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Abstract 

The basic assumption of the classical inventory (EOQ/EPQ) models is that %100 of items ordered/produced are 
perfect. However, in most of the production processes, it is unavoidable that the items ordered or produced are 
defective. This study develops a fuzzy economic order quantity model with defective items and shortages. In this 
model, the demand, defective rate, ordering cost, unit cost, disposal cost, holding cost, backordering cost and 
screening cost are expressed as trapezoidal and triangular fuzzy numbers. Moreover, the Graded Mean Integration 
Representation method is applied to defuzzify the total profit function in fuzzy sense, and then the optimal policy 
for the model is determined. The results between crisp case and fuzzy case are compared with the help of numerical 
examples. Finally, sensitivity analysis is carried out to find the effect of changes in the values of selling prices of 
good-and imperfect quality items, screening rate and percentage of scrap items on optimal solutions.  

Keywords: Economic Order Quantity, Defective Items, Backorder, Graded Mean Integration Representation 
Method, Trapezoidal/Triangular Fuzzy Numbers  

 

 

1. Introduction 

The basic assumption of the classical Economic Order/Production Quantity (EOQ/EPQ) mod-
els is that %100 of ordered/produced items are perfect quality. By loosening this assumption and 
introducing some hypothesis, many new models related with different EOQ and EPQ models with 
percentage defective items have been developed by researchers.  

Rosenblatt and Lee (1986) and Porteus (1986) considered an EPQ model without backorder 
where the production system contains some defective items. The basic assumption of their model 
is that production system produces only good-quality items from the starting point of production 
processes until a time point. In this time point which is a random variable, system becomes out-
of-control and starts to produce defective items with a percentage of production until end of the 
production time. This model was extended by Kim and Hong (1999) with the case of the distrubi-
tion of the time passes until system becomes out-of-control is arbitrarily distributed. Chung and 
Hou (2003) reconsidered an inventory model with backorder in which the aforementioned models 
were combined. Moreover, Hayek and Salameh (2001) proposed an EPQ model with defective 
items and shortages that percentage defective has uniform distribution. All the defective items 
were reworked in their model. Chiu (2003) extended the Hayek and Salameh model (2001) to the 
case that a portion of the defective items were reworked for making them good-quality item and 
the others were sold at a discounted price. Chan et al. (2003) proposed three EPQ models in which 
produced products classified as good quality, good quality after reworking, imperfect quality and 
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scrap. The basic assumptions of these models were not allowing backorders and reworking time 
was zero. Eroglu et al. (2008) extended this model to the case that the shortages were allowed.  

Besides these models, Salameh and Jaber (2000) proposed an EOQ model, where each lot 
contains percentage defectives which has a uniform distribution, and they assumed that shortages 
were not allowed. Goyal and Cardenas-Barron (2002) reworked on the paper and to find out the 
optimal lot size, they gave a practical approach. Papachristos and Konstantaras (2006) extended 
the Chen et al. (2003) and Salameh and Jaber (2000) models. They clarified the sufficient condi-
tions for shortages given in these papers. In addition, Eroglu and Ozdemir (2007) rederived the 
Salameh and Jaber (2000) model to the case that shortages were allowed. In that model, they 
assumed that defective items contain imperfect quality and scrap. Scrap items were subtracted 
from inventory and imperfect quality items were sold as a single lot once screening process fin-
ished. Sulak et al. (2015) developped the Eroglu and Ozdemir (2007) model in case of permissible 
delay in payment. Khan et al. (2011) summarized the extensions of the EOQ model for imperfect 
quality items. Jaber et al. (2013) extended the model Salameh and Jaber (2000) model by assum-
ing that the imperfect quality items were repaired or replaced by good ones.   

The aforementioned models assume that the model parameters are described as a crisp values 
or having crisp statistical distributions to reflect uncertainty. Because of resolving the uncertainty 
which has a significant importance for the decision makers, several researchers have proposed 
different inventory problems in fuzzy sets environment.  

