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Abstrat

In fuzzy logi, where members of a set might be linguisti terms, the degree of

re�exivity might be in unit interval [0, 1] instead of {0, 1}. This behaviour of a

fuzzy set plays an important role espeially in the �eld of inlusion and similarity

measure. This paper is aimed at disovering the relations between the parameters

of �ukasiewiz transitive members of a family of ardinality-based fuzzy measure.
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1 Introdution

In everyday life, one is often faed situations in whih one needs to distin-

guish between multiple objets. This proess is usually arried out by means
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of measures based on the ommon features observed in the objets or the fea-

tures of one objet ontained by the other and ommonly known as similarity

and inlusion measures. The origin of many similarity measures an be seen

in Taxonomy, where feature-based approah is followed. When studying the

Mathematis of similarity, the objets are normally represented by the sets

of features. For example, when omparing two ars these sets may ontain

their olors, safety ratings and their performanes. Therefore, similarity and

inlusion measures are very useful tehniques to organize or lassify objets,

form onepts and to make generalizations. It is a very important onept in

many sienti� �elds suh as Bioinformatis, Biology, Chemistry, Information

retrieval, Statistis and many others [1℄, [2℄, [3℄, [4℄, [5℄ and [6℄.

Similarity measure determines the degree to whih the two objets resem-

bles to eah other while the inlusion measure expresses the degree to whih

the harateristis of the one objet inlude another. The degree of similarity

and inlusion measure has reeived muh more attention in reent deades

beause these are important tools for deision making, pattern reognition,

medial diagnosis, and data mining appliations.

Fuzzy sets introdued by Zadeh [7℄ in 1965 have an edge over the risp

sets that they an represent the degrees of truth or falsehood. Consequently,

in many pratial appliations, fuzzy similarity measures whih represent the

degree of similarity or the measure of how muh similar two or more elements

are seem muh loser to reality than their risp ounterparts do. Sine their

ineption in 1973, fuzzy similarity and inlusion measures and their plae in

almost all appliation areas from A to Z (i.e., from Anthropology to Zoology).

Cardinality based similarity and inlusion measures play a key role in liter-

ature and appliations [8℄, [9℄, [10℄ and [11℄. Some memorable ontributions

an be found in [12℄, [13℄, [14℄, [15℄, [16℄ and [17℄.

Cardinality based similarity and inlusion measures rely on the ardinali-

ties of sets of ommon and di�erent features. New measures were introdued

by assigning di�erent weights to the sets of ommon and di�erent features.

Suh families of similarity and inlusion measures are known as parametri

families and these weight are termed as parameters. Some famous paramet-

ri families were introdued by Tversky [5℄, Gower & Legendre [18℄ and De

Baets et al [14℄. A family of rational expressions using two, three and four

parameters [19℄, [20℄, [21℄ and [16℄ are available in literature. While axioms

for fuzzy similarity measures are foused, fuzzy equivalene relation stands

as the best model for fuzzy similarity measure. A fuzzy equivalene relation

is re�exive, symmetri and T-transitive [22℄ fuzzy relation. Unfortunately,
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the majority of fuzzy similarity measures found in literature do not follow

one or the other desired form of fuzzy transitivity, in partiular, the axiom

of T-transitivity is violated. In [16℄ Janssens et al established onditions un-

der whih a parametri family of ardinality based fuzzy similarity measures

beome T-transitive. The signi�ant development of meta-theorems, whih

ensure T-transitivity, an be found in [23℄ and [17℄. These theorems are used

to onstrut the neessary and su�ient onditions to obtain transitivity.

De Baets et al introdued a parametri family of ardinality based similar-

ity measure [13℄ and inlusion measure [14℄, whih over most of the famous

measures found in literature for di�erent values of parameters. Basially,

these measures used eight parameters and Janssens et al haraterized the

T-transitive members of the family of similarity and inlusion measures for

only four parameters for �ukasiewiz, Produt and Min t-norms.

Sometimes in similarity or inlusion measure, the features whih are ab-

sent or negative math play a key role in the omparison of two objets and

it seems improper to ignore these negative math features. In this ontext, a

manusript is already been submitted by Javed, Samina and Syed using six

parameters to haraterize the �ukasiewiz-transitive members, while this

submission not only tried to explore the transitivity between the objets

based on the similarities but also to inorporate the negative mathing fea-

tures. This paper is foused to determine the neessary onditions using all

eight parameters for �ukasiewiz transitive family of similarity and inlusion

measures based on ardinality. It is an e�ort to inlude some other measures

in the parametri family of measure, whih were put out of ation by the

restrition of four parameters.

The notion of fuzzy set was introdued by Zadeh in 1965 in his seminal

paper [7℄. A fuzzy set A is a mapping from a universe X to [0, 1] . For any
x ∈ X, the value A(x) denotes the degree of membership of x in A. Let

F (X) be the set of all fuzzy subsets of a universe X . For a risp universe

X , a fuzzy subset of X ×X is alled a fuzzy binary relation and throughout

this paper we termed fuzzy binary relations as fuzzy relations. Given a risp

universe X , and A,B ∈ F (X), A is said to be a subset of B (in Zadeh's sense

[7℄) denoted by A ⊆ B, if and only if A(x) ≤ B(x) for all x ∈ X .

De�nition 1.1 [24℄ The triangular norm (t-norm) T and triangular onorm

(t-onorm) T ∗
are inreasing, assoiative, ommutative and mapping [0, 1]2 →

[0, 1] satisfying T (1, x) = x and T ∗(x, 0) = x for all x ∈ [0, 1].
To every t-norm T there orresponds a t-onorm T ∗

alled the dual t-

onorm, de�ned by: T ∗(x, y) = 1 − T (1 − x, 1 − y). For the Lukasiewiz t-
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norm W (x, y) = max(x+ y − 1, 0), the orresponding t-onorm is W ∗(x, ) =
min(x+ y, 1).
De�nition 1.2 [25℄ A negator N is an order-reversing [0, 1] → [0, 1] mapping

suh that N(0) = 1 and N(1) = 0. A stritly dereasing negator satisfying

N(N(x)) = x for all x ∈ [0, 1] is alled a strong negator.

The negator de�ned as: N(x) = 1 − x for all x ∈ X, is alled standard

negator and was de�ned by Zadeh himself.

De�nition 1.3 [22℄ Given a t-norm T , a T−equivalene relation on a set X

is a fuzzy relation E on X that satis�es:

(i) E(x, x) = 1 for all x ∈ X ; (Re�exivity),

(ii) E(x, y) = E(y, x) for all x, y ∈ X ; (Symmetry),

(iii) T (E(x, y), E(y, z)) ≤ E(x, z) for all x, y, z ∈ X ; (T -transitivity).

De�nition 1.4 [25℄ Let R be a fuzzy relation on X. A triangular norm T is

T -transitive if and only if for all x, y, z ∈ X,

T (R (x, y) , R (y, z)) ≤ R (x, z)

De�nition 1.5 [22℄ An inlusion measure for ordinary sets is binary fuzzy

relation I on the power set P (X) = {0, 1}X satisfying,

A ⊂ B ⇒ I (A,B) = 1

2 Transitivity of Inlusion Measures

The rational ardinality based inlusion measure was proposed by Janssens

et al [14℄ in 2002. They de�ne inlusion measure for two subsets A and B of

a �nite universe X as

I(A,B) =
xχA,B + tχB,A + yδA,B + zνA,B

x′χA,B + t′χB,A + y′δA,B + z′νA,B

(1)

with χA,B = |A\B| , χB,A = |B\A| and the parameters x, x′, t, t′, y, y′, z, z′ ∈
{0, 1}. These parameters are onsidered to be positive real numbers. The

onditions of x < x′
and t < t′ are imposed to ontain inlusion measure

I(A,B) in unit interval, as x = x′, t = t′ leads to the trivial ase, so we

onsider 0 ≤ x < x′
and 0 ≤ t < t′.

