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Introduction

In [2] the project of understanding some of the
analytical properties of Chen forms by discussing the
LP-theory of Chen forms is started. Then 4 is a
uniformly elliptic second order differential operator.
let Q, be the space of loops in R which start at x
and return to x after a time period 1. Let dp;"™* be the
Brownian bridge measure on Q,.

Let H (R%) be the Hilbert space of paths H :
[0,1] » R¢ which are absolutely continuous with
square mtegrable derivative, eqmpped W|th the norm

A2 —f|H(t)|2dt+”

Now, as in [2] for each Ioop w € £ we consider
the Hilbert space H ,, consisting of the vector fields
along the loop w of the form X =tH with
periodicity assumption where (tH), = t.(w)H, with
7.(w) being stochastic parallel transport along the
loop w. These Hilbert spaces form a measurable field
of tangent Hilbert spaces on the loop space and they
will play the role of the tangent spaces of the loop
space.

These Hilbert spaces form a measurable field of
tangent Hilbert spaces on the loop space and they will
play the role of the tangent spaces of the loop space.

Doi: &os¥e https://dx.doi.org/10.15863/TAS.2021.08.100.25

The basic tool in setting up this Sobolev calculus
is integration by parts formulas. In [3] we use the
Peano approximation to the diffusion associated to 4,
which leads to suitable finite dimensional
approximations to the Bismut measure u. In [3], w
define a Skorohod anticipative integral (see [4]) and
an Ornstein—Uhlenbeck operator L such that these
functions belong to the domain of LP for each p > 0.

Let M be a compact Riemannian manifold of
dimension d and let P(M) be the space of all
continuous maps w:[0,1] > M. Let v be the
measure P,(x,y) dP{” dxdy on P(M), where
P,(x,y) is the heat kernel of M and dP;” is the
Brownian bridge measure on P, ,,(M), the space of
paths joining x to y. We use the notation E, for
expectations computed with respect to this measure.

Let V(t,x) € R,A(t,x) = (Ayq,...,Ay) €
R¥(x € R4t €[0,T]) be the electromagnetic
potentials, which are defined from

d04; oV

E =——]—— .=1,...,

J at  0x; 4,

d
ZA] dx] = Z B]k dx]'/\dxk on Rd (11)
j=1

1<j<ksd
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for the electric strength E(¢t, x) = (Ey, ... E;) and the

magnetic strength tensor ( B;,(t, . Then
g g ( i x))15j<ksd
the Lagrangian function, the Hamiltonian, and the

Schrodinger equation are given by

L=(txi)= % %2+ G-A—V),x €RE, (2.1)
d
1 2 9
H() =5 E (nDy, - 4;) +V (Dx]_ = @)
=1
G.1)

and

m%u(t) =H@u() (t€l[sTD, uls) =f (4.1)

respectively. We sometimes write the solution u(t)
of (4.1) as U(t, s)f. For a multiindex

a = (ay, .., az) We write

0% = (0/0x)* ...(0/0x4)% and

d
la| = Z,-=1 a;.
Feynman in [6,7] expressed the solution of (4.1)
in the integral form, which is called the Feynman path
integral,

1

U9 =5 [ e Hre) utan, G0

Ix

. d
m
C)f = H j% f

I1. Preliminaries

To define a connection 7 on the tangent spaces
to P(M) suppose X and Y are vector fields on P(M) ,
that is, sections of the field of Hilbert spaces .. Now
Y = tK and we can write out K in components

d
Kw) = ) K w)Vilwo),
i=1

where the K¢ are functions on P(M) and the V; are
vector fields on M. Now define VxK by the formula

1
1 1
Ep[(dF,X)] = Ep |F | div X,(wy) +J- (Tshs,5w5)+§f(STSHs,5ws) ,
0
0

where X is a vector field on P(M), S is the Ricci
tensor of M and & the 1t6 integral.