Fuzzy set theory, introduced by Zadeh (1965), has been widely used among the researcher to 
treat classical inventory models. Park (1987) considered the classical EOQ model in fuzzy sense, 
where ordering cost and holding cost were trapezoidal fuzzy numbers. Chen et al. (1996) fuzzified 
the holding cost, ordering cost and backorder cost with trapezoidal fuzzy numbers. Yao and 
Chiang (2003) fuzzified an inventory model without backorder in which the demand and the hold-
ing cost were triangular fuzzy numbers. They used the signed distance and the centroid methods 
to defuzzify the total cost. Chang (2004) first developed an EOQ model with imperfect quality in 
fuzzy sense. In that paper, the annual demand and defective rate considered as triangular fuzzy 
numbers and used Signed Distance Method to obtain the optimal order quantity. Vijayan and 
Kumaran (2008) considered inventory models with partial backorders and lost sales an fuzzy 
stock-out periods. Halim et al. (2009) considered an EPQ model in which rate of the defective 
items and parameter g  in the probability density function were tringular fuzzy numbers. And 
they used the centroid method to defuzzify cost per unit time in fuzzy sense.  Björk (2009) pro-
posed a fuzzy EOQ model in which the demand and lead time were triangular fuzzy numbers. Hu 
et al. (2010) extended the model eroğlu and Ozdemir (2007) model by introducing service level 
constrains. They fuzzified the demand and defective rate as trapezoidal fuzzy numbers and used 
the signed distance method to defuzzify the total profit per unit time in fuzzy sense. Jaggi et al. 
(2012) developed a fuzzy economic order quantity model for deteriorating items with shortages. 
They fuzzified the demand, holding cost, unit variable cost, shortage cost and deterioration rate 
into triangular fuzzy numbers. The total cost function defuzzified by using the Graded Mean In-
tegration Representation, Signed Distance and Centroid Methods. Kumar and Goswami (2013) 
fuzzified an EOQ model for imperfect quality items and shortages. The annual demand and de-
fective items rate were considered as triangular fuzzy numbers. To obtain total profit per cycle in 
the fuzzy sense, fuzzy random renewal reward theorem was applied. Chang et al. (1998) discussed 
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the classic inventory model with backorder in fuzzy sense, where backorder quantity were a tri-
angular fuzzy number. Lin and Yao (2000) developed an inventory problem in fuzzy sense in 
which the production quantity was a trapezoidal fuzzy number. They used the Extension Principle 
and Centroid Method for obtaining the optimal production quantity in a cycle. Hesieh (2002) 
proposed two fuzzy production inventory models. The annual demand, inventory cost, set up cost, 
production rate and the production quantity were considered in fuzzy sense in the first model 
while the production quantity and the parameters were defined as trapezoidal fuzzy numbers in 
the second model. Then, the Function Principle, Graded Mean Integration Representation Method 
and Extension of Lagrange Method were used to get fuzzy total production inventory cost and the 
optimal production quantity in fuzzy sense. Chen et al. (2007) fuzzified an EPQ model with im-
perfect quality items sold at a discounted price. They considered that the daily holding cost, setup 
cost, the daily demand and the production quantity were trapezoidal fuzzy numbers. Björk (2008) 
was developed an EPQ model without shortages under the fuzzy decision variable and cycle time.  

Kazemi et al. (2010) considered an inventory model with backorders in fuzzy sense. In that 
model, all parameters, the optimal order size and optimal backorder quantity were fuzzified by 
using trapezoidal and triangular fuzzy numbers. Mahata and Goswami (2013) developed an EOQ 
model for items with imperfect quality and shortage backordering in fuzzy environments. They 
assumed that the model parameters and the optimal order size and optimal backorder quantity 
were fuzzified by employing two types of fuzzy numbers, which are trapezoidal and triangular. 
Similar problems to that of Björk (2008) and to the one in the paper are presented in Chen et al. 
(2005), Chen and Chang (2008) and Vijayan and Kumaran (2009). 

In this paper, we propose a fuzzy economic order quantity model with defective items and 
shortages based on the work of Eroglu and Ozdemir (2007). In this model, the demand, defective 
rate, ordering cost, unit cost, disposal cost, holding cost, backordering cost and screening cost are 
considered as trapezoidal and triangular fuzzy numbers. Moreover, the Graded Mean Integration 
Representation method is applied to defuzzify the total profit function in fuzzy sense, and then 
the optimal policy for the model is determined. The results between the crisp case and fuzzy case 
are compared with the help of numerical examples. 