Some inlusion measures I1−I5 [14℄,[26℄ available in literature are member

of this parametri family given in Table 1. The inlusion measure I6 given by

Kunheva [27℄ also beomes a part of this parametri family by onsidering all
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Tab. 1: Some members of Family (1).

Measure Expression x x′ t t′ y y′ z z′

I1
|B\A|
|A△B|

0 1 1 1 0 0 0 0

I2
|Ac|

|(A∩B)c|
0 1 1 1 0 0 1 1

I3
|B|

|A∪B|
0 1 1 1 1 1 0 0

I4
|(A\B)c|

n
0 1 1 1 1 1 1 1

I5 1− 2|A\B|
n+|A△B|

0 2 2 2 1 1 1 1

I6
|A∩B|
|A|

0 1 0 0 1 1 0 0

eight parameters. This inlusion measure does not belong to the parametri

family of four parameters.

Janssens et al [16℄ used only four parameters x, x′, y and z to explore the

relations between them for T -transitivity. In this setion, we determine the

onditions on all eight parameters x, x′, t, t′, y, y′, z and z′ for T -transitivity.

For this purpose, the notion of fuzzy re�exivity of a measure is used. The

inlusion measure will be fuzzy re�exive if y′ = θy, z′ = ϕz for θ, ϕ ≥ 1, so
the above inlusion measure an be written as

I(A,B) =
xχA,B + tχB,A + yδA,B + zνA,B

x′χA,B + t′χB,A + yθδA,B + zϕνA,B

(2)

with θ, ϕ ≥ 1. For six parameters, the above inlusion measure an be written

as

I(A,B) =
xχA,B + x′χB,A + yδA,B + zνA,B

x′ △A,B +yθδA,B + zϕνA,B

(3)

where y′ = θy, z′ = ϕz for θ, ϕ ≥ 1. In this paper, �ukasiewiz t-norm is used

to artiulate the onditions for transitivity, whih is termed asW -transitivity

throughout the paper.

Theorem 1 The W -transitive members of the lass of inlusion measures

(3) are haraterized by the neessary onditions

x′ ≥ max (yθ, zϕ)

Proof: To determine the onditions on parameters x, x′, y, and z for transi-

tivity, the inlusion measure S is W -transitive if it holds that,

W (S(A,B), S(B,C)) ≤ S(A,C)

S(A,B) + S(B,C)− 1 ≤ S(A,C)
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Applying the negator N(x) = 1− x, on both sides, we get

N (S(A,B) + S(B,C)− 1) ≤ N (S(A,C))

1− (S(A,B) + S(B,C)− 1) ≥ 1− S(A,C)

[1− S(A,B)] + [1− S(B,C)]− [1− S(A,C)] ≥ 0

In terms of family (3), the above inequality an be written as

[

1−
xχA,B + x′χB,A + yδA,B + zνA,B

x′ △A,B +yθδA,B + zϕνA,B

]

+

[

1−
xχB,C + x′χC,B + yδB,C + zνB,C

x′ △B,C +yθδB,C + zϕνB,C

]

−

[

1−
xχA,C + tχC,A + yδA,C + zνA,C

x′ △A,C +yθδA,C + zϕνA,C

]

≥ 0

⇒

[

(x′ − x)χA,B + y (θ − 1) δA,B + z (ϕ− 1) νA,B

x′ △A,B +yθδA,B + zϕνA,B

]

+

[

(x′ − x)χB,C + y (θ − 1) δB,C + z (ϕ− 1) νB,C

x′ △B,C +yθδB,C + zϕνB,C

]

−

[

(x′ − x)χA,C + y (θ − 1) δA,C + z (ϕ− 1) νA,C

x′ △A,C +yθδA,C + zϕνA,C

]

≥ 0

where χA,B = |A\B| , δA,B = |A ∩B| , νA,B = |(A ∪ B)c| ,△A,B= |A\B| +
|B\A| , et. This implies that

[

(x′ − x) |A\B|+ y (θ − 1) |A ∩B|+ z (ϕ− 1) |(A ∪ B)c|

x′ (|A\B|+ |B\A|) + yθ |A ∩B|+ zϕ |(A ∪B)c|

]

+

[

(x′ − x) |B\C|+ y (θ − 1) |B ∩ C|+ z (ϕ− 1) |(B ∪ C)c|

x′ (|B\C|+ |C\B|) + yθ |B ∩ C|+ zϕ |(B ∪ C)c|

]

−

[

(x′ − x) |A\C|+ y (θ − 1) |A ∩ C|+ z (ϕ− 1) |(A ∪ C)c|

x′ (|A\C|+ |C\A|) + yθ |A ∩ C|+ zϕ |(A ∪ C)c|

]

≥ 0 (4)

Consider the setting in �gure 1, then following onditions hold,
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|A\B| = a1 + b2
|B\C| = a2 + b3
|A\C| = a1 + b3
|A ∩B| = b3 + c

|A ∩ C| = b2 + c

|B ∩ C| = b1 + c

|B\A| = a2 + b1
|C\B| = a3 + b2
|C\A| = a3 + b1
|(A ∪ B)c| = a3 + d

|(A ∪ C)c| = a2 + d

|(B ∪ C)c| = a1 + d

|A △ B| = a1 + b2 + a2 + b1
|A △ C| = a1 + b3 + a3 + b1
|B △ C| = a2 + b3 + a3 + b2 (5)

where ai′s, bi′s, c and d are ardinalities.

Fig. 1: Cardinalities assoiated with sets A, B and C.

Using the values of ardinalities given in (5), the inequality (4) implies

[

(x′ − x) (a1 + b2) + y (θ − 1) (b3 + c) + z (ϕ− 1) (a3 + d)

x′ (a1 + b2 + a2 + b1) + yθ (b3 + c) + zϕ (a3 + d)

]

+

[

(x′ − x) (a2 + b3) + y (θ − 1) (b1 + c) + z (ϕ− 1) (a1 + d)

x′ (a2 + b3 + a3 + b2) + yθ (b1 + c) + zϕ (a1 + d)

]

−

[

(x′ − x) (a1 + b3) + y (θ − 1) (b2 + c) + z (ϕ− 1) (a2 + d)

x′ (a1 + b3 + a3 + b1) + yθ (b2 + c) + zϕ (a2 + d)

]

≥ 0 (6)

Setting a1 = b1 = c = d = 0, (6) implies

[

(x′ − x) b2 + y (θ − 1) b3 + z (ϕ− 1) a3
x′ (b2 + a2) + yθb3 + zϕa3

]

+

[

(x′ − x) (a2 + b3)

x′ (a2 + b3 + a3 + b2)

]

−

[

(x′ − x) b3 + y (θ − 1) b2 + z (ϕ− 1) a2
x′ (b3 + a3) + yθb2 + zϕa2

]

≥ 0
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⇒ (x′ − x)

[

b2
x′(b2+a2)+yθb3+zϕa3

+ a2+b3
x′(a2+b3+a3+b2)

− b3
x′(b3+a3)+yθb2+zϕa2

]

+y (θ − 1)

[

b3

x′ (b2 + a2) + yθb3 + zϕa3
−

b2

x′ (b3 + a3) + yθb2 + zϕa2

]

+z (ϕ− 1)