Lemma (2.2): Let S and T be two stopping
times. There exist semi-martingale processes A and
B such that Ag and Bg are smooth functions of wy
with values in forms such that Ysy.<r divXf

convergesas N — oo to

dtg = -y (Wti_1 + S(Wti - Wti_l)) (Wti - Wti_1)ds'

where u(dy) is a uniform measure on (R4)[stl and N
is a normalization factor.

In [8,9,10,11,12], etc., equations with the
potentials

d
V= Z ajkx]'xk‘l'ijXj +j- eiX'y V(dy);
: - R4
Jj=1

d
jk=1

Al =chjxj+dl (l = 1,,d)

j=1

were studied, where ajy, b;, ¢;; and d,; are constants
and v(dy) is acomplex measure of bounded variation
onR% .

We study the formulation of the Feynman path
integral through broken line paths. This formulation
is very familiar to us and well known to be useful. We
show rigorously for some class of potentials that this
formulation is well defined and that this Feynman
path integral gives the probability amplitude, i.e., the
solution of the Schrédinger equation.

Let A be the subdivision of [0, t] above and
x@ eR(j=0,1,..,n—1). We denote by y, =
Ya(x©@,x®, . x®D x) € (RHIOH  the broken
line path joining

(tj,x(f)) (j=01,..,n,x™ = x). Set

f etV £(x©) 1x O gx @ . dx @), (6.1)
d
d
(T = ) (K, X} Vi(wo)
i=1
+ kl(w)(VXOVi)WO, (1.2)

and define VxY by kY = tVxK.

Theorem (1.2): For any smooth function f :
MK — R and any set of times u = (uy, ..., u;) with

0 <u; < <uy <1 letF be the function on
P(M) given by F(w) = f(w(uy), ..., w(w)). Then
we have the following integration by parts formula:

(2.2)

T

fT (A4(X), wy) + f BL(X,) ds.

S N
Proof: We can suppose that over the interval
[S, T] the process lies in a local chart for M. We work
in normal coordinates. If T is parallel transport along
the geodesic joining wy, | to w,, for i > 1 it follows
that

(3.2)

N _ N
To = Ti-1
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where the Christoffel matrix I" is zero at w,,__, is the

analogue of the cancellation which appears in ref. [3]
and we deduce that

div XY = A'(we,_ XN+ (i

- tl')TlN—lhfi—l)(Wti - Wti—l) +

B,(Wti—l'Xpil—l + (ti+1 - ti)TiI\Llhti—l)(Wti - Wti_l)2 + (] ((Wti - Wti—1)3) + O(tl - ti—l)’ (4.2)

and the proof of Lemma (2.2) is completed in the
same way as the proof of Lemma(1.1.4)[1].

1

From both previous lemmas we see that

1 1

Ep[(dF,X)] = E» |F | div X, + f (ACX,), Sw,) + f (B(t,hy), Sw,) + f C(X,)ds + f Dk ||, (5.2)

0

If X, =0 we know that the sum of the above
integrals is equal to

f(‘rshs, Swg) + - f(STsHS Swg).

The formula for EP[(dF, X)] can be extended to
all previsible hg bounded in L2

Moreover A, B, C, D have the same shape as in
[9]. However, if 4, B, C, and D are processes of this
particularly nice type such that for all X; =t H;,
where H, = fos h,, du with h previsible and bounded,
we have

1 1
f (A(X,), 5we) + f (B(zshy), ws) + f C(X,) ds
0 0 0

1
+ f D(tshy)ds =0,

0
then it followsthat A=B=C =D = 0.

{ hi—H(t)}C‘(t Of =vi—s

0 0

If B is not zero we can choose a stopping time
T <1, with probability strictly positive, and a
deterministic process hg with A% (0) # 0 such that
on the condition that Fr < 1, if we take hy = hy,g,
the sum of the four integrals in the above formula has
a density such that from Malliavin calculus we
deduce from the same type of argument that 4 = 0.
For all X; we have

J, C(X;) ds + [, D(tshg) ds = 0.