2. The Crisp model 

Eroglu and Ozdemir (2007) developed an EOQ model with defective items and shortages. 
They considered the following situations: 

• A lot size of  𝑦 is replenished instantaneously with a unit purshasing price of 𝑐 and ordering 
cost 𝑘. 

• Each lot contains percentage defectives 𝑝. Each lot received is screened 100% with a screening 
rate per unit time of 𝑥. 

• Defective items contain imperfect quality items and scrap items with a rate of 1 − 𝜃 and 𝜃, 
respectively. 

• When the screening process finishes, imperfect quality items are sold as a single lot and scrap 
items are subtracted from inventory with unit cost of 𝑐). The selling price of good and imper-
fect-quality items are 𝑠 and 𝑣	 per unit, respectively, where 𝑠 > 𝑣.  

• To eliminate backorders the following constrains should be provided: 1 − 𝑝 − 𝐷/𝑥 > 0 and 
𝑥 > 𝐷. 
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• Screening time, 𝑡3,  must be at least equal or greater than the the expected value of the time 
(𝑡5) to eliminate backorder. 

The behaviour of the inventory level is illustrated in Fig. 1, where 𝑡 is the cycle lenght, 𝑝𝑦 is 
the number of defective items subtracted from inventory and 𝑡3 is the total screening time of the 
𝑦 units ordered per cycle.  

For a given percentage of defective items in each lot of size 𝑦 and shortages (the maximum 
backordering quantity is 𝑤), the total profit per cycle 𝑇𝑃 𝑦, 𝑤  is given as 

𝑇𝑃 𝑦, 𝑤 = (sales of good-quality items + sales of imperfect quality items) - 
             (procurement cost + screening cost + disposal cost + shortage cost +  

             holding cost)  

								= 𝑠 1 − 𝑝 𝑦 + 𝑣 1 − 𝜃 𝑝𝑦   

																								− 𝑐 + 𝑑 + 𝑐)𝜃𝑝 𝑦 + 𝑘 + <
5

5=>/?
?

+ (A=B=>/?)D

>
𝑦5	  

																								− <(A=B)EF
>

+ <GH (A=B)ED

5>(A=B=>/?)
                                                                          (1) 

Moreover, dividing the total profit per cycle 𝑇𝑃(𝑦, 𝑤) by the cycle lenght 𝑡, 𝑡 = 1 − 𝑝 𝑦/𝐷, 
the total profit per unit time (we denote it by ℒ(𝑦, 𝑤)) of the model is given as follows: 

ℒ(𝑦, 𝑤) = 𝐷 𝑠 − 𝑣 1 − 𝜃 + 𝑐)𝜃 +
<F
?

+ 𝐷 𝑣 1 − 𝜃 − 𝑐)𝜃 − 𝑐 − 𝑑 −
J
F
− <F

?
A

A=B
  

																			− <F
5
1 − 𝑝 + ℎ𝑤 − (<GH)ED

5(A=B=>/?)F
                                                                     (2) 

Besides, Eroglu and Ozdemir (2007) considered the uncertainty of defective rate and assumed 
that percentage of defective items 𝑝 is a random variable with a known probability density func-
tion 𝑓(𝑝), and then they derived the optimal order size and backorder quantity by maximizing the 
expected value of ℒ 𝑦, 𝑤 . 

 
Fig. 1. Behaviour of the inventory level over time. 

As we know, Formula (2) is the crisp model. Because ℒ(𝑦, 𝑤) is strictly concave (see Appen-
dix A), partial derivatives of ℒ(𝑦, 𝑤) with respect to 𝑦 and 𝑤 are set equal to zero separately to 
get optimum values of 𝑦∗ and  𝑤∗.  

Then, 𝑦∗and 𝑤∗ are given as follows: 
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𝑦N∗ =
5J>

< (A=B)DGDOPQ =R STO (STOTP/Q)
(RUV)

                                                                              (3) 

𝑤N∗ =
<(A=B=>/?)

(<GH)
𝑦N∗                                                                                                       (4) 

 

3. Solution methodology and graded mean integration representation method 

Before presenting the fuzzy inventory model, we give some basic definitions and properties, 
taken from Chen (1985) and Mizumoto and Tanaka (1979), about fuzzy numbers and fuzzy sets 
with relevant operations.  

