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Introduction 

Root sets of functions of the Hardy class 
p

H  are 

well studied. The well-known theorem on the root sets 

of functions of the Hardy class says: a sequence

 
1k k

z
+

=
 a sequence from the unit circle is the root set 

of a function from the class 
pH  for some 0 p  +  

if and only if the Blaschke condition 

( )
1

1 k

k

z
+

=

−  + is satisfied.  However, a complete 

description of the roots of functions from the classes
pA , 0 p  + . 

In 1974, the famous Israeli mathematician C. 

Horowitz obtained an unexpected property of these 

classes in [11]. It turns out that, in contrast to a class
pH , in Bergman classes pA  these sets differ 

significantly for different p  and : if 0 p  +  and 

1   − , then there is a function ( ) pf z A  a 

sequence from the unit circle, such that ( ) 0kf z =  

1,2 ,k =  ( ) 0f z  , at the same time for an arbitrary 

function ( ) pg z A  from ( ) 0kg z =  1,2 ,k =  

follows that ( ) 0,g z z D   . 

To formulate the main result, we introduce the 

following notation: 

Let  С be a complex plane; 

 : 1D z x iy С z= = +    - unit circle on a 

complex plane; 

( )H D -  the set of all analytic functions in D . 

Let us introduce the Bergman weight class (1) 

and (2). 
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( ) ( ) ( )2
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( ) 1 ln
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n n
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A f D f z z dm z
z



 
   

=  −  +   −   
  (2), 

 

 

where ( )x  - is an arbitrary positive function 

monotonically increasing on (0, )+ , 

0 , 1p   +  − .  

Theorem.  Let ( )x  - be an arbitrary positive 

monotonically increasing function on ( )0,+

satisfying the following conditions:  

( )

( )1

2
sup
x

x

x



 +

 + ; 

( )1

dx

x x

+

 +
 . 

Let also 1  − , 0 p  +  

Then: 

1. For large enough aN the function  

( )
( )( )

1

1 kk a p

a

k m p

f z a z A

k k







+

=

= 



 . 

2. If ( )h H D , ( )b H D , 

( ) ( ), max
z r

M b r b z



= ,moreover 

( ) ( )( ), 1M b r r



−

 = − , 1 0r → −  , then 

( )
p

n nf b h A


+  , n N. 

Evidence. 

Let us prove the first item of the theorem. 

Consider (3). 

 

 

 

 

𝑓𝑎(𝑧) = ∑
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(𝑘⋅𝜔(𝑘))
1
𝑝
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Let's put 
ka

kr e


−

= . Obviously, for 1kr →  at 

k → , then, considering that1 − 𝑟𝑘 ∼ − 𝑙𝑜𝑔 𝑟𝑘, 

 
 

 

We get  

− 𝑙𝑜𝑔 𝑟𝑘 = −𝑙𝑜𝑔(1 − (1 − 𝑟𝑘)) ∼ −(−(1 − 𝑟𝑘)) =

1 − 𝑟𝑘, 

from where 

log log
ka

k k
r e

a


−

− = − =  и 1 − 𝑟𝑘 ∼
𝜆

𝑎𝑘
. 

Let us show that there exist positive 1c  and 2c , 

such that  

( ) ( ) ( )1 2 ,k a k kc U z f z c U z z r  =  

We estimate ( )kS z  and ( )kT z  in terms of 

( )kU z  for 
kz r= . 
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Estimate kA  and kB  separately 
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Consider seperately 
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Denoting through 
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Then 
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Since ( )1 0
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→  , ( )2 0
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→  then for 

sufficiently large a  the estimate will be correct 
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Let us show, that the estimate will be correct

( ) ( )
1

2
k aU z f z , 

kz r= . 

 

 

 

Since ( ) ( ) ( ) ( )a k k kf z S z U z T z= + + , then 

( ) ( ) ( ) ( )a k k kf z S z T z U z− − = , 

from where 

( ) ( ) ( ) ( )k a k kU z f z S z T z + +  and 

( ) ( ) ( ) ( )a k k kf z U z S z T z − − . 

Considering that 

( ) ( ) ( )1k kS z a U z   

 and  

( ) ( ) ( )2k kT z a U z  , 

one can choose a , such that  

( ) ( )
1

2
a kf z U z . 