[

a3

x′ (b2 + a2) + yθb3 + zϕa3
−

a2

x′ (b3 + a3) + yθb2 + zϕa2

]

≥ 0

Sine x′ > x, θ > 1 and ϕ > 1 so the fators x′ − x, θ − 1 and ϕ − 1 an be

omitted and we obtain

[

b2
x′(b2+a2)+yθb3+zϕa3

+ a2+b3
x′(a2+b3+a3+b2)

− b3
x′(b3+a3)+yθb2+zϕa2

]

≥ 0 (7)

In partiular, setting a2 = a3 = 0 in (7) leads to

b2

x′b2 + yθb3
+

b3

x′ (b3 + b2)
−

b3

x′b3 + yθb2
≥ 0

[x′b2 + 2x′b3] yθb2 +
[

y2θ2 + (x′)
2
− x′yθ

]

b23 ≥ 0

(x′)
2

≥ (x′ − yθ) yθ

x′ ≥ yθ. (8)

Other ombinations of ai′s and bi′s, that is, b2 = b3 = 0, a2 = b3 = 0,
or b2 = a3 = 0 do not lead to any other onditions on x, x′, y, z. Setting

a2 = b2 = c = d = 0, (6) implies

[

(x′ − x) a1 + y (θ − 1) b3 + z (ϕ− 1) a3
x′ (a1 + b1) + yθb3 + zϕa3

]

+

[

(x′ − x) b3 + y (θ − 1) b1 + z (ϕ− 1) a1
x′ (b3 + a3) + yθb1 + zϕa1

]

−

[

(x′ − x) (a1 + b3)

x′ (a1 + b3 + a3 + b1)

]

≥ 0

⇒ (x′ − x)

[

a1
x′(a1+b1)+yθb3+zϕa3

+ b3
x′(b3+a3)+yθb1+zϕa1

− a1+b3
x′(a1+b3+a3+b1)

]

+y (θ − 1)

[

b3

x′ (a1 + b1) + yθb3 + zϕa3
+

b1

x′ (b3 + a3) + yθb1 + zϕa1

]
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+z (ϕ− 1)

[

a3

x′ (a1 + b1) + yθb3 + zϕa3
+

a1

x′ (b3 + a3) + yθb1 + zϕa1

]

≥ 0.

Sine x′ > x, θ > 1 and ϕ > 1 so the fators x′ − x, θ − 1 and ϕ− 1 an be

omitted and we obtain

[

a1
x′(a1+b1)+yθb3+zϕa3

+ b3
x′(b3+a3)+yθb1+zϕa1

− a1+b3
x′(a1+b3+a3+b1)

]

≥ 0 (9)

In partiular, setting a1 = a3 = 0 in inequality (9 ) leads to the same result

obtained in (8). Similarly, setting of b1 = b3 = 0 in inequality (9) implies

a1

x′a1 + zϕa3
−

a1

x′ (a1 + a3)
≥ 0

x′ ≥ zϕ (10)

and setting of b1 = a3 = 0 in (9) ends up with

a1

x′a1 + yθb3
+

b3

x′b3 + zϕa1
−

1

x′
≥ 0

(x′)
2

≥ yzθϕ (11)

Other ombinations of ai′s and bi′s do not lead to any other onditions on

x, x′, y, z. Setting a3 = b3 = c = d = 0 in (6) implies

[

(x′ − x) (a1 + b2)

x′ (a1 + b2 + a2 + b1)

]

+

[

(x′ − x) a2 + y (θ − 1) b1 + z (ϕ− 1) a1
x′ (a2 + b2) + yθb1 + zϕa1

]

−

[

(x′ − x) a1 + y (θ − 1) b2 + z (ϕ− 1) a2
x′ (a1 + b1) + yθb2 + zϕa2

]

≥ 0

(x′ − x)

[

a1+b2
x′(a1+b2+a2+b1)

+ a2
x′(a2+b2)+yθb1+zϕa1

− a1
x′(a1+b1)+yθb2+zϕa2

]

+y (θ − 1)

[

b1

x′ (a2 + b2) + yθb1 + zϕa1
−

b2

x′ (a1 + b1) + yθb2 + zϕa2

]
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+z (ϕ− 1)

[

a1

x′ (a2 + b2) + yθb1 + zϕa1
−

a2

x′ (a1 + b1) + yθb2 + zϕa2

]

≥ 0.

(12)

Sine x′ > x, θ > 1 and ϕ > 1 so the fators x′ − x, θ − 1 and ϕ− 1 an be

omitted. In partiular, setting b1 = b2 = 0 in the inequality (12) leads to the

results obtained in (10) and no other ombinations lead to other onditions

on x, x′, y and z. Thus all outomes (8 and 10) an be ombined to

x′ ≥ max (yθ, zϕ)

as the neessary ondition for the family to be W -transitivity.

Corollary 1.1 If θ = ϕ, then W -transitive members of the lass of inlusion

measure (3) are haraterized by the neessary onditions

x′ ≥ max(yθ, zθ)

Corollary 1.2 If θ = 1 = ϕ, then W -transitive members of the lass of

inlusion measure (3) are haraterized by the neessary onditions

x′ ≥ max(y, z)

Theorem 2 The W -transitive members of the lass of inlusion measures

(2) are haraterized by the neessary onditions

min ( x′, t′) ≥ max (yθ, zϕ)

∧(x′)2 ≥ max(yθ (t′ − yθ) , zϕ (t′ − zϕ))

∧(t′)2 ≥ max(yθ (x′ − yθ) , zϕ (x′ − zϕ))

Proof: To determine the onditions on parameters x, x′, y, and z for transi-

tivity, Let us suppose that the inlusion measure S is W -transitive i.e.,

W (S(A,B), S(B,C)) ≤ S(A,C)

S(A,B) + S(B,C)− 1 ≤ S(A,C)

Applying the negator N(x) = 1− x, on both sides, we get

[1− S(A,B)] + [1− S(B,C)]− [1− S(A,C)] ≥ 0

In terms of family (2), the above inequality an be written as

[

1−
xχA,B + tχB,A + yδA,B + zνA,B

x′χA,B + t′χB,A + yθδA,B + zϕνA,B

]



19 Aslam Javed, Ashraf, Husnine

+

[

1−
xχB,C + tχC,B + yδB,C + zνB,C

x′χB,C + t′χC,B + yθδB,C + zϕνB,C

]

−

[

1−
xχA,C + tχC,A + yδA,C + zνA,C

x′χA,C + t′χC,A + yθδA,C + zϕνA,C

]

≥ 0

⇒

[

(x′ − x)χA,B + (t′ − t)χB,A + y (θ − 1) δA,B + z (ϕ− 1) νA,B

x′χA,B + t′χB,A + yθδA,B + zϕνA,B

]

+

[

(x′ − x)χB,C + (t′ − t)χC,B + y (θ − 1) δB,C + z (ϕ− 1) νB,C

x′χB,C + t′χC,B + yθδB,C + zϕνB,C

]

−

[

(x′ − x)χA,C + (t′ − t)χC,A + y (θ − 1) δA,C + z (ϕ− 1) νA,C

x′χA,C + t′χC,A + yθδA,C + zϕνA,C

]

≥ 0

where χA,B = |A\B| , χB,A = |B\A| , χB,C = |B\C| , χC,B = |C\B| , χA,C =
|A\C| , χC,B = |C\A| .

