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Abstra
t

This paper is 
on
erned with the numeri
al solution of mixed Volterra-Fredholm

integral equations, based on iterative method and two variable Bernstein polyno-

mials. In the main result, this method has several bene�ts in proposing an e�
ient

and simple s
heme with good degree of a

ura
y. Our se
ond main result is to prove

the 
onvergen
e of the method, and to derive an upper bound under assumptions.

Numeri
al experiments are performed for the approximation of the solution of two

examples to demonstrate the a

ura
y and integrity of the method.
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1 Introdu
tion

The obje
tive of this study is to propose an iterative approa
h for numeri
al

solutions of linear mixed Volterra-Fredholm integral equations as:

u(x, y) = u0(x, y) +

∫ x

0

∫ 1

0

ξ(x, s, y, t)u(s, t)dsdt, (1)

where, u(x, y) is an unknown fun
tion, u0(x, y) and ξ(x, s, y, t) are analyti
al
fun
tions on unit square [0, 1]× [0, 1] and [0, 1]× [0, 1]× [0, 1]× [0, 1], respe
-
tively. The existen
e and uniqueness of the solution for Eq. (1) are reviewed

in [1℄.

In the re
ent s
ienti�
 literature many authors attempted to extend nu-

meri
al method to approximate the solution of Eq.(1) [2�4℄. In this paper,

we introdu
e an e�
ient and 
onvenient numeri
al s
heme based upon it-

erated method and two-dimensional Bernstein polynomials (2D-BPs). The

advantage of the method over other existing methods is its simpli
ity of per-

forman
e.

Bernstein polynomials are very useful in many �eld of mathemati
s es-

pe
ially numeri
al analysis. These kind of polynomials have been applied in

�nding the solution of types of di�erential equations, integral equations and

approximation theory [5�7℄.

The se
tions of this paper are listed as follows: In Se
tion 2, some gen-

eral 
on
epts 
on
erning 2D-BPs and some elementary 
on
ept related to

this method are reported. In Se
tion 3, the method is applied to solve mixed

Volterra-Fredholm integral equations. Se
tion 4 
ontains error analysis re-

sults and assumptions of the s
heme. In Se
tion 5, proposed method is

applied for two examples to illustrate the a

ura
y and implementation of

the s
heme. Finally, Se
tion 6 presents a brief 
on
lusion of this paper.

2 Preliminaries

The B-fun
tions of mn-th degree are de�ned on the interval [0, 1] × [0, 1]
as [3, 5�7℄

B(i,m)(j,n)(x, y) =

(

m
i

)(

n
j

)

xi(1− x)m−iyj(1− y)n−j,

for i = 0, 1, ..., m, j = 0, 1, ..., n, and m and n are positive integers.
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The set of 2D-BPs 
an be de�ned as a (m+ 1)(n+ 1)-ve
tor Υ(x, y):

Υ(x, y) =
[

B(0,m)(0,n)(x, y), ..., B(0,m)(n,n)(x, y), ...,

B(m,m)(0,n)(x, y), ..., B(m,m)(n,n)(x, y)
]T

,

where, (x, y) ∈ [0, 1]× [0, 1].
Suppose f is a fun
tion of two real variables on the unit square x ∈ [0, 1]

and y ∈ [0, 1], then the Bernstein polynomial of two variables, of degree

(n,m), 
orresponding to the fun
tion f , 
an be obtained as following form:

(Bn,mf)(x, y) =
m
∑

i=0

n
∑

j=0

f

(

i

m
,
j

n

)

B(i,m)(j,n)(x, y) = F TΥ(x, y).

It is obvious that

B(i,m)(j,n)(x, y) = B(i,m)(x)B(j,n)(y),

where B(i,m)(x) is one-dimensional Bernstein polynomials of m-th degree are

de�ned by:

B(i,m)(x) =

(

m
i

)

xi(1− x)m−i.

With 
onsidering following de�nition

C(m,n, i, j, k, t) :=

(

m
i

)(

n
j

)(

m
k

)(

n
t

)

,

the following equality holds

∫ 1

0

∫ 1

0

B(i,m)(j,n)(x, y)B(k,m)(t,n)(x, y)dxdy =

C(m,n, i, j, k, t)

(2n + 1)(2m+ 1)

(

2n
j + t

)(

2m
i+ k

) .

