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We consider in this short note some new extremal problems in various spaces of
differential forms related with distance function. Using known integral representations
for differential forms from such type spaces some general new (not sharp) estimates will
be provided.

We consider in this section only bounded D domains in C" with dD € C*, so that
C"\ D is connected. We put as usual D= {z € C":p(z) <o}, where p is a real valued
function of C*(C") class and dp # 0 on (dD), and we choose p, so that |dp| =1 on
(dD).

In our previous papers we solved many extremal problems related with distances in
various spaces of functions on various type of domains. It is very natural to try to solve
similar type problems in general spaces consisting of differential forms. Note various
similar type problems related with approximation of various forms were provided by
various authors (see [1,2] and various references there).

We denote positive constants in this paper by c¢y,c2,c¢3,.... To formulate our results
we need various standard definitions from [1-3].

The root of our approach is to try to replace Bergman kernel and Bergman represen-
tation formula which was heavily used in our previous papers on distances in various
functional classes by similar reproducing formula, but for differential forms.

For that reason we apply general so-called Bochner-Martinelly-Koppelman formulas
to be more precise their versions in some functional classes consisting of differential
forms taken from [1,2]. Our paper is based on some results on differential forms taken
from [1,2].

We first remind the reader some basic facts on mentioned reproducing formula.
Then we define spaces,and formulate our problem and then give some new results
on extremal problems. Approaches we used here are very similar to those we used
previously in various functional classes via Bergman reproducing formula (see [4,5,6-7]
and references there also).

We provide first Koppelman formula.

Let I'=(iy,...,ip) and J = (ji,...,jg); be growing multiindexes

I<ip < <ip<ml<ji<---<jg<n0<p<n0<g<n.

For ¢ <n—1 we consider Koppelman kernels

Upal&:2) = <—1>P“‘“”%x

xY'Y o(J,k)o(Il) 5"_% dE[J, k] NdE[1)dTj Nz,
1J k¢ |§ _Z| "

where dzj =dzi A--- Ndzj,,dz; = dzi; \--- Ndzi,, where to get d&[I] we have to remove
dél'l .. -déip and
o(J,k)dz = dz Ndzj Ndz|J k|

o(l)dz = dz; Ndz].

The U, 4(&,z) kernel is a double differential form of (n—p,n—q—1) type by & and
of (p,q) type by z variable.
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We consider (p,q) type differential form y= Y 'y ;dz; Adz; and we put as usual

”

; ZJ ( ;Z;)dzk Ndzy NdZg

Theorem A. (Koppelman) (see [1,2]). Let D be a bounded region in C", with a boundary
oD partially smooth. Let y be a differential form of (p,q) type with coefficients of C'(D)
class, then we have

/'}’ )AUpq(& /8'}/ ) AUpq(8,2)—

= z€D
-3 [ 1E AUy (8:0) = { sl
D )
If y is a differential form of (p,q) type

Y= Z Y1.0(2))dzr Ndzg,

I=(it,....,ip);J = (j1,---,Jg),0<p,g<nm

where summation moves via 1 <ij <---<i, <n,1 <jj <--- < j,<n.
Then the Hodge operator on forms * is defined as follows

(x7) = Y (11 (2) * (dz1 AdZg) * (dzy NdZg) =
IJ

= (27 (=) (")(o())(o (I))dz([T]) A dz[]]

where d(z;) Adz[l] = (o]J])dz, so (xy) is a form of (n—gq,n— p) type. For properties of
operator we refer the reader to [1,2].
If y,¢ are two forms of (p,q) type with coefficients of L?(D) class then scalar

product of Hodge (7, @) can be defined as (y,¢) = (g}//\ *¢>, and ||| = +/(7,7) (norm

of a differential form).
Note also that

d
Jy= Zzazjdzk/\dzl/\dzj
=11J Y%k

9
=YY’ ylkjdzk/\dzI/\dZJ

Let W¥(D)=W3(D),s=0,1,2,3,... be a Sobolev space with f functions whose deriva-
tives up to s order are in L?(D) Wlth the usual scalar product. We define W;(D) as a
spaces of forms of (0,g) type with coefficients from W*(D),W; = W*(D).