Definition 1. A fuzzy number 𝐵 in the real line R is a fuzzy set characterized by a membership 
function 𝜇Y as 

𝜇Y: 𝑅 → [0,1]                                                                                                                  (5) 

Definition 2. A fuzzy number 𝐵 is defined as 

𝐵 = _`(?)
?

                                                                                                                     (6) 

with the understanding that 𝜇Y 𝑥 ∈ [0,1] represents the grade of membership of 𝑥 in 𝐵. 

Definition 3. A fuzzy number 𝐵 in R is said to be fuzzy convex if for any real number 𝑥, 𝑦, 𝑧	 ∈
𝑅 with 𝑥 ≤ 𝑦 ≤ 𝑧, 

𝜇Y 𝑦 ≥ 𝜇Y 𝑥 	∧ 	𝜇Y(𝑧)		                                                                                             (7) 

where ∧ denotes the minimum operator. 

Definition 4. A fuzzy set 𝐵	on R is said to be normal if there exists an 𝑥f ∈ 𝑅, such that  
𝜇Y 𝑥f = 1. 

Definition 5. A fuzzy set 𝑍 = (𝑎, 𝑏, 𝑐, 𝑑) on 𝑅 , where 𝑎 < 𝑏 < 𝑐 < 𝑑, is called a trapezoidal 
fuzzy number  if its membership function is 

𝜇k 𝑥 =

𝑝 𝑥 = ?=l
m=l

			𝑎 ≤ 𝑥 ≤ 𝑏,
1																							𝑏 ≤ 𝑥 ≤ 𝑐,
𝑟 𝑥 = o=?

o=N
			𝑐 ≤ 𝑥 ≤ 𝑑,

0,																						𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

			  

When 𝑏 = 𝑐, the trapezoidal fuzzy number becomes a triangular fuzzy number. 

In this paper, we recall some arithmetical operations under the function principle as follows: 

Assume that  𝑁 = (𝑛A, 𝑛5, 𝑛3, 𝑛u) and 𝐿 = (𝑙A, 𝑙5, 𝑙3, 𝑙u) are two trapezoidal fuzzy numbers. 
Then,  we have 

• 𝑁 ⊕ 𝐿 = 𝑛A + 𝑙A, 𝑛5 + 𝑙5, 𝑛3 + 𝑙3, 𝑛u + 𝑙u . 
• If  𝑛y, 𝑙y > 0, for  𝑖 = 1,2,3,4,	then we have 

      𝑁 ⊗ 𝐿 = 𝑛A𝑙A, 𝑛5𝑙5, 𝑛3𝑙3, 𝑛u𝑙u . 

• Since ⊖ 𝐿 = −𝑙u, −𝑙3, −𝑙5, −𝑙A , the subtraction of  𝑁 and 𝐿 is  
𝑁 ⊖ 𝐿 = 𝑁 ⊕ ⊖ 𝐿 = 𝑛A − 𝑙u, 𝑛5 − 𝑙3, 𝑛3 − 𝑙5, 𝑛u − 𝑙A . 
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• 1 ⊘ 𝐿 = 𝐿=A = A
��
, A
��
, A
�D
, A
�S
,     where 𝑛y > 0 for each  𝑖 = 1,2,3,4. 

     If 𝑛y, 𝑙y > 0 for 𝑖 = 1,2,3,4, then we get 	𝑁 ⊘ 𝐿 = �S
��
, �D
��
, ��
�D
, ��
�S
.  

Let  ℓ ∈ R, then     ℓ ⊙ N = ℓ⊗ N =
ℓnA, ℓn5, ℓn3, ℓnu 				ℓ ≥ 0,
ℓnu, ℓn3, ℓn5, ℓnA 				ℓ < 0.  

Now, we define the graded mean integration representation (GMIR), a defuzzification method 
introduced by Chen and Hesieh (1998), to defuzzify the fuzzy total profit per unit time function 
developed in later section. In the graded mean integration representation method, the functions  
𝑝=A and 𝑟=A are the inverse functions of  𝑝 and 𝑟, respectively. We also describe the graded mean 
𝛼 −level value of 𝑁 as 

�	 (BTS � G�TS(�)
5

                                                                                                           (8) 

Let 𝑁 = 𝑛A, 𝑛5, 𝑛3, 𝑛u  be a trapezoidal fuzzy number, then the graded mean integration rep-
resentation of 𝑁 can be obtained as 

𝐷𝐹 𝑁 =
�	 (OTS � U�TS(�)

D o�S
�

�o�S
�

= 𝛼 (𝑝=A 𝛼 + 𝑟=A(𝛼) 𝑑𝛼A
f   

														= �SG5�DG5��G��
�

,                                                                                             (9) 

where  𝑝=A 𝛼 = 𝑛A − 𝑛A − 𝑛5 𝛼,  𝑟=A 𝛼 = 𝑛u + 𝑛3 − 𝑛u 𝛼 . 

