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Abstract

This paper is concerned with the numerical solution of mixed Volterra-Fredholm
integral equations, based on iterative method and two variable Bernstein polyno-
mials. In the main result, this method has several benefits in proposing an efficient
and simple scheme with good degree of accuracy. Our second main result is to prove
the convergence of the method, and to derive an upper bound under assumptions.
Numerical experiments are performed for the approximation of the solution of two
examples to demonstrate the accuracy and integrity of the method.
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1 Introduction

The objective of this study is to propose an iterative approach for numerical
solutions of linear mixed Volterra-Fredholm integral equations as:

uw(z,y) = uo(z,y) + /ox/o E(z, s,y t)u(s, t)dsdt, (1)

where, u(x,y) is an unknown function, ug(z,y) and &(z, s, y,t) are analytical
functions on unit square [0, 1] x [0, 1] and [0, 1] x [0, 1] x [0, 1] x [0, 1], respec-
tively. The existence and uniqueness of the solution for Eq. (1) are reviewed
in [1].

In the recent scientific literature many authors attempted to extend nu-
merical method to approximate the solution of Eq.(1) [2-4]. In this paper,
we introduce an efficient and convenient numerical scheme based upon it-
erated method and two-dimensional Bernstein polynomials (2D-BPs). The
advantage of the method over other existing methods is its simplicity of per-
formance.

Bernstein polynomials are very useful in many field of mathematics es-
pecially numerical analysis. These kind of polynomials have been applied in
finding the solution of types of differential equations, integral equations and
approximation theory |5-7|.

The sections of this paper are listed as follows: In Section 2, some gen-
eral concepts concerning 2D-BPs and some elementary concept related to
this method are reported. In Section 3, the method is applied to solve mixed
Volterra-Fredholm integral equations. Section 4 contains error analysis re-
sults and assumptions of the scheme. In Section 5, proposed method is
applied for two examples to illustrate the accuracy and implementation of
the scheme. Finally, Section 6 presents a brief conclusion of this paper.

2 Preliminaries

The B-functions of mn-th degree are defined on the interval [0,1] x [0,1]
as [3,5-7|

Biim) o (2, y) = ( " ) ( " ) 2 (1—a)" "y (1 —y)" ™,

¢ J
fori=0,1,....m, j =0,1,...,n, and m and n are positive integers.
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The set of 2D-BPs can be defined as a (m + 1)(n + 1)-vector Y(x,y):
T(l’, y) = [B(O,m)(O,n) (Ia y)a sy B(O,m)(n,n) (ZIZ’, y)> sy

T
B(m,m)(O,n) (ZL’, y)> sy B(m,m)(n,n)(xa y):| )

where, (z,y) € [0,1] x [0, 1].

Suppose f is a function of two real variables on the unit square x € [0, 1]
and y € [0,1], then the Bernstein polynomial of two variables, of degree
(n,m), corresponding to the function f, can be obtained as following form:

(Bn,mf>(x7 y) = Z Z f <E7 5) B(i,m)(j,n) (LL’, y) = FTT(SL” y)
i=0 j=0
It is obvious that

B(i,m)(j,n) (ZL’, y) = B(z’,m) (z)B(],n)(y)a

where B(; m)(z) is one-dimensional Bernstein polynomials of m-th degree are
defined by:

B@m@g:(zl)fa—xw4.

With considering following definition

cmmmmhw:<?)(?><2)(z)

the following equality holds

1 1
/ / Biim)(5:n) (T, Y) Bty (1,0) (T, y ) dxdy =
0 0

C(m,n,i,j,k,t)
2n 2m '
(2n—|—1)(2m—|—1)(j+t) <z+k‘)

T 1
/ / Bim)(i.n) (5, Y) Be,m)y(t.n) (8, y)dsdy
o Jo

Also,

T 1
= C(m,n,i, j, k‘,t)/ / s (1=8)™ "y (1—y)" " (1=s)" " y' (1—y)""dsdy
0 0
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C(m n,Z,j,]{? t / / 2+k 2m i— kyj—l—t(l _ y)2n—j—td8dy

z 2n—j—t .