Also,

∫ x

0

∫ 1

0

B(i,m)(j,n)(s, y)B(k,m)(t,n)(s, y)dsdy

= C(m,n, i, j, k, t)

∫ x

0

∫ 1

0

si(1−s)m−iyj(1−y)n−jsk(1−s)m−kyt(1−y)n−tdsdy
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= C(m,n, i, j, k, t)

∫ x

0

∫ 1

0

si+k(1− s)2m−i−kyj+t(1− y)2n−j−tdsdy

=
C(m,n, i, j, k, t)

(2m+ 1)

(

2m
i+ k

)

∫ x

0

2n−j−t
∑

α=0

(−1)α
(

2n− j − t
α

)

yj+t+αdy

=

C(m,n, i, j, k, t)
∑2n−j−t

α=0 (−1)α
(

2n− j − t
α

)

xj+t+α+1

(j+t+α+1)

(2m+ 1)

(

2m
i+ k

) . (2)

If we de�ne (m + 1)(n + 1) × (m + 1)(n + 1)-matrix M(x), su
h that the


omponents of M(x) are elements of Eq. (2), then

∫ x

0

∫ 1

0

Υ(s, y)ΥT (s, y)dsdy = M(x).

3 Solving mixed type Volterra-Fredholm intgral

equations by 2D-BPs

In this se
tion, iterative method and two-variable Bernstein polynomials are

used to solve mixed Volterra-Fredholm integral equations.

For the integral equation (1) iterative pro
ess is

up+1(x, y) = u0(x, y) +

∫ x

0

∫ 1

0

ξ(x, s, y, t)up(s, t)dsdt, p = 0, 1, ... (3)

In general, the integrals o

urring in the above iterative method 
an-

not found analyti
ally and thus will have to be approximated by suitable

method. Hen
e, the fun
tions u0(x, y) and ξ(x, s, y, t) 
an be approximated

with respe
t to 2D-BPs as:

u0(x, y) ≃ ΥT (x, y)U0 := (Bu)0(x, y), (4)

ξ(x, s, y, t) ≃ ΥT (x, y)ΞΥ(s, t) := (Bξ)(x, s, y, t), (5)

where, the (m+1)(n+1)×1-ve
tor U0 and matrix Ξ are 2D-BPs 
oe�
ients

of u0(x, y), and ξ(x, s, y, t), respe
tively.
Thus, it is introdu
ed a iterative pro
edure based on Bernstein polynomi-

als. So, following iterative method gives the approximate solution of Eq.(1)
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(Bu)p+1(x, y) := u0(x, y) +

∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)p(s, t)dsdt,

p = 0, 1, 2, ...

(6)

repla
ing p = 0 and by substituting (4-5) in integral part of the equation (6),

we have

(Bu)1(x, y) = u0(x, y) +

∫ x

0

∫ 1

0

ΥT (x, y)ΞΥ(s, t)ΥT (s, t)U0dsdt,

using previous relations

∫ x

0

∫ 1

0

ΥT (x, y)ΞΥ(s, t)ΥT (s, t)U0dsdt =

ΥT (x, y)Ξ

∫ x

0

∫ 1

0

Υ(s, t)ΥT (s, t)U0dsdt

= ΥT (x, y)ΞM(x)U0.

So,

(Bu)1(x, y) = u0(x, y) + ΥT (x, y)ΞM(x)U0 ≃ ΥT (x, y)(I + ΞM(x))U0.

This pro
edure is 
ontinued for p = 1

(Bu)2(x, y) := u0(x, y) +

∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)1(s, t)dsdt,

= u0(x, y) + ΥT (x, y)ΞM(x)U0+

ΥT (x, y)Ξ

∫ x

0

∫ 1

0

Υ(s, t)ΥT (s, t)ΞM(s)U0dsdt,

where the last term leads to 
al
ulate integral in the following form

∫ x

0

∫ 1

0

si+k+β(1− s)2m−i−kyj+t(1− y)2n−j−tdsdy

=

∑2n−j−t
α=0 (−1)α

(

2n− j − t
α

)

xj+t+α+1

(j+t+α+1)

(2m+ β + 1)

(

2m+ β
i+ k + β

) ,

and this pro
ess to be 
ontinued.
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Theorem 1. Suppose that ξ : [0, 1]× [0, 1]× [0, 1]× [0, 1] → R and u0(x, y) :
[0, 1]× [0, 1] → R are 
ontinuous fun
tions su
h that

S := sup
0≤x,s,y,t≤1

|ξ(x, s, y, t)| < 1 (7)

then there is a unique 
ontinuous fun
tion u(x, y) : [0, 1] × [0, 1] → R that

satis�ed Eq.(1) and it 
an be a
hieved by the following su

essive approxima-

tions method:

up(x, y) := u0(x, y) +

∫ x

0

∫ 1

0

ξ(x, s, y, t)up−1(s, t)dsdt, p = 1, 2, ...