⇒

[

(x′ − x) |A\B|+ (t′ − t) |B\A|+ y (θ − 1) |A ∩ B|+ z (ϕ− 1) |(A ∪ B)c|

x′ |A\B|+ t′ |B\A|+ yθ |A ∩ B|+ zϕ |(A ∪ B)c|

]

+

[

(x′ − x) |B\C|+ (t′ − t) |C\B|+ y (θ − 1) |B ∩ C|+ z (ϕ− 1) |(B ∪ C)c|

x′ |B\C|+ t′ |C\B|+ yθ |B ∩ C|+ zϕ |(B ∪ C)c|

]

−

[

(x′ − x) |A\C|+ (t′ − t) |C\A|+ y (θ − 1) |A ∩ C|+ z (ϕ− 1) |(A ∪ C)c|

x′ |A\C|+ t′ |C\A|+ yθ |A ∩ C|+ zϕ |(A ∪ C)c|

]

≥ 0.

Considering the settings in �gure and using the values of ardinalities given

in (5), the above inequality leads to

[

(x′ − x) (a1 + b2) + (t′ − t) (a2 + b1) + y (θ − 1) (b3 + c) + z (ϕ− 1) (a3 + d)

x′ (a1 + b2) + t′ (a2 + b1) + yθ (b3 + c) + zϕ (a3 + d)

]

+

[

(x′ − x) (a2 + b3) + (t′ − t) (a3 + b2) + y (θ − 1) (b1 + c) + z (ϕ− 1) (a1 + d)

x′ (a2 + b3) + t′ (a3 + b2) + yθ (b1 + c) + zϕ (a1 + d)

]

−

[

(x′ − x) (a1 + b3) + (t′ − t) (a3 + b1) + y (θ − 1) (b2 + c) + z (ϕ− 1) (a2 + d)

x′ (a1 + b3) + t′ (a3 + b1) + yθ (b2 + c) + zϕ (a2 + d)

]

≥ 0.

(13)
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Setting a1 = b1 = c = d = 0, (13) implies

[

(x′ − x) b2 + (t′ − t) a2 + y (θ − 1) b3 + z (ϕ− 1) a3
x′b2 + t′a2 + yθb3 + zϕa3

]

+

[

(x′ − x) (a2 + b3) + (t′ − t) (a3 + b2)

x′ (a2 + b3) + t′ (a3 + b2)

]

−

[

(x′ − x) b3 + (t′ − t) a3 + y (θ − 1) b2 + z (ϕ− 1) a2
x′b3 + t′a3 + yθb2 + zϕa2

]

≥ 0

⇒ (x′ − x)

[

b2
x′b2+t′a2+yθb3+zϕa3

+ a2+b3
x′(a2+b3)+t′(a3+b2)

− b3
x′b3+t′a3+yθb2+zϕa2

]

+y (θ − 1)

[

b3

x′b2 + t′a2 + yθb3 + zϕa3
−

b2

x′b3 + t′a3 + yθb2 + zϕa2

]

+z (ϕ− 1)

[

a3

x′b2 + t′a2 + yθb3 + zϕa3
−

a2

x′b3 + t′a3 + yθb2 + zϕa2

]

+ (t′ − t)

[

a2
x′b2+t′a2+yθb3+zϕa3

+ a3+b2
x′(a2+b3)+t′(a3+b2)

− a3
x′b3+t′a3+yθb2+zϕa2

]

≥ 0. (14)

Sine x′ > x, θ > 1, t′ > t and ϕ > 1 so the fators x′ − x, t′ − t, θ − 1 and

ϕ− 1 an be ignored and (14) an be simpli�ed as

[

b2
x′b2+t′a2+yθb3+zϕa3

+ a2+b3
x′(a2+b3)+t′(a3+b2)

− b3
x′b3+t′a3+yθb2+zϕa2

]

≥ 0 (15)

and

[

a2
x′b2+t′a2+yθb3+zϕa3

+ a3+b2
x′(a2+b3)+t′(a3+b2)

− a3
x′b3+t′a3+yθb2+zϕa2

]

≥ 0 (16)

In partiular, setting a2 = a3 = 0 in inequality (15) implies

b2

x′b2 + yθb3
+

b3

x′b3 + t′b2
−

b3

x′b3 + yθb2
≥ 0

[t′b2 + 2x′b3] yθb2 +
[

y2θ2 − t′yθ + (x′)2
]

b23 ≥ 0

(x′)2 ≥ yθ (t′ − yθ) (17)
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and setting b2 = b3 = 0 in inequality (16) implies

a2

t′a2 + zϕa3
+

a3

x′a2 + t′a3
−

a3

t′a3 + zϕa2
≥ 0

[2t′a3 + x′a2] zϕa2 +
[

z2ϕ2 + (t′)2 − x′zϕ
]

a23 ≥ 0

(t′)2 ≥ zϕ (x′ − zϕ) (18)

Other ombinations of ai′s and bi′s do not provide any other ondition on

x, x′, t, t′, y, z. Setting a2 = b2 = c = d = 0 (13) implies

[

(x′ − x) a1 + (t′ − t) b1 + y (θ − 1) b3 + z (ϕ− 1) a3
x′a1 + t′b1 + yθb3 + zϕa3

]

+

[

(x′ − x) b3 + (t′ − t) a3 + y (θ − 1) b1 + z (ϕ− 1) a1
x′b3 + t′a3 + yθb1 + zϕa1

]

−

[

(x′ − x) (a1 + b3) + (t′ − t) (a3 + b1)

x′ (a1 + b3) + t′ (a3 + b1)

]

≥ 0

⇒ (x′ − x)

[

a1
x′a1+t′b1+yθb3+zϕa3

+ b3
x′b3+t′a3+yθb1+zϕa1

− a1+b3
x′(a1+b3)+t′(a3+b1)

]

+y (θ − 1)

[

b3

x′a1 + t′b1 + yθb3 + zϕa3
+

b1

x′b3 + t′a3 + yθb1 + zϕa1

]

+z (ϕ− 1)

[

a3

x′a1 + t′b1 + yθb3 + zϕa3
+

a1

x′b3 + t′a3 + yθb1 + zϕa1

]

+ (t′ − t)

[

b1
x′a1+t′b1+yθb3+zϕa3

+ a3
x′b3+t′a3+yθb1+zϕa1

− a3+b1
x′(a1+b3)+t′(a3+b1)

]

≥ 0.

Sine x′ > x, θ > 1, t′ > t and ϕ > 1 so the fators x′ − x, t′ − t, θ − 1 and

ϕ− 1 an be omitted and this leads to the inequality (19) and the inequality

(20),

[

a1
x′a1+t′b1+yθb3+zϕa3

+ b3
x′b3+t′a3+yθb1+zϕa1

− a1+b3
x′(a1+b3)+t′(a3+b1)

]

≥ 0 (19)

and

[

b1
x′a1+t′b1+yθb3+zϕa3

+ a3
x′b3+t′a3+yθb1+zϕa1

− a3+b1
x′(a1+b3)+t′(a3+b1)

]

≥ 0. (20)
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In partiular, setting a1 = a3 = 0 in inequality (19) implies

b3

x′b3 + yθb1
−

b3

x′b3 + t′b1
≥ 0

⇒ b3 (x
′b3 + t′b1)− b3 (x

′b3 + yθb1) ≥ 0

⇒ t′ ≥ yθ

and by setting b1 = b3 = 0 in (19) leads to

t′ ≥ zϕ

That is,

t′ ≥ max (yθ, zϕ) (21)

Similarly a3 = b1 = 0 in (19) leads to the onditions (x′)2 ≥ yzθϕ and by

setting a1 = a3 = 0 and b1 = b3 = 0 in (20) implies

x′ ≥ max (yθ, zϕ) (22)

and a1 = b3 = 0 in inequality (20) gives

(t′)2 ≥ yzθϕ

Combining these two onditions (21) and (22) lead to

min (x′, t′) ≥ max (yθ, zϕ) (23)

