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Introduction "
(1) Hu=-u +VX)u,

The mathematical theory of Schrodinger

operators is used in quantum mechanics, differential where V (X) e Lj(R) is a real valued function.
geometry. Allows for numerous generalizations. It is Clearly, Ho is a symmetric operator in L*(R).
very important for the foundations of quantum Recall that Ho is said to be essentially self-adjoint if
mechanics, since only self-adjoint operators describe its closure Hg" is a self-adjoint operator. In this
quantum mechanical observables. In quantum case Ho has one and only one self-adjoint extension.
mechanics, the Schrodinger operator is the energy

operator of a system of n charged particles in a 1. Assume that

coordinate representation. The concept of a wave

function is a fundamental postulate of quantum @ V&) =—QX),

mechanics; the wave function defines the state of the ) ) ) )
system at each spatial position, and time. Using these where Q(x) is a nonnegative continuous even function
postulates, Schrodinger's equation can be derived whichisnondecreasing for x > 0 and satisfies

from the fact that the time-evolution operator must be

unitary, and must therefore be generated by the 3) fi%: 0

exponential of a self-adjoint operator, which is the
qguantum Hamiltonian. This derivation is explained

ThenHy isessentiallyself-adjoint.
below.

Proof. As we have already seen in previous
lectures, to prove self-adjointness of Hj" it is enough
to show that Hg* is a symmetric operator. Hence, first
we have to study the domain D(H})

1. Self- adjointness

Consider an operator Ho defined on D(Ho) =
Cy° (R) by the formula
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(i) If feD(H)E, then f(X) is absolutely
continuous and f'e L?,.(R).

Indeed, let g = (H)§f. Forevery ¢ ¢ Cy° Hence, (F — f)" = 0 in the sense of distributions,
(R) we have i. e. F-f is a linear function of x. This implies
" o immediately the required claim.
rrud N — Now we have to examine the behavior of f ¢
| FeS =] weo 7eo Dy e ey

— 1)@ (x)dx (i) If feD(HY), then

Denote by F(x) the second primitive function

of V(x). F(x)-g(x) @ [ LD gy ¢ o
Then the previous identity and integration by ® Q(2x) . .
parts imply To prove the last claim, consider the integral

J_Z?.(p"dx = 'E:? @'dx
= f -2 (F 0F G + F0F o))

- [[a-Bh(r-Fer7)ax-2[ a-Ehirras
Thus, we get the following identity
1
f a-2hire )|2dx———f (r-F+r-F). (1—U)dx+—[|f(w)|2+|f( ~W)2 = 2IF Ol

Multiplying the last identity by w, integrating
over w € [0, t], and taking into account the identity

T ) 1 T
- h(x)dx)dw = = T — 2h(x)d
| @-rbaednde =5 | @ ln2neoas
we get
T 1 T Ve — T
[ a—mprirar =5 [ @-1x2 (57 fe P+ | @R+ do - 27 OPT,
-T -T 0
or, dividing by T 2,
f a-2 1 s ———f @ (r 7o Fax e ([ IFCRdx - 27@F 1)
T2Y) ,
Letting g = —f + V(X) f, we obtain

17 =21 dx=

=3[ a-By Frg nax- [ a-Bhrwirerac 2 ireora-ziroen

Now remark that f,g e L?(R) and 0 <1 —|x|/T
<1 for xe(T,—T). T E{
Hence, estimating —V (x) by Q(x), we get _[T(l _T) If 17dx

f a-2eoirraxe,
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where c is independent of T . The last inequality
implies clearly

6 LUTIF @I dx < [ QEIf 1P dx +c

Let
1 T/2 2
w(T)=Zf If|" dx
-T/2

T
2(T) = f QEIfI2 dx + ¢

Consider the integral
fT w'(x) = x'(x)
—————dx
0 Q)
and apply the following on mean value: if f(x) is a
continuous function and K(x) >0 is a nondecreasing

continuous function, then there exists & e [a, b] such
that

b g
| reokeax =k@ [ rwax

Then, due to (5) we obtain

i wQX ﬁfg(w'—){)dx
Q(o) [w(E) x(® — w(0)
x(0)] < Q(O) [x(0) — w(0)]
=C.
Since

[If Gre+r(-3)r
X ()= QEIIF @I + I (=x)I7],

we get immediately

1rIf G+ (=31
Efo o %

< f (FCOR + 1f (=) [D)dx
0
+ C.

Since f € L2(R), the last inequality implies the
required claim.

End of proof of 1. Let fi, f, e D(H;) and

gi=—f +VX)f, i=12.

We have to show that

| sigsax=| gifzax

First we observe that

(©) STz ~ 0 fdx = I
fifz)dx =\fifs — fifzllt
Let
1 X
——, P(x)= d
PO P f p(t)dt

Multiplying (6) by p(t) and integrating over
[O,T ], we obtain

@) f, PO (iGz — 91f2)dx]dt =

- f pOLfi — fa — FiFo11E cdt

For the left-hand part we have (changing the
order of integration)
T

fo pr [ Gz - 9. e
T
-| gz

T
p(t) dt]dx

x|

- Tz - 9 TP
— P(x))dx

- 91E)

Now we estimate the right-hand part of (7) (more
precisely, its typical term):
T

| f AOFOp@)dt]
0
T T .
<1[ IhOPd [ 15O O sC,
0 0

where, due to claim 2), the constant C is independent
of T. Therefore,

|| (pr) = P17 - 00 Folax < €.
-T

Dividing by P(T ) and letting T — +oo (hence,
P (T ) — +o0), we get

P(|x]) " _
® Jlim | [ (1-2ED) g5 - g, Foldx] = 0
Now we have to prove that
. T — <
) Tl_lgloo| f_T[flgz —91f2]dx| =0
To end this we fix e > 0. Since fi, gi eL%(R),
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fl  Allgel + ol <

for all w large enough. Then, foreach T > w we have

P —,
[ (1= )iz - aiFaan
/D)
<t (1-2) 15
~ g, F)dxd +e

Letting T — —+oo and using (8), we obtain

| (hgz - e Fan)i <e

which implies (9).
2. Discreteness of spectrum

Consider the operator Ho defined by (1).
Assume that V (X) € Li; . (R) is a real valued function
and

(20) H?o V(x) =+

Clearly, 1 implies that Ho is essentially self-
adjoint (take as Q(x) and appropriate constant).
Denote by H the closure of Ho.
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