In this way, 

( ) ( ) ( )
1 3

2 2
k a kU z f z U z  ,

kz r= , 

1,2,k =  (*) 

Let us now estimate the integral

 

( ) ( ) ( ) ( ) ( )
1

2

0

1 1
pp i

a a

D

f z z dm z f re r rdrd


 




−

− = − =  

 

( ) ( ) ( ) ( )
1 1

1 1

1 1
k k

k k

r r
p p

i i

a a k

k kr r

f re r rdrd r f r e d rdr

 
  

 

 

− −

+ +

= =− −

= −  −     

 

( ) ( ) ( ) ( )
1 1

1 1

1 1
k k

k k

r r
p p

i i

a k k

k kr r

f r e d r dr c U r e d r dr

 
  

 

 

− −

+ +

= =− −

−   − =    

 

( )
( )

( )
( )

1 1

0

1 1

1 1
2 1 1

k

k k

k

k k

ar rp

pk pka

k kr r

c a e r dr c a r dr
k k k k


  

 
− −

+ +−

= =

 
=   − ==  −    
  

 

Because 

 

( )

( )

( )

( )( )
1

11 1

1
1

lim lim
1 1 1

k

k

k k

r

r k

r r
k k

r dr
r

const
r r





 


−

+→ →

−
−

= =
− + −


 

 

 

and 

∫ (1 − 𝑟)𝛼𝑑𝑟
𝑟𝑘
𝑟𝑘−1

∼ (1 − 𝑟𝑘)
𝛼+1 ∼ 𝜆𝑎−(1+𝛼)𝑘 , 

then equality (7) is true. 

 

 

 

( ) ( )
( )

( )

( )
( )( )

( )

1
11

1 1 10

1 1 1
1

p k pki pk

k k k

f re r rdrd C a a C a C
k k k k k k


   




  

+ + +
− +− +

= = =−

−   =  = 
  

     (7) 

 

 

 

Series 
( )1

1

k k k

+

= 
 - converges by condition. In 

this way, ( ) p

af z A . 

Let us prove the second part of the theorem, that 

is, we will show that 

 
 

( )
p

n n
af b h A


+  , n N, ( )h D  , 

( )b D . 

We introduce the function 

( ) ( ) ( )( ) ( )ng z f z b z h z= + . 

Consider

( ) ( ) ( )( )( )
1

1 1 1
exp ln exp ln

2 2 2

pp

i i n i nn ng re d g re d f b h re d

  

  

  

  
  

− − −

  
= == + =     

   
  



Impact Factor: 

ISRA (India)        = 4.971 

ISI (Dubai, UAE) = 0.829 

GIF (Australia)    = 0.564 

JIF                        = 1.500 

SIS (USA)         = 0.912  

РИНЦ (Russia) = 0.126  

ESJI (KZ)          = 8.997 

SJIF (Morocco) = 5.667 

ICV (Poland)  = 6.630 

PIF (India)  = 1.940 

IBI (India)  = 4.260 

OAJI (USA)        = 0.350 

 

 

Philadelphia, USA  465 

 

 

 

 ( )( ) ( )
1 1

exp ln ln
2 2

p p

n i in nf b re d h re d

 

 

 

 
 

− −

 
= + + =  

 
 

 

( )( ) ( )exp ln ln
2 2

n i ip p
f b re d h re d

n n

 

 

 

 
 

− −

 
= + +  

 
 

 

( )( ) ( ) ( )( )exp ln ln 0 exp ln
2 2

n i n ip p p
f b re d h c f b re d

n n n

 

 

 

 
 

− −

   
 + + ==  +   

   
   

 

 

In the last inequality, we used the well-known 

Jensen inequality: 
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SJIF (Morocco) = 5.667 

ICV (Poland)  = 6.630 

PIF (India)  = 1.940 

IBI (India)  = 4.260 

OAJI (USA)        = 0.350 

 

 

Philadelphia, USA  466 

 

 

Then 

 

∑
1

𝑘 ⋅ 𝜔(𝑘)

𝑎𝜆𝑝𝑘

𝑒𝑝𝜆
∫ (1 − 𝑟)𝛼𝜔 (𝑙𝑛

1

1 − 𝑟
)𝑑𝑟

𝑟𝑘+1

𝑟𝑘

+∞

𝑘=1

∼

∼∑
1

𝑘 ⋅ 𝜔(𝑘)

𝑎𝜆𝑝𝑘

𝑒𝑝𝜆
⋅

+∞

𝑘=1

𝜆𝛼+1

𝑎𝑘(𝛼+1)
⋅ 𝜔 (𝑙𝑛

𝑎𝑘

𝜆
) ≥ ∑

𝜔(𝑙𝑛
𝑎𝑘

𝜆
)

𝑘 ⋅ 𝜔(𝑘)

+∞

𝑘=1

≥ ∑
𝜔(𝑘)

𝑘 ⋅ 𝜔(𝑘)

+∞

𝑘=1

= ∑
1

𝑘

+∞

𝑘=1

= +∞ 

 

Consequently, ( )
p

n n
af b h A


+  , n N, 

( )h D  , ( )b D . The theorem is proved. 
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