Setting a3 = b3 = c = d = 0 (13) implies

[

(x′ − x) (a1 + b2) + (t′ − t) (a2 + b1)

x′ (a1 + b2) + t′ (a2 + b1)

]

+

[

(x′ − x) a2 + (t′ − t) b2 + y (θ − 1) b1 + z (ϕ− 1) a1
x′a2 + t′b2 + yθb1 + zϕa1

]

−

[

(x′ − x) a1 + (t′ − t) b1 + y (θ − 1) b2 + z (ϕ− 1) a2
x′a1 + t′b1 + yθb2 + zϕa2

]

≥ 0
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(x′ − x)

[

a1+b2
x′(a1+b2)+t′(a2+b1)

+ a2
x′a2+t′b2+yθb1+zϕa1

− a1
x′a1+t′b1+yθb2+zϕa2

]

+y (θ − 1)

[

b1

x′a2 + t′b2 + yθb1 + zϕa1
−

b2

x′a1 + t′b1 + yθb2 + zϕa2

]

+z (ϕ− 1)

[

a1

x′a2 + t′b2 + yθb1 + zϕa1
−

a2

x′a1 + t′b1 + yθb2 + zϕa2

]

+ (t′ − t)

[

a2+b1
x′(a1+b2)+t′(a2+b1)

+ b2
x′a2+t′b2+yθb1+zϕa1

− b1
x′a1+t′b1+yθb2+zϕa2

]

≥ 0.

Sine x′ > x, θ > 1, t′ > t and ϕ > 1 so the fators x′ − x, t′ − t, θ − 1 and

ϕ− 1 an be omitted and this leads to the inequality (24) and the inequality

(25),

[

a1+b2
x′(a1+b2)+t′(a2+b1)

+ a2
x′a2+t′b2+yθb1+zϕa1

− a1
x′a1+t′b1+yθb2+zϕa2

]

≥ 0 (24)

and

[

a2+b1
x′(a1+b2)+t′(a2+b1)

+ b2
x′a2+t′b2+yθb1+zϕa1

− b1
x′a1+t′b1+yθb2+zϕa2

]

≥ 0. (25)

In partiular, setting a1 = a2 = 0 in the inequality (25) implies

b1

x′b2 + t′b1
+

b2

t′b2 + yθb1
−

b1

t′b1 + yθb2
≥ 0

[x′b2 + 2t′b1] yθb2 +
[

(t′)2 − x′yθ + y2θ2
]

b21 ≥ 0

(t′)2 ≥ yθ (x′ − yθ) . (26)

In partiular, setting b1 = b2 = 0 in the inequality (24) implies

a1

x′a1 + t′a2
+

a2

x′a2 + zϕa1
−

a1

x′a1 + zϕa2
≥ 0

[2x′a1 + t′a2] zϕa2 +
[

z2ϕ2 − t′zϕ+ (x′)2
]

a21 ≥ 0

(x′)2 ≥ zϕ (t′ − zϕ) . (27)
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Other ombinations of ai′s and bi′s do not provide any other ondition on

x, x′, t, t′, y, z. Above onditions (17) and (27) an be ombine to

(x′)2 ≥ max(yθ (t′ − yθ) , zϕ (t′ − zϕ))

and onditions (18) and (26) an be ombine to

(t′)2 ≥ max(yθ (x′ − yθ) , zϕ (x′ − zϕ)).

Thus

min ( x′, t′) ≥ max (yθ, zϕ)

∧(x′)2 ≥ max(yθ (t′ − yθ) , zϕ (t′ − zϕ))

∧(t′)2 ≥ max(yθ (x′ − yθ) , zϕ (x′ − zϕ))

are the required neessary onditions for family to be W -transitive.

3 Transitivity of Similarity Measures

A ommon approah for omparing two objets is to selet an appropriate list

of features then prepare a binary vetor of {0, 1} based on the fat that if the

objet has ertain feature will be reorded as 1 and 0 otherwise. The degree

of similarity of the two objets is then expressed in terms of ardinalities of

these binary vetor sets A and B in a �nite universe X as

S(A,B) =
xαA,B + tωA,B + yδA,B + zνA,B

x′αA,B + t′ωA,B + y′δA,B + z′νA,B

(28)

withA,B ∈ P (X), ωA,B = max (|A\B| , |B\A|) , αA,B = min (|A\B| , |B\A|) ,
δA,B = |A ∩B|, νA,B = |(A ∪ B)c| and parameters x, x′, t, t′, y, y′, z, z′ ∈
{0, 1}. The similarity measure is symmetri, that is, for all A,B ∈ F (X),
S(A,B) = S(B,A) and fuzzy re�exive for any A ∈ F (X), S(A,A) ∈ [0, 1].

Janssens et al [34℄ used four parameters to test the various properties

of monotoniity and transitivity for �ukasiewiz, Produt and Min t-norms.

Some members of the family (28) with parameters disussed by Janssens [34℄

in the light of eight parameters are given in Table 2. Many other measures

annot be disussed under parametri family of similarity measures using

four parameters, some of them are given in Table 3. Some of these measures

are explored in this setion by using all eight parameters. Fuzzy similarity



25 Aslam Javed, Ashraf, Husnine

Tab. 2: Some members of Family (28) with 4 parameters.

Measure Expression x x′ t t′ y y′ z z′

Jaard [28℄

|A∩B|
|A∪B|

0 1 0 1 1 1 0 0

Simple Mathing [29℄ 1− |A△B|
n

0 1 0 1 1 1 1 1

Die [30℄

2|A∩B|
|A△B|+2|A∩B|

0 1 0 1 2 2 0 0

Rogers & Tanimoto [31℄

n−|A△B|
n+|A△B|

0 2 0 2 1 1 1 1

Sokal & Sneath 1 [32℄

|A∩B|
2|A△B|+|A∩B|

0 2 0 2 1 1 0 0

Sokal & Sneath 2 [33℄ 1− |A△B|
2n−|A△B|

0 1 0 1 2 2 2 2

measure will hold fuzzy re�exivity for y′ = yθ, z′ = zϕ with θ, ϕ ≥ 1, and
the above relation of similarity measure an be written as

S(A,B) =
xαA,B + tωA,B + yδA,B + zνA,B

x′αA,B + t′ωA,B + yθδA,B + zϕνA,B

(29)

For simpliity, if we use only four parameters, that is, x = t, x′ = t′, the

above relation beomes

S(A,B) =
x △A,B +yδA,B + zνA,B

x′ △A,B +yθδA,B + zϕνA,B

(30)

whih is an extension of four parameters of Janssens' to six parameters

S(A,B) =
x △A,B +yδA,B + zνA,B

x′ △A,B +yδA,B + zνA,B

(31)

Tab. 3: Some members of Family (28) with 8 parameters.

Measure Expression x x′ t t′ y y′ z z′

Sokal & Sneath 3

n
|A△B|

− 1 0 1 0 1 1 0 1 0

Faith [35℄ 1− 2|A△B|+|(A∪B)c|
2n

0 2 0 2 2 2 1 2

Kulzynski 1

|A∩B|
|A△B|

0 1 0 1 1 0 0 0

Russell & Rao [29℄

|A∩B|
n

0 1 0 1 1 1 0 1

These similarity measures are symmetri for any fuzzy subsets A,B and

will be fuzzy re�exive if y′ = yθ and z′ = zϕ for θ, ϕ ≥ 1. That is with
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positive real parameters x, x′, t, t′, y, z. S(A,B) ∈ [0, 1] if 0 ≤ x < x′
and

0 ≤ t < t′. This setion is foused to haraterize the �ukasiewiz-transitive

members of family (28).