C(m,n,i,j, k,t) 2n —j —t o

:(2( 1( )/ Z ( H )yﬁﬁdy
m +

.. n—qj— a 2n__t w't(xl
C(ma n, i, J, k, t) Zi:oj t(_l) < aj ) (j:;-:a:l)
_ - (2
2m
(2m+1) ( itk )

If we define (m + 1)(n + 1) x (m + 1)(n + 1)-matrix M(z), such that the
components of M(x) are elements of Eq. (2), then

// (s,9)T7 (s, y)dsdy = M (x).

3 Solving mixed type Volterra-Fredholm intgral
equations by 2D-BPs

In this section, iterative method and two-variable Bernstein polynomials are
used to solve mixed Volterra-Fredholm integral equations.
For the integral equation (1) iterative process is

T 1
Upy1(2,Y) ZUO(x,y)+/ / E(@, s,y )up(s, t)dsdt, p=0,1,... (3)
0 0

In general, the integrals occurring in the above iterative method can-
not found analytically and thus will have to be approximated by suitable
method. Hence, the functions ug(z,y) and &(x, s,y,t) can be approximated
with respect to 2D-BPs as:

uo(,y) = Y (2, y)Uo = (Buo(,y), (4)

§(x,5,y,1) = T (2,9)=0(s,1) == (BE)(x, 5,9, 1), (5)

where, the (m+1)(n+1) x 1-vector Uy and matrix = are 2D-BPs coefficients
of up(z,y), and &(z, s,y,t), respectively.

Thus, it is introduced a iterative procedure based on Bernstein polynomi-
als. So, following iterative method gives the approximate solution of Eq.(1)
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(Bu)pr () = uo(z,y) + / m / (BE) (. 5. . )(Bu)y (s, t)dst,
p=20,1,2,...

(6)

replacing p = 0 and by substituting (4-5) in integral part of the equation (6),
we have

(Bu)y(z,y) = uo(x,y) + /:/0 YT (2, )2 (s, )Y T (s, t)Updsdt,

using previous relations

T 1
/ / YT (2, )21 (s, )T (s, ) Updsdt —

Tz, y)= / / (5, )Y (s, t)Uydsdt

=Y (z,y)EM (2)U.
So,
(Bu)i(z,y) = uo(z,y) + TT(x, y)=EM (x)Uy =~ TT(:L’, y)(I + =M (x))Uy.
This procedure is continued for p =1
T 1
(Bula(a) = wnle.) + [ [ (B s, 0B s,
= ug(z,y) + T (2, y)EM (2)Up+

Tz, )2 / / (5,)YT(s,t)EM (s)Updsdt,

where the last term leads to calculate integral in the following form

T 1
/ / 8i+k+ﬁ(1 - 8)2m—i—kyj+t(1 o y)2n—j—td8dy
0 0

2n—j—t o 2n — ] —1 pitttatl
2iam0 (1) ( o ) UFerar)

(2m+ﬁ+1)(,2m+ﬁ ) |

i+ k+p

and this process to be continued.
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Theorem 1. Suppose that & : [0,1] x [0,1] x [0,1] x [0,1] = R and uy(z,y) :
[0,1] x [0,1] = R are continuous functions such that

S:= sup [&(x,s,y,t) <1 (7)

0<z,s,y,t<1

then there is a unique continuous function u(x,y) : [0,1] x [0,1] — R that
satisfied Eq.(1) and it can be achieved by the following successive approzima-
tions method:

x 1
up(x,y) = up(x,y) —I—/ / E(z, s, y, t)up—1(s, t)dsdt, p=1,2,..
o Jo

Proof: The integral equation may be written as a fixed point equation
Ou = u where the map © and I' are defined as follow:

T 1
Ou := uo(x,y)+/ / E(x, s,y,t)u(s, t)dsdt,
o Jo
T 1
Cu ::/ / E(z, sy, t)u(s, t)dsdt.
0o Jo

It suffices to show that © is a contraction map on the normed space X =
C([0,1] x [0,1]) with the norm || . | .

