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Abstract: Mathematical model of an electric discharge in a fluid is developed in the paper. Cylindrical problem 

was solved for the active and post-discharge stages of electric discharge in water with an explicit specification of the 

boundary condition for pressure on the contact surface. A transition to other variables has been made. The moving 

boundary in new variables corresponds to the origin of coordinates. A uniform rectangular meshwas used in 

numerical solution. 
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Introduction 

UDC 532.526 

 

Impulse energy technology is widely used in 

various fields of production and processing of useful 

materials. The brief review presented in [1] showed 

the advantage of the high-voltage discharge current 

method in production of porous materials from 

titanium, niobium and tantalum powders. The 

recycling of useful materials, such as metals and 

plastics, is rated as an important process in terms of 

conserving resources and protecting the environment. 

In this regard, the use of impulse energy technology 

[2] in the field of recycling attracts considerable 

attention. 
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Experimental studies of the phenomena 

occurring in droplets of various liquids under the 

action of nanosecond spark discharges [3] showed the 

need to pay attention to hydrodynamic and 

physicochemical phenomena in droplets. 

Experimental and theoretical studies concerning 

partial discharges in liquids [4] showed that an 

additional source of ionizing radiation (x-rays) should 

be used for the occurrence of partial discharges under 

these conditions. 

The use of this process in fluids has its 

application in the processing of various materials, in 

stamping, crushing, in food industry [5]. 

Mathematical simulation of hydrodynamic processes 

during an electric discharge in a liquid is a way of 

finding the optimal parameters of this process. 

From a hydrodynamic point of view, an electric 

discharge in a fluid is considered as a process of cavity 

expansion in a fluid. The cavity dynamics can be 

described by an analytical solution [6] or determined 

by numerical methods of gas dynamics problems [7, 

8]. The process of fluid flow behind the cavity can be 

determined by the equations of hydrodynamics [9]. 

Experimental studies of electric discharge in a 

fluid to determine the hydrodynamic parameters were 

carried out at a considerable distance from the source. 

Theoretical studies also related to the areas remote 

from the discharge channel. 

A mathematical model of electric discharge in a 

fluid was proposed; it determines the change in 

hydrodynamic parameters, both in remote areas and 

close to the source of discharge. 

Statement of problem. Consider a cylindrical 

model. Let the cylindrical cavity formed in afluid as a 

result of the break-down of the interelectrode space 

expands at high velocity and sets the fluid in motion. 

The fluid flow is described by a system of unsteady-

state equations [9] in a conservative form 
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where r ‒ is the radial coordinate, v is the flow 

velocity, P is the pressure, ρ is the density of the 

medium, t is time. The system of equations (1) is 

closed by the Taitequation of state of the fluid in the 

form  

0( ) ,P A B=   −                                                (2) 

where 

𝜒 = 7,𝐴 = 3,04 ⋅ 108𝑃𝑎,𝐵 = 𝐴 − 𝑃∞, 𝜌0 = 103𝑘𝑔/
𝑚3, 𝑃∞ = 1,04 ⋅ 105𝑃𝑎– is the hydrostatic pressure. 

The initial conditions at t = 0 are: 

𝑃(0, 𝑟) = 𝑃∞ , 𝑣(0, 𝑟) = 0 

𝑎0 ≤ 𝑟 ≤ 𝑟𝑏,                          (3) 

where а0‒ is the initial radius of the plasma cavity or 

the lower boundary of fluid (≈0.1-0.15 mm),rв is the 

upper boundary of computational domain. These 

conditions correspond to the fluid at rest; the 

conditions imposed on the lower boundary of fluid 

are: 

( , ) ( ), ( , ) .a

da
P t a P t v t a

dt
= =                       (4) 

To solve the problem, it is necessary to know the 

law of expansion of the discharge channel a(t) or the 

pressure at the channel boundary Ра(t). The equation 

of energy balance in the channel [10] is  

,
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a
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where dE/dt‒ is the power released in the channel, V 

is the channel volume, γ = 1.26 ‒ is the effective 

adiabatic index. 

To determine the value of Раwe substitute the 

expression for the volume v=lπa2 in (5) and obtain: 
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Taking into account the boundary condition (4), 

the latter takes the form: 
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(7) 

The law of energy input into the discharge 

channel is taken in the form [10]: 
2 3 4

02 3 4
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t t t
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      (8) 

where τ0 is the discharge duration, Е0 is the total 

energy released in the channel. 

Equations (1), (2) and (5) with initial (3) and 

boundary (4) conditions represent a closed system of 

equations of electric discharge in a fluid, but they 

cannot be solved analytically. 