Theorem 3 The W -transitive members of family (30) are haraterized by

the neessary ondition

x′ ≥ max(yθ, zϕ).

Proof: To determine the onditions on parameters x, x′, y, and z for transi-

tivity, the similarity measure S is W -transitive if it holds that

W (S(A,B), S(B,C)) ≤ S(A,C)

S(A,B) + S(B,C)− 1 ≤ S(A,C)

Applying N (x) = 1− x to both side of above inequality, we have

[1− S(A,B)] + [1− S(B,C)]− [1− S(A,C)] ≥ 0

In terms of family (30), the above inequality an be written as

[

1−
x △A,B +yδA,B + zνA,B

x′ △A,B +yθδA,B + zϕνA,B

]

+

[

1−
x △B,C +yδB,C + zνB,C

x′ △B,C +yθδB,C + zϕνB,C

]

−

[

1−
x △A,C +yδA,C + zνA,C

x′ △A,C +yθδA,C + zϕνA,C

]

≥ 0

[

(x′ − x) △A,B +y (θ − 1) δA,B + z (ϕ− 1) νA,B

x′ △A,B +yθδA,B + zϕνA,B

]

+

[

(x′ − x) △B,C +y (θ − 1) δB,C + z (ϕ− 1) νB,C

x′ △B,C +yθδB,C + zϕνB,C

]

−

[

(x′ − x) △A,C +y (θ − 1) δA,C + z (ϕ− 1) νA,C

x′ △A,C +yθδA,C + zϕνA,C

]

≥ 0

Let us assume that △A,B= |A △ B| , δA,B = |A ∩B|, νA,B = |(A ∪B)c| .
Similarly, △B,C= |B △ C| , δB,C = |B ∩ C|, νB,C = |(B ∪ C)c| , and △A,C=
|A △ C| , δA,C = |A ∩ C|, νA,C = |(A ∪ C)c|, then above inequality beomes
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[

(x′ − x) |A △ B|+ y (θ − 1) |A ∩B|+ z (ϕ− 1) |(A ∪B)c|

x′ |A △ B|+ yθ |A ∩ B|+ zϕ |(A ∪ B)c|

]

+

[

(x′ − x) |B △ C|+ y (θ − 1) |B ∩ C|+ z (ϕ− 1) |(B ∪ C)c|

x′ |B △ C|+ yθ |B ∩ C|+ zϕ |(B ∪ C)c|

]

−

[

(x′ − x) |A △ C|+ y (θ − 1) |A ∩ C|+ z (ϕ− 1) |(A ∪ C)c|

x′ |A △ C|+ yθ |A ∩ C|+ zϕ |(A ∪ C)c|

]

≥ 0

Consider the setting in �gure, and substituting the ardinalities (5), the

above inequality implies

[

(x′ − x) (a1 + b2 + a2 + b1) + y (θ − 1) (b3 + c) + z (ϕ− 1) (a3 + d)

x′ (a1 + b2 + a2 + b1) + yθ (b3 + c) + zϕ (a3 + d)

]

+

[

(x′ − x) (a2 + b3 + a3 + b2) + y (θ − 1) (b1 + c) + z (ϕ− 1) (a1 + d)

x′ (a2 + b3 + a3 + b2) + yθ (b1 + c) + zϕ (a1 + d)

]

−

[

(x′ − x) (a1 + b3 + a3 + b1) + y (θ − 1) (b2 + c) + z (ϕ− 1) (a2 + d)

x′ (a1 + b3 + a3 + b1) + yθ (b2 + c) + zϕ (a2 + d)

]

≥ 0

(32)

Similarly setting a2 = b2 = c = d = 0, the inequality (32 ) implies that

[

(x′ − x) (a1 + b1) + y (θ − 1) b3 + z (ϕ− 1) a3
x′ (a1 + b1) + yθb3 + zϕa3

]

+

[

(x′ − x) (b3 + a3) + y (θ − 1) b1 + z (ϕ− 1) a1
x′ (b3 + a3) + yθb1 + zϕa1

]

−

[

(x′ − x)

x′

]

≥ 0

⇒ (x′ − x)

[

b1 + a1

x′ (a1 + b1) + yθb3 + zϕa3
+

b3 + a3

x′ (b3 + a3) + yθb1 + zϕa1
−

1

x′

]

+y (θ − 1)

[

b3

x′ (a1 + b1) + yθb3 + zϕa3
+

b1

x′ (b3 + a3) + yθb1 + zϕa1

]
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+z (ϕ− 1)

[

a3

x′ (a1 + b1) + yθb3 + zϕa3
+

a1

x′ (b3 + a3) + yθb1 + zϕa1

]

≥ 0

Sine x′ > x, θ > 1 and ϕ > 1 so the fators x′ − x, θ − 1 and ϕ − 1 an be

omitted and we obtain

b1 + a1

x′ (a1 + b1) + yθb3 + zϕa3
+

b3 + a3

x′ (b3 + a3) + yθb1 + zϕa1
−

1

x′
≥ 0 (33)

In partiular, setting a1 = a3 = 0, the inequality (33) leads to the results

b1

x′b1 + yθb3
+

b3

x′b3 + yθb1
−

1

x′
≥ 0

b1b3
(

(x′)2 − y2θ2
)

≥ 0

whih is ful�lled only if x′ ≥ yθ and setting b1 = b3 = 0, the inequality (33)

leads to the results

a1

x′a1 + zϕa3
+

a3

x′a3 + zϕa1
−

1

x′
≥ 0

a1a3
(

(x′)2 − z2ϕ2
)

≥ 0

whih is satis�ed if x′ ≥ zϕ. Similarly, setting a1 = b3 = 0, in the inequality

(33) as

b1

x′b1 + zϕa3
−

1

x′
+

a3

x′a3 + yθb1
≥ 0

and b1 = a3 = 0, in the inequality (33) as

a1

x′a1 + yθb3
−

1

x′
+

b3

x′b3 + zϕa1
≥ 0

lead to the result

(x′)2 ≥ yzθϕ

These onditions an be ombine into a single ondition as

x′ ≥ max(yθ, zϕ). (34)
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Setting a1 = b1 = c = d = 0, and a3 = b3 = c = d = 0 the inequality

(32) does not imply any further ondition on x, x′, y and z. Thus (34) is the

neessary ondition for transitivity.