We consider here bounded D domains in C", so that dD € C, and so that C"\ D is
connected.

In this paper we put always ¢ is less or equal than 2. And s is a natural always. This
with natural inclusions of W spaces allows us to use representation formulas in our
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theorems. We need some more definitions and assertions now to formulate our results
below.

Let X be a closed subspace of W;,X C (W,). The natural question is to estimate in
Hodge norms

(dist)(v.X) = inf ||y~ gl]). 7€ W]
geX

Note in a recent series of papers of the first authors such type problems were solved
in various functional spaces in various domains (see [4,5-7] and various references there
also).

We first provide a short scheme for function spaces in the unit disk D. Let H(D) is
a space of all analytic functions in D. N

Let B~ = {f € H(D) : (sup,ep)|f(2)|(1—|z])™" < oo},# < 0. Then we have for f € B~

B
(distz-,)(f,BY) < cinf{e > 0: / ( / %CM(W))QX

D Ae(f)
(1= |2]) 7 dA(z) < oo},
where dA is a Lebegues measure in D, 0 < g <oo;5 <0, > Bo, Po is large enough, and

(BY) = {f € H(D /V|q —[2) 7 dA(R) <},

Aer1={z€D: |1 - ) > e}, <0, > 0.

This is a known result (see [4,6,7]). Here is the short proof of this result which we
wish to extend to much larger spaces of differential forms in this note, using Koppelman'’s
formulas repeating same type arguments.

For B > Bp by Bergman representation formula we have.

Fw)(1—|w|)P Fw)(1—|w])P _
/ l—wz p+2 / l—wz p+2 dA(W)> B

D\A¢,—;

= f1(2)+ f2(z),z€ D
Fortr <0

[;ZGD.

o
(1=1z[)~

So we have (sup,cp)|fi(2)|(1—1z])™" < ce. For s <0,r <0 we also have ||fa[z <c,
and hence finally we have

distg-1 (f,B]) < cl|f = follg- = cllfillg. < ce

We turn here to the same problem, but in more general spaces of differential forms.
The main idea here in this paper is to use Koppelmans formulas (reproducing formulas)
instead of Bergman reproducing formulas as we did in our previous papers on this topic
previously.

We refer for all these to [1,2]. We consider only kernels for forms of type
(0,9),q € [0,n — 1] in reproducing formula of Bocher-Martinell-Koppelman that is

F(w)[(1 = [w])P
|f1(Z)|§CD\A/ T2 dA(w) <ce
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up4(&,2) = %‘,’KZ;]G(J, k)g—édE[JUk] ANdEdzy, where J\Jk means J(Jy,...,J,;) with k with-

in and o(J,k) we define as d§ ANdE; NdE[TUK] = o(J,k)dE where g(&,z) is a standard
fundamental solution of Laplace equation (see [1,2]).
We consider now the following bounded operators acting on spaces of differential
forms (see [1,2])
M : W, (D) — W, (D),

where

MY(z) = [ HE) Aoy (.2):
oD

P:W; (D) = W;* (D),
where Py(z) = — [ (&) AUy 4-1(&,2); (see [1,2]). Here is version of Bochner-Koppelman
oD

which formula we need for W spaces.
Theorem A. If y € Wi(D),s > 1, then Y= My+ dPy+Pdy in D.

This formula is exactly the one we need for our purposes as substitution of Bergman
integral reproductiong formula discussed above, we will need also it is versions for
various subspaces of W (see [1,2]).

We define V(D) spaces and pose a problem. Let V(D) ={ye Wj(D) : My=0,MPy=
0,...,MP9y=0}inD.

Then V; is closed subspace of Wj(D). (see [1,2])

Our idea is to generalize a distance problem for function spaces to more general
spaces of differential forms and to find concrete estimates for distances distx(y,Y), in
Hodge norms in spaces of forms, where X C Y,and X,Y are various spaces of differential
forms, and y € X.

1) We pose a new problem to find estimates for dist(y,V;),y € W;(D),V; C W, in
Hodge norm using theorem A above.