The operator O, defined on the space C([0, 1] x [0, 1]) of continuous functions
on [0, 1] %[0, 1] endowed with max norm and with values in the space C(|0, 1] x
[0, 1]) is bounded. The operator is in fact compact.

In addition, © is a contraction since, for any ui,us € C([0,1] x [0,1]), we
have

/Ox /01 §(@,s,y,t)(ur(z,y) — uz(x,y))dsdt

| Ou; — Ous ||o= sup
0<z,y<1

< sup / / €@ 5,9, 1)1, ) — wale, )| dsds

0<z,y<1 Jo

< lur(@, ) — ua(@, )l sUP / / € (s 5., )| dsdt
0<z,y,s,t<1

< Slui(z,y) — ua(z, y) oo

The result can be achieved by the contraction mapping theorem:.



27 Hosseini Shekarabi, Ezzati

Furthermore, the sequence of successive approximations, u,(z,y) converges
to the solution u(z,y). Suppose

6?(377 y) = up(xv y) - u(ajv y)7
where, u(z,y) is the exact solution of Eq. (1). Moreover,
u = ug + ['u.

By subtracting (3) from (1)
Ep+1 = Fepa

then
lept1lloo = [ITeplloc < Slleplloos (8)

to obtain the error bound

Upt] — Up = Upt1l — U+ U — Uy = Epy1 — €p,

SO
ep = €ps1 — (Up1 — Up),
as result
leplloe < lleptalloo + llupsr = tplloo,
from (8)
leplloc < Slleplloc + [lupr1 = tplloc,
as a result
e )

Inequality (9) shows a computable bound on the error, and the inequality
holds when S < 1. This last condition guarantee that the sequence wu,
converges to u and if S > 1, then inequality (9) is invalid and the sequence
u, may not converge.

Also, the following error bounds hold and show the speed of convergence:

S
P |loo> _ 1 — YOl|loos
Fep lloo< 5 llur — woll
gpt1
Fep oS 7755, (10)

Where, S() = Supogx,ygl || Uo(l’,y) ||
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4 Error analysis

Let us denote by [0, 1]” the unit cube in R", and mq, ms, ..., m, natural num-
bers.

Theorem 2. (/8,9]) Let | X|| = (30 (x:)2)"?, where X € [0,1] and if
u(X) is continuous in [0,1]", and

wwd) = sup  ulX) —u(Xa)| X1, Xs€[0,1)

1X1 - X2 ]| <5

then .
| By ma,ooom, (X)) — u(X) || < 7Y (uym="7?) (11)

where m =% m; [10].

Theorem 3. ([11]) If u: [0,1]" — R is a continuous function satisfying the
Lipschitz condition

[u(X) = u(Y)[| < LIX = Y]],

on [0,1]", then the inequality

| By ) (X) = 0(X) H<§<Zi) , (12

hold.
For more details on error bound see [3].

Theorem 4. Let u(x,y) be a solution of equation (1) and (Bu),(z,y) achieve
from equation (6), and

1wz, y)|| < Si, for 0 < i <p—1, where S; = supg<, <1 ||ui(z, y)||-

2. |(BE)(x,s,y,t)|| < S < 1, for x,y,s,t €[0,1].

3 mi=my=..=m, =m.
4. G := MCLLU{S(), Sl, ceey Sp—l}'
Then

supo<a y<i([[u(z,y) = (Bu)p(z, y)||) <

p+1 _ ap ~
G (15_ S) + ZG (1 S~ ) w (& (4m)~1?) + ZSpw (uo; (2m)~1/%) .

1-5
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Proof: From Eq.(3) and Eq.(6) we have

[ui(2, y) = (Bu)i(z,y)|| <

/gxsyt 1(s, t)dsdt — // (Bé)(x, s,y,t)(Bu);_1(s, t)dsdt||,

for 1 <7 <p.