The solution of the problem.Numerical 

solution of such problems is performed in a moving 

mesh. Numerical calculation can be carried out in a 

normalized interval from 0 to 1, introducing a new 

coordinate system: 

( )
, ,

( )b

r a t
t

r a t

−
 = =

−
 

where the cavity boundary corresponds to zero value 

of the newly introduced coordinate η, and the upper 

boundary corresponds to η = 1. 

The system of equations of fluid flow in new 

coordinate systems takes the form: 
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The initial and boundary conditions in the newly 

introduced coordinates have the form: 

(0, ) , (0, ) 0, 0 1;

( , ) ( ), ( , ) .a

P P v

da
P a P v a

dt

 =  =   

 =   =
   

(10) 

The presented equations were 

nondimensionalized using scaled quantities — the 

density of a fluid at rest, the size of computational 

domain, and the velocity of sound in water. In the 

numerical solution, a uniform rectangular mesh

, 0,1,2,...; , 0,1,2,..n
t m xt nh n mh m= = = =

was used. For the stability of the calculation, the time 

derivatives were approximated by the forward 

differences, i.e. derivatives of v t   type at the point

( ),t xnh mh  were replaced by the difference relation:  

according to  
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The derivatives with respect to spatial variables 

of v    type are approximated by central 

differences 
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The initial condition ( )0, 0v  =  involved in the 

problem generates a mesh initial condition
0 0тv = . 

As a result, from the continuity equation we 

obtain the meshequation of density to determine the 

fluid density at the interior points of the computational 

domain, 
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In the same way, from the equations of 

momentum and energy balance in the discharge 

channel, the fluid rate and pressure between the cavity 

and the fluid boundary are determined. The value of а 

is calculated by numerical integration of the velocity 

vat 0 = . 

The steps in the numerical calculations were 

takenas 0,06; 0,006x th h= = .The parameters are 

determined by the marching method in time. 

The pressure at the cavity boundary is 

determined from the equation of energy balance in the 

discharge channel.In the same way the fluid density 

and velocity at 0 = are determined from the 

corresponding equations. 

At the upper boundary of cylindrical domain, the 

no-fluid-loss condition was posed for the flow 

velocity, and the density and pressure were 

determined by the extrapolation method. 

Results of computational experiment.The 

results of numerical calculations for different 

discharges showed that at the initial time instants the 

maximum values of hydrodynamic parameters are at 

the lower boundary. Over time, the disturbance 

reaches the end of computational domain. After a 

certain time, the disturbance moves from the end to 

the beginning of fluid volume. Then the pressure 

drops everywhere. The overall pattern of the process 
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is similar for all discharges.The difference lies in the 

parameter values and the process time. List the results 

obtained for one discharge. The electrical parameters 

of the circuit used in calculations for this discharge 

had the following values:и=6 kV,l=3 cm,τ0 =30 

μs,Е0,=2480J, Cu2/2,=2970J, R0 =0,89 cm.  

Figure 1 shows the changes in dimensionless 

fluid pressure depending on dimensionless radius for 

this discharge at time instants 

0 0,3 (1); 1,0 (2); 1,3 (3); 1,7 (4)  = .As seen 

from the figure,at the beginning of the process the 

maximum pressure value is at the origin of calculated 

spatial coordinates, which corresponds to the cavity 

boundary and is 1.35.In the upper boundary of the 

calculation domain, the pressureat this time still 

retains its original value, which means that at time 

0 0,3  = at points close to the upper boundary the 

fluid is still at rest. Further, at 0 = a decrease in 

pressure is observed and its value gradually grows in 

the upper domain. 

This is noticeable on the curve at 0 1  = and at 

this time, the maximum pressure is still in the lower 

boundary. This means that the fluid is still receiving 

force from the discharge channel. At 0 1,3  =  the 

maximum pressure is in the middle zone, and its value 

is greater at 1 = than at 0 = . After a certain time, 

the disturbancemoves from the upper boundary to the 

lower one and this is clearly seen on the curve at

0 1,3  = . The calculations showed that at further 

calculated time instants a decrease in pressure is 

observed in the calculation domain. 

 

 

1)  2)  3)  4)  

Fig. 1. Change in fluid pressure 

 

The change in fluid velocity for this discharge is 

shown in Fig. 2 at four consecutive time instants:

0 0,3 (1); 1,0 (2); 1,3 (3); 1,7 (4)  = . At the 

first fixed point in time, the value of dimensionless 

velocity reaches 0.5. Then, its value decreases and a 

reverse flow forms, explained by the collapse of the 

cavity. 
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1)    2          ) 3) 4)  

Fig. 2. Fluid velocity distribution 

 

The change in fluid density corresponding to 

time instants is shown in Fig. 3. The highest density 

value is 1.39 and it is reached on the channel boundary 

at 0 0  = . Then, the density disturbancemoves to 

the upper boundary of computational domain. 