Theorem 4 The W -transitive members of family (29) are haraterized by

the neessary ondition

min (x′, t′) ≥ max (yθ, zϕ)

∧(t′)2 ≥ max ((x′ − yθ) yθ, (x′ − zϕ) zϕ)

∧(x′)2 ≥ max ((t′ − yθ) yθ, (t′ − zϕ) zϕ)

Proof: To determine the onditions on parameters x, x′, t, t′, y, and z for

transitivity, the similarity measure S is W -transitive if it holds that

W (S(A,B), S(B,C)) ≤ S(A,C)

S(A,B) + S(B,C)− 1 ≤ S(A,C)

Applying N (x) = 1− x to both side of above inequality, we have

[1− S(A,B)] + [1− S(B,C)]− [1− S(A,C)] ≥ 0

In terms of family (29), the above inequality an be written as

[

1−
xαA,B + tωA,B + yδA,B + zνA,B

x′αA,B + t′ωA,B + yθδA,B + zϕνA,B

]

+

[

1−
xαB,C + tωB,C + yδB,C + zνB,C

x′αB,C + t′ωB,C + yθδB,C + zϕνB,C

]

−

[

1−
xαA,C + tωA,C + yδA,C + zνA,C

x′αA,C + t′ωA,C + yθδA,C + zϕνA,C

]

≥ 0

Let us assume that

αA,B = min (|A\B| , |B\A|) = |A\B| ,

ωA,B = max (|A\B| , |B\A|) = |B\A| ,

δA,B = |A ∩ B| ,

νA,B = |(A ∪ B)c| .
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Similarly,

αB,C = min (|B\C| , |C\B|) = |B\C| ,

ωB,C = max (|B\C| , |C\B|) = |C\B| ,

δB,C = |B ∩ C| ,

νB,C = |(B ∪ C)c| ,

and

αA,C = min (|A\C| , |C\A|) = |A\C| ,

ωA,C = max (|A\C| , |C\A|) = |C\A| ,

δA,C = |A ∩ C| ,

νA,C = |(A ∪ C)c| ,

then above inequality beomes

[

1−
x |A\B|+ t |B\A|+ y |A ∩ B|+ z |(A ∪ B)c|

x′ |A\B|+ t′ |B\A|+ yθ |A ∩B|+ zϕ |(A ∪ B)c|

]

+

[

1−
x |B\C|+ t |C\B|+ y |B ∩ C|+ z |(B ∪ C)c|

x′ |B\C|+ t′ |C\B|+ yθ |B ∩ C|+ zϕ |(B ∪ C)c|

]

−

[

1−
x |A\C|+ t |C\A|+ y |A ∩ C|+ z |(A ∪ C)c|

x′ |A\C|+ t′ |C\A|+ yθ |A ∩ C|+ zϕ |(A ∪ C)c|

]

≥ 0.

Consider the setting in �gure, and substituting the ardinalities (5), the

above inequality implies

[

(x′ − x) (a1 + b2) + (t′ − t) (a2 + b1) + y (θ − 1) (b3 + c) + z (ϕ− 1) (a3 + d)

x′ (a1 + b2) + t′ (a2 + b1) + yθ (b3 + c) + zϕ (a3 + d)

]

+

[

(x′ − x) (a2 + b3) + (t′ − t) (a3 + b2) + y (θ − 1) (b1 + c) + z (ϕ− 1) (a1 + d)

x′ (a2 + b3) + t′ (a3 + b2) + yθ (b1 + c) + zϕ (a1 + d)

]

−

[

(x′ − x) (a1 + b3) + (t′ − t) (a3 + b1) + y (θ − 1) (b2 + c) + z (ϕ− 1) (a2 + d)

x′ (a1 + b3) + t′ (a3 + b1) + yθ (b2 + c) + zϕ (a2 + d)

]

≥ 0.

(35)

Similarly setting a1 = b1 = c = d = 0, the inequality (35 ) implies that

[

(x′ − x) b2 + (t′ − t) a2 + y (θ − 1) b3 + z (ϕ− 1) a3
x′b2 + t′a2 + yθb3 + zϕa3

]



31 Aslam Javed, Ashraf, Husnine

+

[

(x′ − x) (a2 + b3) + (t′ − t) (a3 + b2)

x′ (a2 + b3) + t′ (a3 + b2)

]

−

[

(x′ − x) b3 + (t′ − t) a3 + y (θ − 1) b2 + z (ϕ− 1) a2
x′b3 + t′a3 + yθb2 + zϕa2

]

≥ 0

(x′ − x)

[

b2
x′b2+t′a2+yθb3+zϕa3

+ a2+b3
x′(a2+b3)+t′(a3+b2)

− b3
x′b3+t′a3+yθb2+zϕa2

]

+y (θ − 1)

[

b3

x′b2 + t′a2 + yθb3 + zϕa3
−

b2

x′b3 + t′a3 + yθb2 + zϕa2

]

+z (ϕ− 1)

[

a3

x′b2 + t′a2 + yθb3 + zϕa3
−

a2

x′b3 + t′a3 + yθb2 + zϕa2

]

+ (t′ − t)

[

a2
x′b2+t′a2+yθb3+zϕa3

+ a3+b2
x′(a2+b3)+t′(a3+b2)

− a3
x′b3+t′a3+yθb2+zϕa2

]

≥ 0.

Sine x′ > x, θ > 1 and ϕ > 1 so the fators x′ − x, θ − 1 and ϕ− 1 an be

omitted and we obtain

[

b2
x′b2+t′a2+yθb3+zϕa3

+ a2+b3
x′(a2+b3)+t′(a3+b2)

− b3
x′b3+t′a3+yθb2+zϕa2

]

≥ 0 (36)

and

[

a2
x′b2+t′a2+yθb3+zϕa3

+ a3+b2
x′(a2+b3)+t′(a3+b2)

− a3
x′b3+t′a3+yθb2+zϕa2

]

≥ 0 (37)

In partiular, setting a2 = a3 = 0, the inequality (36) leads to the results

b2

x′b2 + yθb3
+

b3

x′b3 + t′b2
−

b3

x′b3 + yθb2
≥ 0

[2x′b3 + t′b2] yθb2 +
[

(x′)2 − (t′ − yθ) yθ
]

b23 ≥ 0

(x′)2 ≥ (t′ − yθ) yθ (38)

and setting b2 = b3 = 0, the inequality (37) leads to the results

a2

t′a2 + zϕa3
+

a3

x′a2 + t′a3
−

a3

t′a3 + zϕa2
≥ 0

[x′a2 + 2t′a3] zϕa2 +
[

z2ϕ2 − x′zϕ + (t′)2
]

a23 ≥ 0

(t′)2 ≥ (x′ − zϕ) zϕ. (39)
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Other ombinations of ai′s and bi′s do not provide any other ondition on

x, x′, t, t′, y, z. Similarly setting a2 = b2 = c = d = 0, the inequality (35)

implies that

[

(x′ − x) a1 + (t′ − t) b1 + y (θ − 1) b3 + z (ϕ− 1) a3
x′a1 + t′b1 + yθb3 + zϕa3

]

+

[

(x′ − x) b3 + (t′ − t) a3 + y (θ − 1) b1 + z (ϕ− 1) a1
x′b3 + t′a3 + yθb1 + zϕa1

]

−

[

(x′ − x) (a1 + b3) + (t′ − t) (a3 + b1)

x′ (a1 + b3) + t′ (a3 + b1)

]

≥ 0

(x′ − x)

[

a1
x′a1+t′b1+yθb3+zϕa3

+ b3
x′b3+t′a3+yθb1+zϕa1

− a1+b3
x′(a1+b3)+t′(a3+b1)

]

+y (θ − 1)

[

b3

x′a1 + t′b1 + yθb3 + zϕa3
+

b1

x′b3 + t′a3 + yθb1 + zϕa1

]

+z (ϕ− 1)

[

a3

x′a1 + t′b1 + yθb3 + zϕa3
+

a1

x′b3 + t′a3 + yθb1 + zϕa1

]

+ (t′ − t)

[

b1
x′a1+t′b1+yθb3+zϕa3

+ a3
x′b3+t′a3+yθb1+zϕa1

− a3+b1
x′(a1+b3)+t′(a3+b1)

]

≥ 0.