Proof: The integral equation may be written as a �xed point equation

Θu = u where the map Θ and Γ are de�ned as follow:

Θu := u0(x, y) +

∫ x

0

∫ 1

0

ξ(x, s, y, t)u(s, t)dsdt,

Γu :=

∫ x

0

∫ 1

0

ξ(x, s, y, t)u(s, t)dsdt.

It su�
es to show that Θ is a 
ontra
tion map on the normed spa
e X =
C([0, 1]× [0, 1]) with the norm ‖ . ‖∞.
The operator Θ, de�ned on the spa
e C([0, 1]× [0, 1]) of 
ontinuous fun
tions
on [0, 1]×[0, 1] endowed with max norm and with values in the spa
e C([0, 1]×
[0, 1]) is bounded. The operator is in fa
t 
ompa
t.

In addition, Θ is a 
ontra
tion sin
e, for any u1, u2 ∈ C([0, 1] × [0, 1]), we
have

‖ Θu1 −Θu2 ‖∞= sup
0≤x,y≤1

∣

∣

∣

∣

∫ x

0

∫ 1

0

ξ(x, s, y, t)(u1(x, y)− u2(x, y))dsdt

∣

∣

∣

∣

≤ sup
0≤x,y≤1

∫ x

0

∫ 1

0

|ξ(x, s, y, t)||(u1(x, y)− u2(x, y))|dsdt

≤ ‖u1(x, y)− u2(x, y)‖∞ sup
0≤x,y,s,t≤1

∫ x

0

∫ 1

0

|ξ(x, s, y, t)|dsdt

≤ S‖u1(x, y)− u2(x, y)‖∞.

The result 
an be a
hieved by the 
ontra
tion mapping theorem.
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Furthermore, the sequen
e of su

essive approximations, up(x, y) 
onverges
to the solution u(x, y). Suppose

ep(x, y) := up(x, y)− u(x, y),

where, u(x, y) is the exa
t solution of Eq. (1). Moreover,

u = u0 + Γu.

By subtra
ting (3) from (1)

ep+1 = Γep,

then

‖ep+1‖∞ = ‖Γep‖∞ ≤ S‖ep‖∞, (8)

to obtain the error bound

up+1 − up = up+1 − u+ u− up = ep+1 − ep,

so

ep = ep+1 − (up+1 − up),

as result

‖ep‖∞ ≤ ‖ep+1‖∞ + ‖up+1 − up‖∞,

from (8)

‖ep‖∞ ≤ S‖ep‖∞ + ‖up+1 − up‖∞,

as a result

‖ep‖∞ ≤ ‖up+1 − up‖∞
1− S

. (9)

Inequality (9) shows a 
omputable bound on the error, and the inequality

holds when S < 1. This last 
ondition guarantee that the sequen
e up


onverges to u and if S > 1, then inequality (9) is invalid and the sequen
e

up may not 
onverge.

Also, the following error bounds hold and show the speed of 
onvergen
e:

‖ ep ‖∞≤ Sp

1− S
‖u1 − u0‖∞,

‖ ep ‖∞≤ Sp+1

1− S
S0, (10)

where, S0 = sup0≤x,y≤1 ‖ u0(x, y) ‖.
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4 Error analysis

Let us denote by [0, 1]r the unit 
ube in Rr
, and m1, m2, ..., mr natural num-

bers.

Theorem 2. ([8, 9℄) Let ‖X‖ = (
∑r

i=1(xi)
2)

1/2
, where X ∈ [0, 1]r and if

u(X) is 
ontinuous in [0, 1]r, and

w(u; δ) = sup
‖X1−X2‖≤δ

‖u(X1)− u(X2)‖ X1, X2 ∈ [0, 1]r

then

‖Bm1,m2,...,mru(X)− u(X)‖ ≤ 5

4
w
(

u;m−1/2
)

(11)

where m =
∑r

i=1mi [10℄.

Theorem 3. ([11℄) If u : [0, 1]r → R is a 
ontinuous fun
tion satisfying the

Lips
hitz 
ondition

‖u(X)− u(Y )‖ ≤ L‖X − Y ‖,

on [0, 1]r, then the inequality

‖(Bm1,m2,...,mru)(X)− u(X) ‖ <
L

2

(

r
∑

i=1

1

mi

)2

, (12)

hold.

For more details on error bound see [3℄.

Theorem 4. Let u(x, y) be a solution of equation (1) and (Bu)p(x, y) a
hieve
from equation (6), and

1. ‖ui(x, y)‖ < Si, for 0 ≤ i ≤ p− 1, where Si = sup0≤x,y≤1 ‖ui(x, y)‖.
2. ‖(Bξ)(x, s, y, t)‖ ≤ S̃ < 1, for x, y, s, t ∈ [0, 1].
3. m1 = m2 = ... = mr = m.
4. G := Max{S0, S1, ..., Sp−1}.