But D is a smooth function in w,. We deduce
that D (z,) has bounded variation, and from stochastic
calculus it is constant.

That implies € = 0.

Proposition (2.3): Let V and A satisfy the
assumptions of the Theorem. Then there exists a
continuous function q(t, s; x, w) in

0<s<t<T,xw€R?

a B . \M
(0% 0p(x W)| < Copl w)™,
M so that for f € S

satisfying
x,w € RY) with an

d

2mih(t —s)
x f eih‘ls(ns:;)q<t, s x,—%)f(y)dy. 0<s<tsT.  (62)

Proof: By direct -calculations we have
from(3.1),

d
d in—1g(, LS ih
{iha—H(t)}C(t,S)f = - % Xjem S(yx'y){r1(t,5;x.)7)+21_mr2(t;5;x’Y)}f(Y)dy’ (72)
d

1 2
= atS(yxy) +ﬁz {axJS(yxy) At x)} + V(t, x), (8.2)

dm

T2=t

where V.A = Zj axjA]-.
Set p =t —s.Using

(9.2)
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— 2
S( M+ fA.dx m+(x y)fA(s+0(t—s)y+0(x y))d@—
—5) J 2(t —s)
Yxy

(t—s)jV(s+9(t—s),y+ H(x—y))dQ,

we have

(%

a, S(yxy) Ai(t, x) = mJT_yJ) + f Aj (5 +0p,y+0(x— y)) — A;(t,x)d6 + Z(xk - Vi)
K

1 1

0A av
X 9—k(s+9p,y+6(x—y))d9—p 08— (s+6p,y+0(x—y))dd
6xj Ox]
0

= rn(xjf_yj)-}-fij (t— Op,x — Q(x_y)) —Aj(t,x)dG
0

1

0A
+Zk:(xk —yk)j(l - B)a—xj‘(t— 6p,x —0(x —y))d@

0
1

a
—pf(l - e)a—r(t —0p,x — 8(x —¥))do,
]

0
and so by the Taylor expansion

—y) 1 A,
0.,5(r3) - Aj(t,x)=w—fza—g(t,xm—y»
l

12 :aA -
+3 ) an “ () (o — i) + Py (t, six, = y)- (10.2)
Xj VP

k
It follows from

- Zj'l(aszj)(xf —y) G —y) + Z},'k (%Ak) (xj—¥) Gk —y) =0

that
2 _mlx—yl? Xy
o Z ax]S(yxy) A;(t, x)} T + \/_qz <t S; X, ——— \/; . (11.2)
The same arguments show that
mlx — y|? ( X — }’)
0:S =————7—-V(t,x) + t,s;x,——|, 12.2
t ( xy 2P2 \/Zq3 \/E ( )
dm -y
ALS(yy ——+(VA)(tx)+ (tsx ) 13.2
(n3) =~ Jpas 7 (13.2)
Inserting (11.2) — (13.2) into (7.2) — (9.2), Then we have: (i)
we can complete the proof. | §+€af¢(s +& 8% x + 5)| < Cup,

la+pBl=>2, €=0,x,x+c€R (1.3)
(if) There exist constants p, >0 and x>0
such that

I11. Claims

Corollary (1.3): Assume

2
(024t x)| < Cq < x >, a| > 2,) 0<€<li}01§x+8 —a( +¢ B (s+&s;x,x+e) =k (2.3)
and T

a
(10zV(£x)| < Co laf = 2, (£x) € [0, T] xRY). where 92¢/9(x + £)? is the Hessian in (x + €).