Sine x′ > x, θ > 1, t′ > t and ϕ > 1 so the fators x′ − x, t′ − t, θ − 1 and

ϕ− 1 an be ignored and above inequality leads to

[

a1
x′a1+t′b1+yθb3+zϕa3

+ b3
x′b3+t′a3+yθb1+zϕa1

− a1+b3
x′(a1+b3)+t′(a3+b1)

]

≥ 0 (40)

and

[

b1
x′a1+t′b1+yθb3+zϕa3

+ a3
x′b3+t′a3+yθb1+zϕa1

− a3+b1
x′(a1+b3)+t′(a3+b1)

]

≥ 0. (41)

In partiular, setting a1 = a3 = 0 and b1 = b3 = 0 the inequality (40) leads

to the results

b3

x′b3 + yθb1
−

b3

x′b3 + t′b1
≥ 0

t′ ≥ yθ
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and

a1

x′a1 + zϕa3
−

a1

x′a1 + t′a3
≥ 0

t′ ≥ zϕ

respetively, whih an be written in the form

t′ ≥ max (yθ, zϕ) . (42)

Also setting a1 = a3 = 0 and b1 = b3 = 0, the inequality (41) leads to the

results

b1

t′b1 + yθb3
−

b1

x′b3 + t′b1
≥ 0

x′ ≥ yθ

and

a3

t′a3 + zϕa1
−

a3

x′a1 + t′a3
≥ 0

x′ ≥ zϕ

respetively, whih an be ombine in the form

x′ ≥ max (yθ, zϕ) (43)

The results (42) and (43) leads to

min (x′, t′) ≥ max (yθ, zϕ) (44)

Similarly setting a3 = b3 = c = d = 0, the inequality (35) implies that

[

(x′ − x) (a1 + b2) + (t′ − t) (a2 + b1)

x′ (a1 + b2) + t′ (a2 + b1)

]

+

[

(x′ − x) a2 + (t′ − t) b2 + y (θ − 1) b1 + z (ϕ− 1) a1
x′a2 + t′b2 + yθb1 + zϕa1

]

−

[

(x′ − x) a1 + (t′ − t) b1 + y (θ − 1) b2 + z (ϕ− 1) a2
x′a1 + t′b1 + yθb2 + zϕa2

]

≥ 0
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(x′ − x)

[

a1+b2
x′(a1+b2)+t′(a2+b1)

+ a2
x′a2+t′b2+yθb1+zϕa1

− a1
x′a1+t′b1+yθb2+zϕa2

]

+y (θ − 1)

[

b1

x′a2 + t′b2 + yθb1 + zϕa1
−

b2

x′a1 + t′b1 + yθb2 + zϕa2

]

+z (ϕ− 1)

[

a1

x′a2 + t′b2 + yθb1 + zϕa1
−

a2

x′a1 + t′b1 + yθb2 + zϕa2

]

+ (t′ − t)

[

a2+b1
x′(a1+b2)+t′(a2+b1)

+ b2
x′a2+t′b2+yθb1+zϕa1

− b1
x′a1+t′b1+yθb2+zϕa2

]

≥ 0.

Sine x′ > x, t′ > t, θ > 1 and ϕ > 1 so the fators x′ − x, t′ − t, θ − 1 and

ϕ− 1 an be ignored and above inequality leads to

[

a1+b2
x′(a1+b2)+t′(a2+b1)

+ a2
x′a2+t′b2+yθb1+zϕa1

− a1
x′a1+t′b1+yθb2+zϕa2

]

≥ 0 (45)

and

[

a2+b1
x′(a1+b2)+t′(a2+b1)

+ b2
x′a2+t′b2+yθb1+zϕa1

− b1
x′a1+t′b1+yθb2+zϕa2

]

≥ 0. (46)

In partiular, setting a1 = a2 = 0, the inequality (46) leads to the results

b1

x′b2 + t′b1
+

b2

t′b2 + yθb1
−

b1

t′b1 + yθb2
≥ 0

[2t′b1 + x′b2] yθb2 +
[

(t′)2 − x′yθ + y2θ2
]

b21 ≥ 0

(t′)
2

≥ (x′ − yθ) yθ (47)

and setting b1 = b2 = 0, the inequality (45) leads to the results

a1

x′a1 + t′a2
+

a2

x′a2 + zϕa1
−

a1

x′a1 + zϕa2
≥ 0

[

z2ϕ2 + (x′)2 − t′zϕ
]

a21 + [t′a2 + 2x′a1] zϕa2 ≥ 0

(x′)2 ≥ (t′ − zϕ) zϕ. (48)

Now results (38) and (48) leads to

(x′)2 ≥ max ((t′ − yθ) yθ, (t′ − zϕ) zϕ) (49)
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and results (39) and (47) merged to

(t′)2 ≥ max ((x′ − yθ) yθ, (x′ − zϕ) zϕ) . (50)

Thus the neessary ondition for transitivity is obtained by (44, 49 and 50)

as

min (x′, t′) ≥ max (yθ, zϕ)

∧(t′)2 ≥ max ((x′ − yθ) yθ, (x′ − zϕ) zϕ)

∧(x′)2 ≥ max ((t′ − yθ) yθ, (t′ − zϕ) zϕ) . (51)

Example

Suppose we want to ompare three objets A, B, and C based on ertain

features represented by binary vetors.

A : 1 0 1 0 1 0 1 0 1 1 0 1

B : 0 1 0 1 1 0 0 1 0 1 0 1

C : 1 0 0 1 0 1 1 0 1 0 1 1

It is possible to �nd the values of the parameters whih satisfy the neessary

onditions and the �ukasiewiz similarity and inlusion measures are transi-

tive. For example, putting x = 3, x′ = 10, y = 2, y′ = 6, z = 4, z′ = 7, t = 2
and t′ = 10 leads to the following similarity measure:

S(A,B) =

3min(|A\B|, |B\A|) + 2max(|A\B|, |B\A|) + 2|A ∩B|+ 4|(A ∪B)c|

10min(|A\B|, |B\A|) + 10max(|A\B|, |B\A|) + 6|A ∩ B|+ 7|(A ∪ B)c|
.

It is easy to verify that the neessary onditions (51) are ful�lled and the

similarity measure is transitive also. Jaard oe�ient of similarity J(A,B)

and similarity measured by parametri family of ardinality based for four

parameters [18, See Eq. 2.4℄ is measured to 0.30. The degree of similarity

measure between objets A and B using 8 and 6 parameters is also 0.303922

and 0.30 respetively for the values of the parameters given in the Table 4.

By assigning di�erent weights to these parameters leads to di�erent degree

of similarity. So if we are more onerned about the absent features, we an

assign more weight to them and an �nd the similarity between them.
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Tab. 4: Degree of similarity measures S (29), S1 (30) and S2 (31).

x x′ y y′ z z′ t t′ Degree of Similarity

S(A,B) 0 1 1 − 0 − − − 0.3
S(B,C) 0 1 1 − 0 − − − 0.1818
S(A,C) 0 1 1 − 0 − − − 0.4
S1(A,B) 3 10 2 6 4 7 2 10 0.303922
S1(B,C) 3 10 2 6 4 7 2 10 0.275229
S1(A,C) 3 10 2 6 4 7 2 10 0.316327
S2(A,B) 3 11 1 3 3 7 − − 0.3
S2(B,C) 3 11 1 3 3 7 − − 0.285714
S2(A,C) 3 11 1 3 3 7 − − 0.304348

4 Conlusion

In this paper, we try to takle the problem arises due the limitation imposed

by four parameters and try to disuss the neessary onditions for transitiv-

ity of similarity and inlusion measure. This would help to ompare objets

based not only on positive mathing but also on the basis of negative math-

ings. This will play a signi�ane role mediines, image proessing, text

mining, et. where negative math has a vital role. For future diretions,

similar parametri family an be devised for multipliation of ardinalities.
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