Then

sup0≤x,y≤1(‖u(x, y)− (Bu)p(x, y)‖) ≤

G

(

Sp+1

1− S

)

+
5

4
G

(

1− S̃p

1− S̃

)

w
(

ξ; (4m)−1/2
)

+
5

4
S̃pw

(

u0; (2m)−1/2
)

.
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Proof: From Eq.(3) and Eq.(6) we have

‖ui(x, y)− (Bu)i(x, y)‖ ≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)ui−1(s, t)dsdt−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)i−1(s, t)dsdt

∥

∥

∥

∥

,

for 1 ≤ i ≤ p.
At �rst, for i = 1

‖u1(x, y)− (Bu)1(x, y)‖

≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)u0(s, t)dsdt−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)0(s, t)dsdt

∥

∥

∥

∥

≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)u0(s, t)dsdt

∥

∥

∥

∥

+

∥

∥

∥

∥

∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)(Bu)0(s, t)dsdt

∥

∥

∥

∥

≤
∫ x

0

∫ 1

0

‖ξ(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)u0(s, t)‖ dsdt+
∫ x

0

∫ 1

0

‖(Bξ)(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)(Bu)0(s, t)‖ dsdt

≤
∫ x

0

∫ 1

0

‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖ ‖u0(s, t)‖ dsdt+
∫ x

0

∫ 1

0

‖(Bξ)(x, s, y, t)‖‖u0(s, t)− (Bu)0(s, t)‖dsdt

≤ ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖u0(x, y)‖+
‖(Bξ)(x, s, y, t)‖‖u0(x, y)− (Bu)0(x, y)‖.

For i = 2
‖u2(x, y)− (Bu)2(x, y)‖

≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)u1(s, t)dsdt−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)1(s, t)dsdt

∥

∥

∥

∥

≤
∫ x

0

∫ 1

0

‖ξ(x, s, y, t)u1(s, t)− (Bξ)(x, s, y, t)u1(s, t)‖ dsdt+
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∫ x

0

∫ 1

0

‖(Bξ)(x, s, y, t)u1(s, t)− (Bξ)(x, s, y, t)(Bu)1(s, t)‖ dsdt

≤ ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖u1(x, y)‖+
‖(Bξ)(x, s, y, t)‖‖u1(x, y)− (Bu)1(x, y)‖

≤ ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖u1(x, y)‖+
‖(Bξ)(x, s, y, t)‖[‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖u0(x, y)‖+

‖(Bξ)(x, s, y, t)‖‖u0(x, y)− (Bu)0(x, y)‖].
At last, for i = p

‖up(x, y)− (Bu)p(x, y)‖ ≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)up−1(s, t)dsdt−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)p−1(s, t)dsdt

∥

∥

∥

∥

≤
∫ x

0

∫ 1

0

‖ξ(x, s, y, t)up−1(s, t)− (Bξ)(x, s, y, t)up−1(s, t)‖ dsdt+
∫ x

0

∫ 1

0

‖(Bξ)(x, s, y, t)up−1(s, t)− (Bξ)(x, s, y, t)(Bu)p−1(s, t)‖ dsdt

≤ ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖up−1(x, y)‖+
‖(Bξ)(x, s, y, t)‖‖up−1(x, y)− (Bu)p−1(x, y)‖
≤ ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖up−1(x, y)‖+

‖(Bξ)(x, s, y, t)‖‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖up−2(x, y)‖+
‖(Bξ)(x, s, y, t)‖2‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖up−3(x, y)‖+ ...

+‖(Bξ)(x, s, y, t)‖p−1‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖‖u0(x, y)‖+
‖(Bξ)(x, s, y, t)‖p‖u0(x, y)− (Bu)0(x, y)‖

≤ ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖
[

Sp−1 + S̃Sp−2 + S̃2Sp−3 + ...

+S̃p−1S0

]

+ S̃p ‖u0(x, y)− (Bu)0(x, y)‖ ,

from Eq.(11), it's a
hieved that

‖up(x, y)− (Bu)p(x, y)‖ ≤
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5

4
w
(

ξ; (4m)−1/2
)

[

Sp−1 + S̃Sp−2 + S̃2Sp−3 + ...+ S̃p−1S0

]

+

5

4
S̃pw

(

u0; (2m)−1/2
)

.