At first, for i =1
|ur(z,y) — (z,y)]l

//fosthu (s,t)dsdt

Y, ug(s,t) — (BE)(x, s,y, t)uo(s, t)dsdt|| +

(BE)(x, 8,9, t)ug(s,t) — (BE)(x, s,y,t)(Bu)o(s, t)dsdt

/ / 1€(x, 5,9, t)uo(s,t) — (BE)(x, s,y, t)uo(s, t)|| dsdt+
/0 /0 1(BE) (5,1, uo(s, 1) — (BE) @, 5, )(Buo(s, £)|| dsdt
< /:/0 €(z, s,y,t) — (BE)(x, 5, y,t)|| ||uo(s, t)|| dsdt+

‘AxlzH@%Xxﬁﬂhﬂnmm@ﬁ)—(Bub@ﬁﬂwﬂﬁ

< [l€Cz, 5,y,8) = (BE) (x5, y, 1)[[[uo(z, y)[|+
1(BE) (x5, y, )| [uo(x, y) — (Bu)o(z, ).

For i =2
[ua(z,y) — (Bu)a(z, y)||

// (Bé)(x,s,y,t)(Bu)i(s, t)dsdt

_/’/|mx@wﬁwxaw—U%Xaa%wmuiwww+
0 0
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/0 ' / 1(BE) (. 5., Dyus(5. 1) — (BE)(, 5,9, 8) (Bu)a(s, )] dsdt

< 1€, 8, y,t) = (BE)(x, 5,5, D) |[[ua (2, y) [+
[(BE)(x, s,y E)|[[[ur(x, y) — (Bu)i(z, y)l
< 1€, 8,9, 1) = (BE)(x, 5, y, D) [ [[ua (2, y) [+
1(BE) (5, y, N IE (2, 5,9, 1) = (BE)(, 5, y, D) [ [luo(, y) |1+
1(BE)(, 5, y, )| luo(z, y) — (Bu)o(z, y)[]-

At last, for i = p
[up(@,y) = (Bu)p(z,y)|| <

f x, 8, Y, t)u,—1(s, t)dsdt — / / (BE)(z,8,y,t)(Bu)y_1(s,t)dsdt

S/O /0 1€ (2, 8,9, )up—1(s,t) — (BE)(x, 8, y, t)up—1(s,t)|| dsdt+

/0 ' / 1(BE) (5. )tpr(5,8) — (BE) (&, 5., £) (Bl (s, )| dsdt

< &y 5, 1) = (BE) . 5,9, ) [ upr (. )| +
1(BE) @, 5,9, ) ltp-1(2,y) — (Bu)por (2,9
< &y 5,9.1) = (BE . 5,9, )| tpr () |+
1(BE) (@, 5. 9. DIIE (. 5,9,8) — (BE) @, 5., ) lup—sle, )1+
1(BE) (@, 5. 9. DIl 5., 8) — (BE) (&, 5,9, )l [ps(, y)]| + ..
HI(BE) (@, 5y DI 1€, 5,9, 8) — (BE) (@, 5.y, Dl ol )|+
1(BE) (@, 5, 9, D7l ) — (Budo(z, y)]
< [l6(a 5,9,8) = (BE) 5,9, )] [Spor + 55,0+ §25,5 + .

+S5P71G, | + 5P |uo(z,y) — (Bu)o(z,y)]l,

from Eq.(11), it’s achieved that

lup(, y) = (Bu)p(z, y)|| <
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5 Y = ~
7w (& (4m)=1%) [Sp_l 88, 0+ 528, gt 4+ SIS, 4

5 -
ZS”w (uo; (2m)‘1/2) :
By choosing G := Max{So, S1, ..., Sp—1}, we get

Jup(z, ) — (Bu)y o, )| <26 (1 - Sf’) w (& (4m) )

1-5

(13)
5~ _
+ ZSpw (uo; (2m) 1/2) ,
Also, the following inequality holds
Ju(z, y) = (Bu)p(z,y)|| = llu(z,y) — up(z,y) + up(z,y) — (Bu)p(z, y)|

< luz,y) — up(z, y) || + llup(z,y) — (Bu)p(z, y)l,
finally from (10) and (13) the desired result is reached

[uz,y) = (Bu)y(z, y)

Sptt 1—5? 5~
< _ . —1/2 —_QqQp . —1/2
1_55 G<1_S>w(§,(4m) )+4Sw(u0,(2m) )

gp+l 5 (1 G .
=¢ <1 - S) ¢ < 1-8 ) w (6 (4m) ™) + v (uo; (2m)~1/2) .

