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Introduction 

1. Statement of the problem G. 

Consider the equation 

−|𝑦|𝑚𝑢𝑥𝑥 + 𝑢𝑦𝑦 −
𝑚

2𝑦
𝑢𝑦 = 0, 𝑚 > 0.       (1) 

Let 𝛺  be a finite simply connected domain of the 

plane of independent variables 𝑥, 𝑦,  bounded by the 

characteristics 

 
АС1

𝐵𝐶1
} : ⥂ 𝑥 ∓

2

𝑚+2
𝑦

𝑚+2

2 = ∓1, 𝑦 > 0, 

𝐵𝐶1

𝐵𝐶2
} : 𝑥 ∓

2

𝑚 + 2
(−𝑦)

𝑚+2

2 = ∓1, 𝑦 < 0, 

equation (1). 

Task G. Find a regular solution in the field 𝛺 

и(х, ҳу) = {
𝑢1(𝑥, ҳу), ҳҳ(𝑥, ҳу) ∈ 𝛺1 = 𝛺 ∩ {у > 0},

𝑢2(𝑥, ҳу), ҳҳ(𝑥, ҳу) ∈ 𝛺2 = 𝛺 ∩ {у < 0}.
 

equations (1) from the class  𝐶(𝛺̄1 ∪ 𝛺̄2) ∩ 𝐶2(𝛺\
𝐴𝐵) satisfying the boundary conditions 

𝑢𝑗[𝜃(𝑗)(𝑥)] = 𝜇1𝑢𝑗[𝜃𝑘1

(𝑗)
(𝑥)] + 𝜇2𝑢𝑗[𝜃𝑘2

(𝑗)
(𝑥)] + 

+
1

2
𝜇1𝑢𝑗(𝑝1(𝑥),0) −

1

2
𝜇2𝑢𝑗(𝑝2(𝑥),0) +

𝛿𝑗(𝑥), ∀𝑥 ∈ 𝐼 = 𝐴𝐵         (2) 

here, 𝑗 = 1 corresponds to the area 𝛺1, and 𝑗 = 2 to 

the area 𝛺2, 𝑝1(𝑥) = 𝑎1 + 𝑏1𝑥, 𝑝2(𝑥) = 𝑎2 + 𝑏2𝑥,  

where  𝑎𝑖 =
2

𝑘𝑖+1
, 𝑏𝑖 =

𝑘𝑖−1

𝑘𝑖+1
, 𝑖 = 1,2 and the pairing 

conditions  

𝑙𝑖𝑚
𝑦→+0

𝑢1(𝑥, 𝑦) = 𝑐 𝑙𝑖𝑚
𝑦→−0

𝑢2(𝑥, 𝑦), ∀𝑥 ∈ 𝐼            (3) 

𝑙𝑖𝑚
𝑦→+0

𝑦−
𝑚

2
𝜕𝑢1

𝜕𝑦
= 𝜌(𝑥) 𝑙𝑖𝑚

𝑦→−0
(−𝑦)−

𝑚

2
𝜕𝑢2

𝜕𝑦
+ 𝜆(𝑥), ∀𝑥 ∈ 𝐼                         

(4) 

where  𝜃(𝑗)(х)(𝜃𝑘1

(𝑗)
(х), 𝜃𝑘2

(𝑗)
(х)) 
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(𝑚+2)(1−𝑥0)

2(𝑘1+1)
]

2

𝑚+2
, 

𝜃𝑘2

(𝑗)(𝑥0) =
1 + 𝑘2𝑥0

1 + 𝑘2
+ 

+(−𝑖)𝑗−1 [
(𝑚 + 2)(1 − 𝑥0)

2(𝑘2 + 1)
]

2

𝑚+2

 
 affix of the intersection point of the characteristic  ВС𝑗 

(curve х + [2𝑘𝑗/(𝑚 + 2)]|у|(т+2)/2 = 1, lying inside 

the area 𝛺𝑗) with a characteristic coming out of the 

point 𝑀(𝑥0, 0) ∈ 𝐼; с = 𝑐𝑜𝑛𝑠𝑡; 𝜇1, 𝜇2 = 𝑐𝑜𝑛𝑠𝑡; 
𝛿𝑗(𝑥), 𝜌(х), 𝜆(х)  set functions from the class 

 𝐶2(𝐼
−

) ∩ 𝐶3(𝐼), where  

𝜏(1) = 𝜏 ′(1) = 𝜏″(1) = 0               (5) 

𝜌(𝑥) − 𝑐 ≠ 0, 𝑘1 > 𝑘2 > 1, 𝛿𝑗
(𝑛)(1) = 0, 

𝜆(𝑛)(1) = 0, 𝑛 = 0,1,2. 
1. Study of problem G.  

