffness: 

> GenTermB:= i -> w(x,y)[i]; 

 
> B:= CreateRightVector(GenTermB, Mx1, 

My1,BoundRect); 

Basis := 1, x, y, x y, y
2
, x

2
, x

2
 y, x y

2
, y

3
, x

3
[ ]

GenTermB  := i ® w x, y( )
i
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We solve the equation and get: 

> Solut:= SolveSystem(A, B): 

 

 

Building a solution:  

> U:= CreateSolution(Solut, w): 

 

We calculate the value of the deflection at the 

maximum point: 

> evalf(U(-0.1,0.25)); 
 

 

We graphically depict the resulting solution in the form 

of level lines: 

> with(plots): 

> PlotSolution(Omega, U, BoundRect, 10); 

 

 
 

The graphical results show that the choice of one 

or another hypothesis when formulating physical 

relationships leads to a rather significant change in the 

stress-strain state of the plates. 

 

Conclusions 

In the course of this work, a numerical-analytical 

method for solving boundary value problems of 

mathematical physics was studied using the example of 

the inhomogeneous Dirichlet problem for the Poisson 

equation in a complex domain in the Maple system 

environment. A numerical implementation of the 

computational method was carried out and a 

computational experiment was carried out. 

On the basis of the proposed algorithm of tasks in 

the environment of the Maple system, an automated 

system of a software package has been developed, with 

the help of which problems in the mechanics of a 

deformed solid body with an arbitrary configuration 

are quickly solved. With the help of the developed 

automated system, a number of practical important 

boundary value problems of the theory of elasticity and 

the hereditary theory of viscoelasticity with a complex 

shape of the region boundary were studied. 
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A comparative analysis shows that a partial 

change in the shape of the region boundary leads to a 

rather significant change in the stress-strain state of the 

plates. The convergence of the computational 

algorithm is investigated and the reliability of the 

results obtained using an automated system by 

comparing them with the exact solution or solutions 

obtained by other authors is shown. 
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