Theorem 5. Let u(x,y) be solution of equation (1) and (Bu),(x,y) achieve
from equation (6), and

1. lui(z,y)|| < Si, for 0 <i<p-—1.

2 (B @, 5,5 < 5 < /4, forzy,s,t€[0,1]

3. uo(z,y), £(z,8,y,t) are continuous functions satisfying the Lipschitz con-
dition, with Lipschitz constant L > 0.

4. M1 =My = ... =My =M.
5 G = MCLZE{S(), Sl, ceey Sp}
Then

supo<a y<1([|u(z,y) = (Bu)p(x, y)]13)
2(p+1) — (952 2072 2
2 [(1 (25?) ) 18L°G o, (4L )] |

- 1—-252 1—252 m? mi
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Proof: From Eq.(3) and Eq.(6) for 0 < i < p we have

lus(,y) = (Bu)i(z, )3

tu;_1(s, t)dsdt

- / ) / (BE)(w. 5,9, 1)(Bu) s (s, s

At first, for i =1

s (2, y) — (Bu)i (2, 9)ll5

f x, 8, Yy, t)up(s, t)dsdt — / / (BE)(x, s,y,t)(Bu)o(s, t)dsdt

2
2

+
2

’ / o5y Byuo(s. ) — (BE)E, 5,y uo(s, ) dsdt
0 0

H (Bg)(l’, S Y, t)UO(Sv t) - (B£> (LL’, S, Y, t)(Bu)O(Sv t)detHa

T 1
A [ [ et sy punls. 1) = (BE a5yl O] dde+
0 0

/0 ) / 1(BE) (2, 5., )uols, £) — (BE)(x, 5,y £) (Bulols, t)|2dsd]

S 25”p0§x,s,y,t§l||(§(x> $, Y, t) - (Bf)(!lf, $, Y, t))UO([L’, y)Hg_l—
25up0<x 5,9, t<1||(B€)(:Ea S, Y, t)(UO(xa y) - (BU)O(:E> y)) ||g

L2 4 L% 2 1282 41252
<2(— 1 ( )15 + 5P —(=)") = Ss +2w-

- 4 “m m4

The last term is satisfied by Theorem 3.
Now, for ¢ = 2
lus(@, y) = (Bu)a (@, y)|3

x 1 x 1 2
/ £, .y, Dyun(s, )dsdt — / / (BE)(x, 5, . 1)(Bu)i(s, t)dsdt
0 0 0 0 2

T 1
2[/ / ||§(ZI§', sayat)ul(sat) - (Bg)(l’, Sayat)ul(sat)HSdet‘l‘
0 0
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/0 ' / 1(BE)w, 5,5, tur(s, £) — (BE) (s 5,9, 0) (B (s, )| 2dsd]

< QSUPOSHC,&Z/,tSl || (5(![’, $,Y, t) - (Bg) (l’, S, Y, t))ul(x> y) ||g+
25UPo<a,s i<t || (BE) (2, s, y, t) (ur(z, y) — (Bu)(x,y)) |13

202 _ 2 232
_ 128125 +252(128L o ,AL%5 )
m? m? mi
12812 . 41254

< 2 2 Q2 2
< (87 +25°50) 42

m
Fori=p

lup(z, y) = (Bu)p(z, v)|l;
/ E(x, sy, t)up_1(s, t)dsdt — / / (BE)(z,s,y,t)(Bu)y_1(s, t)dsdt

< 2[/0 /0 1€(x, 5,9, t)up—1(s,t) — (BE)(x, s,y,t)up_l(s,t)]|§dsdt+

| [ 0B 5. 0ym105,8) = (B 5By 5,0 ]