The theorem. Task G when conditions are met  
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  𝜆1 + 𝜆2 < 1,                            (6) 

where 𝜆𝑘 =
𝑏𝑘𝜇𝑘

𝑏1𝜇1+𝑏2𝜇2−1
> 0, 𝑘 = 1,2  uniquely 

solvable. 

Proof. 1. Consider the boundary condition (2). 

In the area 𝛺1 the solution of the modified Cauchy 

problem [1] satisfying the conditions: 

𝑢1(𝑥, +0) = 𝜏1(𝑥), 𝑥 ∈ 𝐼;  

𝑙𝑖𝑚
𝑦→+0

𝑦−
𝑚

2
𝜕𝑢1

𝜕𝑦
= 𝜈1(𝑥), 𝑥 ∈ 𝐼                 (7) 

is given by the Dalembert formula [2]: 

𝑢(𝑥, 𝑦) =
𝜏(𝑥−

2

𝑚+2
(−𝑦)(𝑚+2)/2)+𝜏(𝑥+

2

𝑚+2
(−𝑦)(𝑚+2)/2)

2
−

(−𝑦)(𝑚+2)/2

𝑚+2
∫ 𝜈

1

−1
[𝑥 +

2𝑡

𝑚+2
(−𝑦)(𝑚+2)/2] 𝑑𝑡,     (8) 

From here it is easy to calculate that 

𝑢1[𝜃(1)(𝑥)] =
1

2
[𝜏1(𝑥) + 𝜏1(1)] −

1

2
∫ 𝜈1(𝑡)𝑑𝑡

𝑥

−1
, (9) 

𝑢1[𝜃𝑘1

(1)
(𝑥)] =

1

2
[𝜏1(𝑎1 + 𝑏1𝑥) + 𝜏1(𝑥)] −

1

2
∫ 𝜈1(𝑡)𝑑𝑡

𝑎1+𝑏1𝑥

𝑥
,                         (10) 

𝑢1[𝜃𝑘2

(1)
(𝑥)] =

1

2
[𝜏1(𝑎2 + 𝑏2𝑥) + 𝜏1(𝑥)] −

1

2
∫ 𝜈1(𝑡)𝑑𝑡

𝑎2+𝑏2𝑥

𝑥
.                         (11) 

Now expressions (9)-(11), substituting into the 

boundary conditions (2), we obtain 

𝜏1(𝑥) − ∫ 𝜈1(𝑡)𝑑𝑡
1

𝑥
= 𝜇1𝜏1(𝑥) + 𝜇2𝜏1(𝑥) −

𝜇1 ∫ 𝜈1(𝑡)𝑑𝑡
𝑎1+𝑏1𝑥

𝑥
+ 𝜇2 ∫ 𝜈1(𝑡)𝑑𝑡

𝑎2+𝑏2𝑥

𝑥
+ 2𝛿1(𝑥).   

(12) 

Relation (12) is the first functional relation 

between unknown functions 𝜏1(𝑥) and 𝜈1(𝑥) [3], 

brought to the axis 𝑦 = 0 from the area 𝛺1. 

2. Now consider the boundary condition (2) in 

the area 𝛺2 using the solution [2] of the modified 

Cauchy problem satisfying the conditions: 

𝑢2(𝑥, −0) = 𝜏2(𝑥), 𝑥 ∈ 𝐼; 

𝑙𝑖𝑚
𝑦→−0

(−𝑦)−
𝑚

2
𝜕𝑢2

𝜕𝑦
= 𝜈2(𝑥), 𝑥 ∈ 𝐼          (13) 

it is easy to calculate that  

𝑢2[𝜃(2)(𝑥)] =
1

2
[𝜏2(𝑥) + 𝜏2(1)] −

1

2
∫ 𝜈2(𝑡)𝑑𝑡

𝑥

−1
,(14) 

𝑢2[𝜃𝑘1

(2)
(𝑥)] =

1

2
[𝜏2(𝑎1 + 𝑏1𝑥) + 𝜏2(𝑥)] −

1

2
∫ 𝜈2(𝑡)𝑑𝑡

𝑎1+𝑏1𝑥

𝑥
,              (15) 

𝑢2[𝜃𝑘2

(2)
(𝑥)] =

1

2
[𝜏2(𝑎2 + 𝑏2𝑥) + 𝜏2(𝑥)] −

1

2
∫ 𝜈2(𝑡)𝑑𝑡

𝑎2+𝑏2𝑥

𝑥
.              (16) 

Expressions (14)-(16), substituting into the 

boundary conditions (2), we obtain𝜏2(𝑥) −

∫ 𝜈2(𝑡)𝑑𝑡
1

𝑥
= 𝜇1𝜏2(𝑥) + 𝜇2𝜏2(𝑥) −

𝜇1 ∫ 𝜈2(𝑡)𝑑𝑡
𝑎1+𝑏1𝑥

𝑥
+ 𝜇2 ∫ 𝜈2(𝑡)𝑑𝑡

𝑎2+𝑏2𝑥

𝑥
+ 2𝛿2(𝑥).  