2) Let next ¢ € W(D) then ¢ = Mo+ (Pd¢) ([1,2]) by theorem A and we can
consider a problem of estimates of (dist)(¢,G), for closed subspaces G of W§,G C W.

3) For all y-functions (see [1,2]) yeVj:¢ = (PA@)(x). We consider problem of
estimates of (dist)(y,X),X C V§,v € (V§),X CV; using equality ().

4) Also we can look at closed subspaces X, X C VJ, since theorem A with My=0
for V; is valid also (see [1,2]).

5) Let X be a closed subspace of Qj,X C Q}(D) = Wy \Vy(D) then we look at
(dist)(f,X),f € Qy(D), note f=Mf for all fe Qy(D) (see [1,2]).

All these questions are interesting enough and precise estimates are from our point of
view an important issue, which may have various applications also.

We give some partial answers following our previous papers on extremal problems
in various functional spaces in various domains.

We note that our results probably can be sharpened. The answer for us is unknown
at this moment.

We fix indexes Iy,Jo. Then we put

Xpe =Xy = {& €D 1,5, ()19(8)] = £} ¥y = {z € D [¥,,5, (2)|9(2)| = €},

where we choose ¢ € C*(D), we omit Iy,Jo below.
We have the following results following argument of our previous papers on distances.
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We have the following theorem for the fifth problem.
Theorem 1. Let y < (Qf)(D), let X be a closed subspace of (Q})(D). Then

(distgy) (1, X) < crint{e > 0 | / Y(E) AUpy(&:2)||, <

Xey
if
| [ rontngea|, <e
D\Xe ’
For the second problem we have finally the following.
Theorem 2. Let yc (Wy)). Let X be a closed subspace of (W3)(D). Then
(@isth (1. X) < eafe > 0: || [ (MEN A WUog(&:2)~ [ THE) Ui (6:2)]| < )
Xe y Yye
if

| [ r&nng&) - [ & ntogn@l], <

ID\Xe,y I\Yye

[or some positive constants c3.

We leave the formulation of completely similar theorems for the first and fourth
problems to readers though it is more complicated technically.

Similar results are valid for other embeddings and problems similar to those we put
as for as appropriate integral representation of a differential form exists. We add some
lines of short proofs of these assertions below.

Indeed the simple argument for the proof of the first theorem is the following.

We have f = fi + f», where

fi@) = [ 1E)AVog(E.2)z€D

Xey

pE = [ (ME)AUby(E,zeD

dD\X, y

by theorem A.
[t remains to note that under conditions of our theorem, we have obviously the
following

(dist) gy (f:X) < e||f = fillgy = cll follgy < ce

Other our theorems have similar proofs. It will be nice to show if these estimates
are sharp or not.

Similar results are valid for so -called €9(D) type spaces of differential forms. To
formulate related version of Koppelman-Martinelly-Bochner formula, we will need some
definitions in bounded strongly convex domains in C* with C* boundary.

Here we consider domains which are given as follows D ={Z € C": p(Z) < 0} and
we denote by €9(D) the space of all differential forms of type (0,q) in D with coefficients
in C* in D.

25



ISSN 2079-6641 Shamoyan R.F., Shipka A.N.

By theorem from [1,2] each differential form u € €9(D),q > 0 can be represented as
u=Fyu+Py1(du)+ d(Pyu).

(see [1,2])
where P, =T,+L,, for 1 <g<n,P;=0, for g=0,g=n+1

(Fqu)(z):(—1>q(”—'1)!/(u(é))/\a)xq:ziég))/\dﬁ
oD ’

- (n—1)! , £-z 1\, AP(E)
L)@ =0 [ @ e (1M (=) + 5 ) M

aDx[0,1]

where we put

(6.9 =< PE.E 2= L 31§

for (z,&) e C"x ", and dp #0 on 9D, and P(§) = <5Tp 755) p real valued and is

of C* class and @'(n) = )rf (—1)/n;dn[j] is Lere form (see [1,2]).
j=1

Using this representation we can following arguments of proof of our previous theo-
rems find upper estimates for dist(¢q)(f,X); f € €9, for X closed subspaces of €1(D). We

leave this to readers.
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