S 28up0§x,y§l|up—l(za y)|28up0§:c,s,y,t§1 ||€($a S, Y, t) - (Bf)(!lf, S, Y, t) ||§

QSUPOSm,s,y,tSI‘ (B£> (LL’, S, Y, t) |28up0ﬁm,y§1 ||up—1(x7 y) - (Bu>p—1<x7 y) Hg

S 28up0§557y§1 ||§(ZI§', S, Y, t) - (Bﬁ)(rt, S, Y, t)”g
5;3—1 + 2525;_2 + 225455_3 + ...+ 21’—15*2(1)—1)58 +

2 5% supocsyet ol y) — (Budo(, y)I

by choosing G := Max{Sy, S, - - -

,S,_1}, and corresponding to 5% < 1/2 we
get

(252%)? — 1 128L2G? 4L7
lup(, y) = (Bu)y(z, y)[13 < ( 552 1 - + 2P 5 (—

)-

mA
Also, the following inequality holds

lu(z,y) — (Bu)p(a, Yl = llulz, y) — uy(z, y) +up(z,y) — (Bu)y(z, )l

< 2flu(z,y) — up(z, y)l3 + 2llup (2, y) — (Bu)y(z, y)Il5-
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Moreover,
T 1 2
lu(e, ) — up(e, )| = / / £, 5,9, 1) (u(s, 1) — wy_1 (5, £))dsdt
0 0 2
T 1 )
< / / 1€ 5., 8) (u(s, ) — wpor (s, £)) |2 dsdt <
0 0
T 1 5 5
/0 / 1€, 5., 8)[2 [ Culs, £) — upr(s, 1)) |2 dsde
< 8 u(z, y) — wpr (2, 9)]2
< S u(z,y) — wpa(@, )2 < - < S ule,y) — wolz, )2, (14)

Also,

lu(z, y) — oz, y)ll; < 25% [u(,y) — wolz, Y3 + 2 ur(z,y) — wo(z, )5,

S0,

2
u(z, y) — uo(z,y)ll5 < Y] lus(z,y) — uo(, )5 - (15)
It is achieved from Eq.(14) and Eq.(15)

2.52(p+1)

2
1—25250‘

lu(z, y) — up(z, )5 <

Finally
supo<ay<t ([ulz,y) — (Bu)y(z,y)];)

2(p+1) _ (982)p 272 R 2
<525 Sg+2[<1 (25))128LG +2p52p<%>]7

= 719262 1 — 282 mA m

which concludes the argument.
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5 Numerical examples

Here, It is presented two numerical examples to demonstrate performance and
applicability of the 2D-BPs methods in this paper. The results are compared
with the exact solutions by calculating the following error function:

Ep(z,y) = [(Bu)p(, y) — u(z,y)],

where, u(z, y) denote the exact solution of the given examples, and (Bu),(z,y)
be the approximate solution by the presented method.

p=0,1,2, ..

Example 1. (/3]) Consider the following linear mized Volterra-Fredholm
integral equation,

T 1
uley) =uw) + [ [ e utsidds, wye o.),
o Jo
where, uy(z,y) =
0<zy<l.

At first, it is checked that the conditions of Theorem 1 are satisfied. The
numerical results are shown in Tables 1, 2 and 3 the second column contains
the absolute error E,(z,y) and relative error is in third column.

eV — sx3y? with the exact solution u(xz,y) = z*e¥, for

Tab. 1: Results of Example 1, with m =n =4 and p = 2.

(x,y) Absolute error | Relative error
r=1y=0.0 0 0
r=y=01| 7.859x 1075 | 3.555 x 10~*
r=y=02| 1.136 x 10™* | 1.163 x 1073
r=y=03| 5144x 10~* | 2.117 x 103
r=y=04]| 1.432x 1073 | 3.000 x 103
r=y=05| 3.023x 1073 | 3.667 x 1073
r=y=06| 5286 x1073 | 4.029 x 1073
r=y=07| 7968 x 1073 | 4.038 x 1073
r=y=08]| 1.047x 1072 | 3.677 x 1073
r=y=09] 1.177x 1072 | 2.955 x 1073
r=y=10] 1.030 x 1072 1.896 x 1073

For comparing the current method with other methods, numerical results
form [3] and [4] are presented in Table 4. As seen in table, our method has
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Tab. 2: Results of Example 1, with m =n =4 and p = 5.