By 
hoosing G := Max{S0, S1, ..., Sp−1}, we get

‖up(x, y)− (Bu)p(x, y)‖ ≤5

4
G

(

1− S̃p

1− S̃

)

w
(

ξ; (4m)−1/2
)

+
5

4
S̃pw

(

u0; (2m)−1/2
)

,

(13)

Also, the following inequality holds

‖u(x, y)− (Bu)p(x, y)‖ = ‖u(x, y)− up(x, y) + up(x, y)− (Bu)p(x, y)‖

≤ ‖u(x, y)− up(x, y)‖+ ‖up(x, y)− (Bu)p(x, y)‖,
�nally from (10) and (13) the desired result is rea
hed

‖u(x, y)− (Bu)p(x, y)‖

≤ Sp+1

1− S
S0 +

5

4
G

(

1− S̃p

1− S̃

)

w
(

ξ; (4m)−1/2
)

+
5

4
S̃pw

(

u0; (2m)−1/2
)

≤ G

(

Sp+1

1− S

)

+
5

4
G

(

1− S̃p

1− S̃

)

w
(

ξ; (4m)−1/2
)

+
5

4
S̃pw

(

u0; (2m)−1/2
)

.

Theorem 5. Let u(x, y) be solution of equation (1) and (Bu)p(x, y) a
hieve
from equation (6), and

1. ‖ui(x, y)‖ < Si, for 0 ≤ i ≤ p− 1.

2. ‖(Bξ)(x, s, y, t)‖ ≤ S̃ <
√

1
2
, for x, y, s, t ∈ [0, 1].

3. u0(x, y), ξ(x, s, y, t) are 
ontinuous fun
tions satisfying the Lips
hitz 
on-
dition, with Lips
hitz 
onstant L ≥ 0.
4. m1 = m2 = ... = mr = m.
5. G := Max{S0, S1, ..., Sp}.
Then

sup0≤x,y≤1(‖u(x, y)− (Bu)p(x, y)‖22)

≤ 2
2S2(p+1)

1− 2S2
S2
0 + 2

[(

1− (2S̃2)p

1− 2S̃2

)

128L2G2

m4
+ 2pS̃2p

(

4L2

m4

)

]

.
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Proof: From Eq.(3) and Eq.(6) for 0 < i ≤ p we have

‖ui(x, y)− (Bu)i(x, y)‖22

≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)ui−1(s, t)dsdt

−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)i−1(s, t)dsdt

∥

∥

∥

∥

2

2

.

At �rst, for i = 1

‖u1(x, y)− (Bu)1(x, y)‖22

≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)u0(s, t)dsdt−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)0(s, t)dsdt

∥

∥

∥

∥

2

2

≤ 2[

∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)u0(s, t)dsdt

∥

∥

∥

∥

2

2

+

‖(Bξ)(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)(Bu)0(s, t)dsdt‖22]

≤ 2[

∫ x

0

∫ 1

0

‖ξ(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)u0(s, t)‖22 dsdt+
∫ x

0

∫ 1

0

‖(Bξ)(x, s, y, t)u0(s, t)− (Bξ)(x, s, y, t)(Bu)0(s, t)‖22dsdt]

≤ 2sup0≤x,s,y,t≤1‖(ξ(x, s, y, t)− (Bξ)(x, s, y, t))u0(x, y)‖22+
2sup0≤x,s,y,t≤1‖(Bξ)(x, s, y, t)(u0(x, y)− (Bu)0(x, y))‖22

≤ 2(
L2

4
(
4

m
)4S2

0 + S̃2L
2

4
(
2

m
)4) =

128L2

m4
S2
0 + 2

4L2S̃2

m4
.

The last term is satis�ed by Theorem 3.

Now, for i = 2

‖u2(x, y)− (Bu)2(x, y)‖22

≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)u1(s, t)dsdt−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)1(s, t)dsdt

∥

∥

∥

∥

2

2

≤ 2[

∫ x

0

∫ 1

0

‖ξ(x, s, y, t)u1(s, t)− (Bξ)(x, s, y, t)u1(s, t)‖22dsdt+
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∫ x

0

∫ 1

0

‖(Bξ)(x, s, y, t)u1(s, t)− (Bξ)(x, s, y, t)(Bu)1(s, t)‖22dsdt]

≤ 2sup0≤x,s,y,t≤1‖(ξ(x, s, y, t)− (Bξ)(x, s, y, t))u1(x, y)‖22+
2sup0≤x,s,y,t≤1‖(Bξ)(x, s, y, t)(u1(x, y)− (Bu)1(x, y))‖22

≤ 128L2S2
1

m4
+ 2S̃2(

128L2

m4
S2
0 + 2

4L2S̃2

m4
).

≤ 128L2

m4
(S2

1 + 2S̃2S2
0) + 22

4L2S̃4

m4
.