Philadelphia, USA 0 0 Clarivate
Analytics indexed



ISRA (India)  =6.317 SIS(USA)  =0.912 ICV (Poland) =6.630

. ISI (Dubai, UAE) = 1.582 PUHII (Russia) = 0.126 PIF (India) =1.940
Impact Factor: g\ australia) =0564 ESJI(KZ)  =9.035  IBI (India) = 4.260
JIF = 1500  SJIF (Morocco) = 7.184  OAJI (USA) = 0.350

Proof: Let |a] = 1. Then we have

from(|0gA;(t,x)| < €, <x >0, |a| > 2,),

|x|
(0x )1+S

|6"‘A (s+gx)—0fAi(s+e, 0)| < Const. f dg < Const.f (9>1+5 df < oo,
0

and hence
|0g4;(s +&x)| <C, lal =1,(s +¢&x) €[0,T] x R% (3.3)

In the same way we have for |a| = 2,

1 o
) o plx + |
|\/Z(x+s).jo (024) (s+9p,x (1 9)\/;(96+£)) d9| < Const.fo (x—e\/ﬁ(x+£))1+8

<c tfm L <Q—x+£) 43
< ons.0 x—g)i's “Txte (4.3)

[ee] 1 .
< COTlSt.f_deg =(C, < o, EZO,XERd,

where we used |x—6Q|>1[0—x.0|. The ﬂ' DY — (o — ) -
inequality(1.3) can be shown from assumptions Ad(A B =Ge=y) (o W) (53)

|02V (t,x)| < Cy lal = 2, (t,x) €]0,T] x
RL), (9t s x,w) = Zwl? + \fpw. folA(s +
1 d 1 1
0p,x = (1—0)Jpw)do —p [ V(s +6p,x - — Z(zk - xk)f j 6,81 (1(0),{(0)) dodo, . (63)
k=1 0 -0

(1-6)/pw)do, p=t— s.),(3.3) and (4.3). So
can (2.3), because we have 0%2¢/d(x +¢&)? =

=== [ 0 5(0).¢0)dodo,
(V]

Proof: We have by (z(0),{(0))=(1-

(m/2)14 + 0(e). I, is the identity matrix. 0){(1 — 01)(t,2) + 01(s, )} + 02 {(1 -
Lemma (2.3): Set Bj, = —Byjfor1 <k <j < a)(t,2) +01(s, )} = (¢ —01(t =5),z+ 01 (x —
dand B;; = 0 forj = 1,2,...,d. Then we have z) + 010, (y — x)) € R%*1.,

ﬂE dtAdx; = f f E; (T(O‘) ((a))deta(( o {])) dojdo, = (t — s)(x]- - yj)jo J; 01E; doyda,, (7.3)

! (85, %)
B dxiAdx =j f B;, det —2>"2 dg,do:
IL jkHYA) k o o jk 0(01‘0_2) 1 2

_{(xk - yk)(xj - Zj) - (xj - yj)(xk - Zk)}fo J; 0, Bjy doyday, (8.3)

and hence from Lemma(1.2.7)[5],

Ud(A dX) = —(t—s)Z(x] y])j f 01E; doydo,

- Z {(xk - }’k)(xj - Zj) - (xj - yj)(xk - Zk)}fo fo 01Bj, do,da,

1sj<ksd

d 1,1 d 1,1
=—(t—ys) Z(xj - yj)f J- 01E;doydo, + Z (x]- - y]-)(xk - zk)f f 01Bj doydo,.
=1 0 7o jk=1 0o

Thus Lemma (2.3) could be proved. functionals which belong to all the Sobolev spaces.

We study two versions of the Sobolev calculus on the

V. Conclusion free loop space which are both invariant under
rotations of loops. We work on R¢ with metric

Was defined Sobolev spaces and an Ornstein- Ygi;dxtdx/, where the gjare smooth bounded
Uhlenbeck operator on the loop space. We find some functions. These Hilbert spaces form a measurable

*
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field of tangent Hilbert spaces on the loop space and
they will play the role of the tangent spaces of the
loop space. The basic tool in setting up this Sobolev
calculus is integration by parts formulas.

In [13,14] gave the rigorous meaning of the
Feynman path integral for a class of potentials,
adopting the formulation through piecewise classical
paths. In [15] this result was generalized for a wide
class of potentials. We study the formulation of the
Feynman path integral through broken line paths.
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