(z,y) Absolute error | Relative error
rz=1y=0.0 0 0
r=y=01| 7.732x107° 3.498 x 1074
r=y=02| 1.113x 10™* 1.139 x 1073
r=y=03]| 5010x107* | 2.061 x 1073
r=y=04| 1386 x 1073 2.903 x 1073
r=y=0.5| 2903 x 1073 3.522 x 1073
r=y=0.6| 5027 x 1073 3.832 x 1073
r=y=0.7| 7477 %1073 3.789 x 1073
r=y=0.8| 9.632x 1073 3.381 x 1073
r=y=09| 1.043x 1072 | 2.619 x 103
r=y=10| 8323 x 1073 1.531 x 1073

Tab. 3: Results of Example 1, with m =n =6 and p = 5.

(x,y) Absolute error | Relative error
r=1y=0.0 0 0
r=y=01] 5118 x 1076 | 2.315 x 1074
r=y=02]| 7.369x107° | 7.541 x 1074
r=y=03| 3316 x 107" | 1.364 x 1073
r=y=04] 9.176 x 107* 1.921 x 1073
r=y=05| 1922 x 1073 2.331 x 1073
r=y=06| 3.329%x 1073 | 2.536 x 1073
r=y=0.7| 4953 x107% | 2.507 x 1073
r=y=0.8] 6.38 x 1072 | 2.238 x 1073
r=y=09| 6931 x1073 1.734 x 1073
r=y=10| 5551 %1073 1.015 x 1073
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less error in compare to methods based on operational matrices via Bernstein
polynomials and triangular functions. This method can be run with increas-
ing m, n and p until the results settle down to an appropriate accuracy.

Tab. 4: The absolute error function E,(z,y) of numerical results for Example

1 with three method for m =n =4

(z,y) Iterative method via | Operational matrices via | Operational matrices via
Bernstein polynomials | Bernstein polynomials triangular functions
m=n=4andp=38 m=n=4 m=n=4
xr=y=0.0 0 2.265 x 1078 0
r=y=0.1 2.976 x 10~* 4.276 x 107 1.6190 x 1072
r=y=02 7.432 x 107* 2.001 x 10* 1.2381 x 1072
r=y=023 9.534 x 10~* 4.718 x 10~* 1.3741 x 1072
r=y=04 1.921 x 1074 7.694 x 10~* 2.0272 x 1072
r=y=05 1.021 x 1073 8.787 x 10~* 6.8027 x 1073
r=y=06 3.654 x 1073 4.215 x 1074 2.3771 x 1072
xr=y=0.7 2.004 x 1073 1.182 x 1073 2.0739 x 1072
r=y=038 3.708 x 1073 4.755 x 1073 2.2988 x 1072
r=y=09 1.154 x 1073 1.139 x 1073 3.0518 x 1072
r=y=10 1.232 x 1073 2.253 x 1073 —

Example 2. Consider the following linear mized Volterra-Fredholm integral
equation,

sint

x 1
u(z,y) = uo(z,y) — / / Tye_gtu(s, t)dtds, x,y €[0,1),
o Jo

where, ug(x,y) = cos(x)e® — iysz’nx + %ysinzcosl with the exact solution
u(x,y) = e¥cosw, for 0 < z,y < 1.

The numerical results are shown in Tables 5, 6, 7, and 8.

6 Conclusion

In this paper, we presented a accurate iterative approach to obtaining nu-
merical solution for mixed Volterra-Fredholm integral equations. In general,
the integrals occurring in the iterative method cannot found analytically and
thus will have to be approximated by suitable method. It was introduced
a iterative procedure based on Bernstein polynomials. The method yields
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Tab. 5: Results of Example 2, with m =n =4 and p = 2.