For i = p
‖up(x, y)− (Bu)p(x, y)‖22

≤
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)up−1(s, t)dsdt−
∫ x

0

∫ 1

0

(Bξ)(x, s, y, t)(Bu)p−1(s, t)dsdt

∥

∥

∥

∥

2

2

≤ 2[

∫ x

0

∫ 1

0

‖ξ(x, s, y, t)up−1(s, t)− (Bξ)(x, s, y, t)up−1(s, t)‖22 dsdt+
∫ x

0

∫ 1

0

‖(Bξ)(x, s, y, t)up−1(s, t)− (Bξ)(x, s, y, t)(Bu)p−1(s, t)‖22 dsdt]

≤ 2sup0≤x,y≤1|up−1(x, y)|2sup0≤x,s,y,t≤1 ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖22+
2sup0≤x,s,y,t≤1|(Bξ)(x, s, y, t)|2sup0≤x,y≤1 ‖up−1(x, y)− (Bu)p−1(x, y)‖22

≤ 2sup0≤x,y≤1 ‖ξ(x, s, y, t)− (Bξ)(x, s, y, t)‖22
[

S2
p−1 + 2S̃2S2

p−2 + 22S̃4S2
p−3 + ...+ 2p−1S̃2(p−1)S2

0

]

+

2pS̃2psup0≤x,y≤1 ‖u0(x, y)− (Bu)0(x, y)‖22 ,
by 
hoosing G := Max{S0, S1, · · · , Sp−1}, and 
orresponding to S̃2 < 1/2 we
get

‖up(x, y)− (Bu)p(x, y)‖22 ≤ (
(2S̃2)p − 1

2S̃2 − 1
)
128L2G2

m4
+ 2pS̃2p(

4L2

m4
).

Also, the following inequality holds

‖u(x, y)− (Bu)p(x, y)‖22 = ‖u(x, y)− up(x, y) + up(x, y)− (Bu)p(x, y)‖22
≤ 2‖u(x, y)− up(x, y)‖22 + 2‖up(x, y)− (Bu)p(x, y)‖22.
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Moreover,

‖u(x, y)− up(x, y)‖22 =
∥

∥

∥

∥

∫ x

0

∫ 1

0

ξ(x, s, y, t)(u(s, t)− up−1(s, t))dsdt

∥

∥

∥

∥

2

2

≤
∫ x

0

∫ 1

0

‖ξ(x, s, y, t) (u(s, t)− up−1(s, t))‖22 dsdt ≤

∫ x

0

∫ 1

0

‖ξ(x, s, y, t)‖22 ‖(u(s, t)− up−1(s, t))‖22 dsdt

≤ S2 ‖u(x, y)− up−1(x, y)‖22

≤ S4 ‖u(x, y)− up−2(x, y)‖22 ≤ · · · ≤ S2p ‖u(x, y)− u0(x, y)‖22 . (14)

Also,

‖u(x, y)− u0(x, y)‖22 ≤ 2S2 ‖u(x, y)− u0(x, y)‖22 + 2 ‖u1(x, y)− u0(x, y)‖22 ,

so,

‖u(x, y)− u0(x, y)‖22 ≤
2

1− 2S2
‖u1(x, y)− u0(x, y)‖22 . (15)

It is a
hieved from Eq.(14) and Eq.(15)

‖u(x, y)− up(x, y)‖22 ≤
2S2(p+1)

1− 2S2
S2
0 .

Finally

sup0≤x,y≤1

(

‖u(x, y)− (Bu)p(x, y)‖22
)

≤ 2
2S2(p+1)

1− 2S2
S2
0 + 2

[(

1− (2S̃2)p

1− 2S̃2

)

128L2G2

m4
+ 2pS̃2p

(

4L2

m4

)

]

,

whi
h 
on
ludes the argument.
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5 Numeri
al examples

Here, It is presented two numeri
al examples to demonstrate performan
e and

appli
ability of the 2D-BPs methods in this paper. The results are 
ompared

with the exa
t solutions by 
al
ulating the following error fun
tion:

Ep(x, y) = |(Bu)p(x, y)− u(x, y)| , p = 0, 1, 2, ...

where, u(x, y) denote the exa
t solution of the given examples, and (Bu)p(x, y)
be the approximate solution by the presented method.

Example 1. ([3℄) Consider the following linear mixed Volterra-Fredholm

integral equation,

u(x, y) = u0(x, y) +

∫ x

0

∫ 1

0

y2e−tu(s, t)dtds, x, y ∈ [0, 1),

where, u0(x, y) = x2ey − 1
3
x3y2 with the exa
t solution u(x, y) = x2ey, for

0 ≤ x, y < 1.

At �rst, it is 
he
ked that the 
onditions of Theorem 1 are satis�ed. The

numeri
al results are shown in Tables 1, 2 and 3 the se
ond 
olumn 
ontains

the absolute error Ep(x, y) and relative error is in third 
olumn.

