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Introduction
1. Statement of the problem G.
Consider the equation

_lylmuxx + uyy o (1)
Let 2 be a finite simply connected domain of the

plane of independent variables x,y, bounded by the
characteristics

uy=0,m>0.

m+2

AC; 2 _T
BCl} xFyz =FLy >0,
BCl ) m+2
BCz}'x+m+2( y)z =F1,y<0,

equation (1).
Task G. Find a regular solution in the field 2
uy (2, 3), 3%(x, 5) € 2, = 2n{y >0},

u(x,xy) = [

Uy (6, 50), 33 (%, 5p) € 2, = 2 n {y <0}.
equations (1) from the class C(£2; U 2,) N C?(2\
AB) satisfying the boundary conditions

w0 ()] = w6 (0] + oyl ()] +
+ =y (1 (0),0) — 5 2 (P2 (x),0) +

8i(x),vx €1 =AB (2)
here, j = 1 corresponds to the area 2,, and j = 2 to
the area 2,, p;(x) = a; + byx,p,(x) = a, + b,x,
where q; =

1
—,b; =
ki+1 ki+1

conditions

Doi: &os¥e! https://dx.doi.org/10.15863/TAS.2021.11.103.122

lim Uy (x,y) = ¢ lim (X, Y), Vx € I (3)
l”foy B % = p(x) llm( y)__aﬁ+ A(x),Vx €1
y—)

4)

where 80 ()65 (x), 8 ()
6900 L%, (i )J:{(m+2)(1—x0)}mz+z,

4
Oy ) = 1:’:,1"" + o [BRETE
04D (xp) = T
+(—i)/1 [—(m ;(2(_: 1_)"0) e

affix of the intersection point of the characteristic BC;
(curve x + [2k;/(m + 2)]ly|™*#/2 = 1, lying inside
the area (2;) with a characteristic coming out of the
point M(x,0) €1I; c¢=const; U, = const;
8;(x),p(x),A(x)  set functions from the class
C?(I) n C3(I), where
(M=t =1t'(1)=0
p(x)—c# 0k, >k, >1,6™(1) =0,
AM (1) =0,n=0,1,2.
1. Study of problem G.
The theorem. Task G when conditions are met
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A+, <1, (6) Relation (17) is the second functional relation
where A, = —2kBk 5 0 k=12 uniquely between unknown functions 7, (x) and v, (x), brought
solvable binatbapz=1 to the axis y = 0 from the area (2.

Proof. 1. Consider the boundary condition (2).
In the area 0, the solution of the modified Cauchy
problem [1] satisfying the conditions:
u; (x,+0) = 1,(x),x € 1;

L]
Limy™= =) el @

is given by the Dalembert formula [2]:
u(x,y) =
Gl e AR it e S DD
2
1
IO T I
From here it is easy to calculate that
u [6W ()] =2 M)+l - [ vt 9)
ul[e(”m] = ~lri(ay + bix) + 1, (0)] -

(_y)(m+2)/2

S (o, (10)
Uy [915? ] = §[T1(a2 + byx) + T1(x)] -
AL (12)

Now expressions (9)-(11), substituting into the
boundary conditions (2), we obtain

7(0) = [, vi(O)dt = w7y (%) + 117y (%) —

w S v dt + g [P v (0 dt + 26, ().
(12)

Relation (12) is the first functional relation
between unknown functions 7,(x) and v;(x) [3],
brought to the axis y = 0 from the area £2,.

2. Now consider the boundary condition (2) in
the area £, using the solution [2] of the modified
Cauchy problem satisfying the conditions:

Uy (x,—0) = 7,(x),x € I;

ylgr{lo(—y)'%% =v,(x),x €1 (13)
it is easy to calculate that
u,[0@ (0)] = Tz(x) +7,(D)] —f v, (t)dt,(14)
u, 657 (x)] =~ [1y(a1 + byx) + 7, ()] -
SJE v, ot (15)
U652 ()] = 2 [Tz + byx) + T2 (x)] —
LI NN OY: 12 (16)

Expressions (14)-(16), substituting into the
boundary conditions (2), we obtainz, (x) —
1
[, v2(®)dt = uy75(x) + pp7o(x) —
[ v (0dt + g [T vy (0 dt + 285(x).
a7

From (12) and (17) according to the conditions
of conjugation (3), (4), i.e. taking into account the
equalities: 7,(x) = c15(x), vi(x) = p(X)vy(x) +
A(x) excluding 7,(x) from (12), we obtain the
following integral equation with respect to an
unknown function v, (x) :

L) = vt = py [ (p(0) -
Vo (0)dt + py [272(p(t) — v, (D)dt + f(£)
(18)
where  f(x) = 268, (x) — 2¢6,(x) + [, A(t)dt +
w [P AL + g [ A0,
(18) differentiating by x we get:
v(x) = A4 (x)v(ay + bix) + A,(x)v(a, + byx) +
f1(x) (19)
where

v(x) = (p(x) = (%),

bip
A1(x) = byp+bapp—1

bauz
Ap(x) = —22—
2( ) b1#1+b2#2 1’
fix) =

b H1+b2#2 1Ef( )-

Relation (19) is a functional equation.

We will look for the solution of the functional
equation (19) in the class of functions bounded at a
point x = 1. If we abandon this requirement, then the
corresponding homogeneous functional equation (19)
v(x) =4 (x)v(ay + bix) + A, (x)v(a, + b,yx) (20)
may have a non-trivial solution.

Example. Let p1(x) = a+ bx,p,(x) =
p1(p1(x)) = b%x + ba + a, wherea— b = c;, ¢, b +
a = ¢,, then it is not difficult to make sure that the

function
//1§+4/12 A
— (2))

v(x) = (1-x)% where 6§ =log, ”
2

will be a nontrivial solution of the homogeneous
equation (20), indeed, since

v(p1(x) = (1—pi(0))° =b°(1 - x)°,

v(p2(x)) = (1—p(0))° = b**(1 - x)°,
then substituting these values into (20) we obtain the
following quadratic equationA,b%% + 1,b% — 1 = 0.

From here
VA +44, — 4

22,
and by virtue of condition (6) it is easy to make sure
that & < 0, therefore, the solution (21) of the
homogeneous functional equation (21) is not limited
when x = 1.

Thus, the class of solutions where the solution of
the functional equation (19) is sought is essential.

6 =logy
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