 

 

1) 2) 3) 4)  

Fig. 3.Change in fluid density 

 

The calculations on the electric discharge in the 

fluid for the cylindrical expansion of the channel 

showed that the key parameters of this process are the 

values of the energy supplied to the unit of the 

interelectrode distance and of the time of energy 

release. When developing various devices based on  

the phenomenon of electric discharge in a fluid, a 

mode can be chosen (varying these values), in which 

rational characteristics are obtained for the 

definedstructure. 
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Conclusion 

Computational experiments have confirmed the 

correctness of the presented model by describing the 

ongoing physical processes of electric discharge in a 

fluid. The advantage of this model is the determination 

of hydrodynamic parameters close to the discharge 

source. 

 

 

 

 

 

References: 

 

 

1. Minko, D., & Belyavin, K. (2016). A porous 

materials production with an electric discharge 

sintering. International Journal of Refractory 

Metals and Hard Materials. Vol. 59, pp. 67-77 

https://doi.org/10.1016/j.ijrmhm.2016.05.015 

2. Tomohiko Y., Hamid H. (2019). Metal-coated 

plastics recycling by pulsed electric discharge. 

Waste Management. Vol. 89, pp.57-63 

https://doi.org/10.1016/j.wasman.2019.03.069 

3. Dubinov, A., & Selemir, V. (2019). 

Hydrodynamic and physico-chemical 

phenomena in liquid droplets under the action of 

nanosecond spark discharges: A review. 

Advances in Colloid and Interface Science. Vol. 

271, 101986 

https://doi.org/10.1016/j.cis.2019.07.007 

4. Korobeynikov, S.M., & Yassinskiy, V.B. 

(2020). Study of partial discharges in liquids. 

Journal of Electrostatics. Vol. 103, 103412 

https://doi.org/10.1016/j.elstat.2019.103412 

5. Ting, J., & Jun, X. (2020). Continuous extraction 

optimization, molecular structures and 

antioxidant activities of polysaccharide 

fromGracilariopsislemaneiformis using liquid-

phase pulsed discharge. Separation and 

Purification Technology. Vol. 236, 116241           

https://doi.org/10.1016/j.seppur.2019.116241 

6. Khujaev, I., Ahmadjanov, S.,  Khujaev, M.,  & 

Ismailov, A. (2019).  Investigation of the gas-

dynamic state of an elementary section of the 

pipeline based on N.E.Zhukovsky equation. 

International Scientific Journal ISJ Theoretical 

& Applied Science. Vol.78, pp. 32-40.             

http//t-science.org/arxivDOI/2019/10-78.html 

7. Gurua, V., & Zlotnik, A. (2019). An explicit 

staggered-mesh method for numerical 

simulation of large-scale natural gas pipeline 

networks. Applied Mathematical Modeling. 

Volume 65, January 2019, pp.34-51.             

https://doi.org/10.1016/j.apm.2018.07.051 

8. Dorao, C.A., & Fernandino, M. (2011). 

Simulation of transients in natural gas pipelines. 

Journal of Natural Gas Science and 

Engineering. Volume 3, Issue 1, March 2011, 

pp. 349-355. 

9. Loitsyansky, L.G. (2003). Mechanics of fluid 

and gas. (p.736). Moscow: Drofa. 

10. Khudjaev, M.K. (2020). Simulation of spherical 

propagation of an electric discharge in composite 

fluids. Journal of Composite Materials, №1, 

pp.106-107. 

 

  

https://doi.org/10.1016/j.ijrmhm.2016.05.015
https://doi.org/10.1016/j.wasman.2019.03.069
https://doi.org/10.1016/j.cis.2019.07.007
https://doi.org/10.1016/j.elstat.2019.103412
https://doi.org/10.1016/j.seppur.2019.116241
https://doi.org/10.1016/j.apm.2018.07.051


Impact Factor: 

ISRA (India)        = 4.971 

ISI (Dubai, UAE) = 0.829 

GIF (Australia)    = 0.564 

JIF                        = 1.500 

SIS (USA)         = 0.912  

РИНЦ (Russia) = 0.126  

ESJI (KZ)          = 8.997 

SJIF (Morocco) = 5.667 

ICV (Poland)  = 6.630 

PIF (India)  = 1.940 

IBI (India)  = 4.260 

OAJI (USA)        = 0.350 

 

 

Philadelphia, USA  292 

 

 

 