(z,y) Absolute error | Relative error
rz=1y=0.0 0 0
r=y=0.1] 1.060 x 107* | 8.476 x 1074
r=y=02| 4241 x107* | 2.510 x 1073
r=y=03] 9508 x107* | 4.200 x 1073
r=y=04| 1678 x 1073 5.577 x 1073
r=y=05| 2594 x 1073 6.539 x 1073
r=y=0.6| 3.683x1073 7.102 x 1073
r=y=0.7| 4924 x 1073 7.336 x 1073
r=y=08| 6294 x 1073 7.325 x 1073
r=y=09]| 7.765 x 1072 | 7.155 x 1073
r=y=10| 9.308 x 1073 6.904 x 1073

Tab. 6: TResults of Example 1, with m =n =4 and p = 5.

(x,y) Absolute error | Relative error
r=1y=0.0 0 0
r=y=0.1| 1.056 x 107* | 7.864 x 107°
r=y=02| 4205x107* | 2.355 x 10~*
r=y=03] 9388 x 107" | 3.995x 10~*
r=y=04| 1.650x 1072 | 5.396 x 10~*
r=y=05| 2540 x 1073 | 6.460 x 10~*
r=y=06| 3592x107% | 7.195x 1074
r=y=0.7| 4784 x107% | 7.660 x 1074
r=y=0.8] 6.091 x 1072 | 7.932 x 1074
r=y=09| 7487 x 1073 | 8.095 x 10~*
r=y=10| 8941 x 1073 8.240 x 1074
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Tab. 7: Results of Example 1, with m =n =6 and p = 5.

(x,y) Absolute error | Relative error
T=y=00 0 0
r=y=01]| 6.366x 107> | 4.703 x 107°
r=y=02]| 2554x107* | 1.408 x 10~*
r=y=03]| 5746 x 107 | 2.389 x 10~*
r=y=04| 1.017x 1073 | 3.227 x 10~*
r=y=05| 1.578 x 1073 | 3.864 x 10~*
r=y=0.6]| 2248 x 1073 | 4.303 x 10~*
r=y=0.7] 3.016 x 1073 | 4582 x 10~*
r=y=08| 3.867 x 1073 | 4.745 x 10~*
r=y=09]| 478 x 1073 | 4.843 x 10™*
r=y=10]| 5753x 1073 | 4.930 x 10~*

Tab. 8: The absolute error function E,(z,y) of numerical results for Example

2 with three method for m =n = 4.

(z,y) Iterative method via | Operational matrices via | Operational matrices via
Bernstein polynomials | Bernstein polynomials triangular functions
m=n=4andp=38 m=n=4 m=n=4
xr=y=0.0 0 3.768 x 1078 0
r=y=0.1 9.655 x 107 5.563 x 10~ 5.432 x 1073
r=y=0.2 4.124 x 1074 5.946 x 10~ 2.245 x 1073
r=y=03 8.874 x 1074 8.083 x 1074 1.789 x 1072
r=y=04 1.921 x 10~* 7.098 x 1073 1.043 x 1072
r=y=0.5 2.021 x 1073 8.891 x 1073 5.297 x 1073
r=y=06 2.934 x 1073 3.198 x 1073 3.390 x 1072
r=y=0.7 3.984 x 1073 2.679 x 1073 3.287 x 1072
r=y=038 6.654 x 1073 5.045 x 1073 2.057 x 1072
r=y=09 6.132 x 1073 4.487 x 1073 1.894 x 1072
r=y=1.0 8.109 x 1073 7.097 x 1073 1.721 x 1072
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accurate results and it is easy to performance. The method is so simple
without any complexity and has less error than the methods proposed in [4]
ans [1]. Furthermore, only a small number of iterations and bases are needed
to achieve a satisfactory solution. We applied the proposed method on two
test examples and compared the results with their exact solution in order to
demonstrate the validity and procedure of the method. The numerical results
represent that the accuracy of the obtained solutions is good and support the
claims.
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