Tab. 1: Results of Example 1, with m = n = 4 and p = 2.
(x, y) Absolute error Relative error

x = y = 0.0 0 0
x = y = 0.1 7.859× 10−6 3.555× 10−4

x = y = 0.2 1.136× 10−4 1.163× 10−3

x = y = 0.3 5.144× 10−4 2.117× 10−3

x = y = 0.4 1.432× 10−3 3.000× 10−3

x = y = 0.5 3.023× 10−3 3.667× 10−3

x = y = 0.6 5.286× 10−3 4.029× 10−3

x = y = 0.7 7.968× 10−3 4.038× 10−3

x = y = 0.8 1.047× 10−2 3.677× 10−3

x = y = 0.9 1.177× 10−2 2.955× 10−3

x = y = 1.0 1.030× 10−2 1.896× 10−3

For 
omparing the 
urrent method with other methods, numeri
al results

form [3℄ and [4℄ are presented in Table 4. As seen in table, our method has
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Tab. 2: Results of Example 1, with m = n = 4 and p = 5.
(x, y) Absolute error Relative error

x = y = 0.0 0 0
x = y = 0.1 7.732× 10−6 3.498× 10−4

x = y = 0.2 1.113× 10−4 1.139× 10−3

x = y = 0.3 5.010× 10−4 2.061× 10−3

x = y = 0.4 1.386× 10−3 2.903× 10−3

x = y = 0.5 2.903× 10−3 3.522× 10−3

x = y = 0.6 5.027× 10−3 3.832× 10−3

x = y = 0.7 7.477× 10−3 3.789× 10−3

x = y = 0.8 9.632× 10−3 3.381× 10−3

x = y = 0.9 1.043× 10−2 2.619× 10−3

x = y = 1.0 8.323× 10−3 1.531× 10−3

Tab. 3: Results of Example 1, with m = n = 6 and p = 5.
(x, y) Absolute error Relative error

x = y = 0.0 0 0
x = y = 0.1 5.118× 10−6 2.315× 10−4

x = y = 0.2 7.369× 10−5 7.541× 10−4

x = y = 0.3 3.316× 10−4 1.364× 10−3

x = y = 0.4 9.176× 10−4 1.921× 10−3

x = y = 0.5 1.922× 10−3 2.331× 10−3

x = y = 0.6 3.329× 10−3 2.536× 10−3

x = y = 0.7 4.953× 10−3 2.507× 10−3

x = y = 0.8 6.386× 10−3 2.238× 10−3

x = y = 0.9 6.931× 10−3 1.734× 10−3

x = y = 1.0 5.551× 10−3 1.015× 10−3
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less error in 
ompare to methods based on operational matri
es via Bernstein

polynomials and triangular fun
tions. This method 
an be run with in
reas-

ing m, n and p until the results settle down to an appropriate a

ura
y.

Tab. 4: The absolute error fun
tion Ep(x, y) of numeri
al results for Example

1 with three method for m = n = 4.
(x, y) Iterative method via Operational matri
es via Operational matri
es via

Bernstein polynomials Bernstein polynomials triangular fun
tions

m = n = 4 andp = 8 m = n = 4 m = n = 4
x = y = 0.0 0 2.265× 10−8 0
x = y = 0.1 2.976× 10−4 4.276× 10−5 1.6190× 10−2

x = y = 0.2 7.432× 10−4 2.001× 10−4 1.2381× 10−2

x = y = 0.3 9.534× 10−4 4.718× 10−4 1.3741× 10−2

x = y = 0.4 1.921× 10−4 7.694× 10−4 2.0272× 10−2

x = y = 0.5 1.021× 10−3 8.787× 10−4 6.8027× 10−3

x = y = 0.6 3.654× 10−3 4.215× 10−4 2.3771× 10−2

x = y = 0.7 2.004× 10−3 1.182× 10−3 2.0739× 10−2

x = y = 0.8 3.708× 10−3 4.755× 10−3 2.2988× 10−2

x = y = 0.9 1.154× 10−3 1.139× 10−3 3.0518× 10−2

x = y = 1.0 1.232× 10−3 2.253× 10−3 −

Example 2. Consider the following linear mixed Volterra-Fredholm integral

equation,

u(x, y) = u0(x, y)−
∫ x

0

∫ 1

0

sint

4
ye−3tu(s, t)dtds, x, y ∈ [0, 1),

where, u0(x, y) = cos(x)e3y − 1
4
ysinx + 1

4
ysinxcos1 with the exa
t solution

u(x, y) = e3ycosx, for 0 ≤ x, y < 1.