(17) 

Relation (17) is the second functional relation 

between unknown functions 𝜏2(𝑥) and 𝜈2(𝑥), brought 

to the axis 𝑦 = 0 from the area 𝛺2. 

From (12) and (17) according to the conditions 

of conjugation (3), (4), i.e. taking into account the 

equalities: 𝜏1(𝑥) = 𝑐𝜏2(𝑥) , 𝜈1(𝑥) = 𝜌(𝑥)𝜈2(𝑥) +
𝜆(𝑥) excluding 𝜏2(𝑥)  from (12), we obtain the 

following integral equation with respect to an 

unknown function 𝜈2(𝑥) :   

∫ (𝜌(𝑡) − 𝑐)𝜈2(𝑡)𝑑𝑡
1

𝑥
= 𝜇1 ∫ (𝜌(𝑡) −

𝑎1+𝑏1𝑥

𝑥

𝑐)𝜈2(𝑡)𝑑𝑡 + 𝜇2 ∫ (𝜌(𝑡) − 𝑐)𝜈2(𝑡)𝑑𝑡 + 𝑓(𝑡)
𝑎2+𝑏2

𝑥
  

(18) 

where  𝑓(𝑥) = 2𝛿1(𝑥) − 2𝑐𝛿2(𝑥) + ∫ 𝜆(𝑡)𝑑𝑡
1

𝑥
+

𝜇1 ∫ 𝜆(𝑡)𝑑𝑡
𝑎1+𝑏1𝑥

𝑥
+ 𝜇2 ∫ 𝜆(𝑡)𝑑𝑡

𝑎2+𝑏2𝑥

𝑥
. 

(18) differentiating by 𝑥 we get:  

𝜈(𝑥) = 𝜆1(𝑥)𝜈(𝑎1 + 𝑏1𝑥) + 𝜆2(𝑥)𝜈(𝑎2 + 𝑏2𝑥) +
𝑓1(𝑥)                                    (19) 

where  

𝜈(𝑥) = (𝜌(𝑥) − 𝑐)𝜈2(𝑥), 

 𝜆1(𝑥) =
𝑏1𝜇1

𝑏1𝜇1+𝑏2𝜇2−1
, 

𝜆2(𝑥) =
𝑏2𝜇2

𝑏1𝜇1+𝑏2𝜇2−1
 ,   

𝑓1(𝑥) =
1

𝑏1𝜇1+𝑏2𝜇2−1

𝑑

𝑑𝑥
𝑓(𝑥). 

Relation (19) is a functional equation. 

We will look for the solution of the functional 

equation (19) in the class of functions bounded at a 

point 𝑥 = 1. If we abandon this requirement, then the 

corresponding homogeneous functional equation (19) 

𝜈(𝑥) = 𝜆1(𝑥)𝜈(𝑎1 + 𝑏1𝑥) + 𝜆2(𝑥)𝜈(𝑎2 + 𝑏2𝑥) (20) 

may have a non-trivial solution. 

Example. Let 𝑝1(𝑥) = 𝑎 + 𝑏𝑥, 𝑝2(𝑥) =
𝑝1(𝑝1(𝑥)) = 𝑏2𝑥 + 𝑏𝑎 + 𝑎, where а − 𝑏 = с1, с1𝑏 +
а = с2, then it is not difficult to make sure that the 

function  

𝜈(𝑥) = (1 − 𝑥)𝛿,   where  𝛿 = 𝑙𝑜𝑔𝑏

√𝜆1
2+4𝜆2−𝜆1

2𝜆2
  (21) 

will be a nontrivial solution of the homogeneous 

equation (20), indeed, since 

𝜈(𝑝1(𝑥)) = (1 − 𝑝1(𝑥))𝛿 = 𝑏𝛿(1 − 𝑥)𝛿 , 
 𝜈(𝑝2(𝑥)) = (1 − 𝑝2(𝑥))𝛿 = 𝑏2𝛿(1 − 𝑥)𝛿 , 

then substituting these values into (20) we obtain the 

following quadratic equation𝜆2𝑏2𝛿 + 𝜆1𝑏𝛿 − 1 = 0. 

From here 

𝛿 = 𝑙𝑜𝑔𝑏

√𝜆1
2 + 4𝜆2 − 𝜆1

2𝜆2
 

and by virtue of condition (6) it is easy to make sure 

that 𝛿 < 0, therefore, the solution (21) of the 

homogeneous functional equation (21) is not limited 

when 𝑥 = 1.  
Thus, the class of solutions where the solution of 

the functional equation (19) is sought is essential. 
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