The numeri
al results are shown in Tables 5, 6, 7, and 8.

6 Con
lusion

In this paper, we presented a a

urate iterative approa
h to obtaining nu-

meri
al solution for mixed Volterra-Fredholm integral equations. In general,

the integrals o

urring in the iterative method 
annot found analyti
ally and

thus will have to be approximated by suitable method. It was introdu
ed

a iterative pro
edure based on Bernstein polynomials. The method yields
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Tab. 5: Results of Example 2, with m = n = 4 and p = 2.
(x, y) Absolute error Relative error

x = y = 0.0 0 0
x = y = 0.1 1.060× 10−4 8.476× 10−4

x = y = 0.2 4.241× 10−4 2.510× 10−3

x = y = 0.3 9.508× 10−4 4.200× 10−3

x = y = 0.4 1.678× 10−3 5.577× 10−3

x = y = 0.5 2.594× 10−3 6.539× 10−3

x = y = 0.6 3.683× 10−3 7.102× 10−3

x = y = 0.7 4.924× 10−3 7.336× 10−3

x = y = 0.8 6.294× 10−3 7.325× 10−3

x = y = 0.9 7.765× 10−3 7.155× 10−3

x = y = 1.0 9.308× 10−3 6.904× 10−3

Tab. 6: TResults of Example 1, with m = n = 4 and p = 5.
(x, y) Absolute error Relative error

x = y = 0.0 0 0
x = y = 0.1 1.056× 10−4 7.864× 10−5

x = y = 0.2 4.205× 10−4 2.355× 10−4

x = y = 0.3 9.388× 10−4 3.995× 10−4

x = y = 0.4 1.650× 10−3 5.396× 10−4

x = y = 0.5 2.540× 10−3 6.460× 10−4

x = y = 0.6 3.592× 10−3 7.195× 10−4

x = y = 0.7 4.784× 10−3 7.660× 10−4

x = y = 0.8 6.091× 10−3 7.932× 10−4

x = y = 0.9 7.487× 10−3 8.095× 10−4

x = y = 1.0 8.941× 10−3 8.240× 10−4
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Tab. 7: Results of Example 1, with m = n = 6 and p = 5.
(x, y) Absolute error Relative error

x = y = 0.0 0 0
x = y = 0.1 6.366× 10−5 4.703× 10−5

x = y = 0.2 2.554× 10−4 1.408× 10−4

x = y = 0.3 5.746× 10−4 2.389× 10−4

x = y = 0.4 1.017× 10−3 3.227× 10−4

x = y = 0.5 1.578× 10−3 3.864× 10−4

x = y = 0.6 2.248× 10−3 4.303× 10−4

x = y = 0.7 3.016× 10−3 4.582× 10−4

x = y = 0.8 3.867× 10−3 4.745× 10−4

x = y = 0.9 4.785× 10−3 4.843× 10−4

x = y = 1.0 5.753× 10−3 4.930× 10−4

Tab. 8: The absolute error fun
tion Ep(x, y) of numeri
al results for Example

2 with three method for m = n = 4.
(x, y) Iterative method via Operational matri
es via Operational matri
es via

Bernstein polynomials Bernstein polynomials triangular fun
tions

m = n = 4 andp = 8 m = n = 4 m = n = 4
x = y = 0.0 0 3.768× 10−8 0
x = y = 0.1 9.655× 10−5 5.563× 10−4 5.432× 10−3

x = y = 0.2 4.124× 10−4 5.946× 10−4 2.245× 10−3

x = y = 0.3 8.874× 10−4 8.083× 10−4 1.789× 10−2

x = y = 0.4 1.921× 10−4 7.098× 10−3 1.043× 10−2

x = y = 0.5 2.021× 10−3 8.891× 10−3 5.297× 10−3

x = y = 0.6 2.934× 10−3 3.198× 10−3 3.390× 10−2

x = y = 0.7 3.984× 10−3 2.679× 10−3 3.287× 10−2

x = y = 0.8 6.654× 10−3 5.045× 10−3 2.057× 10−2

x = y = 0.9 6.132× 10−3 4.487× 10−3 1.894× 10−2

x = y = 1.0 8.109× 10−3 7.097× 10−3 1.721× 10−2
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a

urate results and it is easy to performan
e. The method is so simple

without any 
omplexity and has less error than the methods proposed in [4℄

ans [1℄. Furthermore, only a small number of iterations and bases are needed

to a
hieve a satisfa
tory solution. We applied the proposed method on two

test examples and 
ompared the results with their exa
t solution in order to

demonstrate the validity and pro
edure of the method. The numeri
al results

represent that the a

ura
y of the obtained solutions is good and support the


laims.
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