 In particular if we take 𝑛5 = 𝑛3 = 𝑛, then we derived the triangular fuzzy number 𝑁A =
𝑛A, 𝑛, 𝑛u  . In this case, using the graded mean integration representation method, we calculate 

𝐷𝐹 𝑁A = �SGu�G��
�

                                                                                                    (10) 

4. Fuzzy EOQ model with defective items and shortages 

In this section, we reconsider the crisp model given in equality (2) with combining the fuzzi-
ness of the demand, defective rate, ordering cost, unit cost, disposal cost,  holding cost, backorder-
ing cost and screening cost D, q = 1 − p, K, c, c�, h, π	and	d . In this case, the total profit per unit 
time in fuzzy sense is given as 

ℒ 𝑦, 𝑤 = 	𝐷 ⊗ 𝑠 ⊖ 𝑣 ⊕ 𝜃 ⊗ (𝑣 ⊕ 𝑐)) ⊕ (𝐷 ⊘ 𝑞) ⊗ 𝑣 ⊖ 𝑐 ⊖ 𝑑 ⊖ 𝜃 ⊗ (𝑣 ⊕ 𝑐))   

																					⊕ (𝐷 ⊗ ℎ ⊘ 𝑥	 ⊖ (𝐷 ⊗ ℎ) ⊘ (𝑞 ⊗ 𝑥	) ⊖ ℎ ⊗ 𝑞 ⊘ 2) ⊗ 𝑦  

																					⊖ 𝐷 ⊗ 𝐾 ⊘ 𝑞 ⊕ (ℎ ⊕ 𝜋) ⊘ 𝑞 ⊖ (𝐷 ⊘ 𝑥) ⊗ 𝑤5 ⊘ 2 ⊘ 𝑦  

																					⊕ ℎ ⊗ 𝑤  (11) 

where ⊕,⊖,⊗	 and ⊘ are the fuzzy arithmetical operations under Function Principle. In this 
equation, we assume that 𝐾 = (𝐾A, 𝐾5, 𝐾3, 𝐾u), 𝐷 = (𝐷A, 𝐷5, 𝐷3, 𝐷u), 𝑐 = (𝑐A, 𝑐5, 𝑐3, 𝑐u), 𝑞 =
(𝑞A, 𝑞5, 𝑞3, 𝑞u), 𝑐) = (𝑐)S, 𝑐)D, 𝑐)�, 𝑐)�), ℎ = (ℎA, ℎ5, ℎ3, ℎu), 𝜋 = (𝜋A, 𝜋5, 𝜋3, 𝜋u), 𝑑 =
(𝑑A, 𝑑5, 𝑑3, 𝑑u) are non-negative trapezoidal fuzzy numbers and 

	𝐷 ⊗ 𝑠 ⊖ 𝑣 ⊕ 𝜃 ⊗ (𝑣 ⊕ 𝑐))   
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										= 𝐷A 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)S , 𝐷5 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)D ,  

																	𝐷3 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)� , 𝐷u 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)� ,  (12) 

(𝐷 ⊘ 𝑞) ⊗ 𝑣 ⊖ 𝑐 ⊖ 𝑑 ⊖ 𝜃 ⊗ (𝑣 ⊕ 𝑐))   

										=
>S �=N�=o�=�(�GN �)

¡�
,
>D �=N�=o�=�(�GN �)

¡�
  

																		
>� �=ND=oD=�(�GN D)

¡D
,
>� �=NS=oS=�(�GN S)

¡S
,  (13) 

(𝐷 ⊗ ℎ ⊘ 𝑥	 ⊖ (𝐷 ⊗ ℎ) ⊘ (𝑞 ⊗ 𝑥	) ⊖ ℎ ⊗ 𝑞 ⊘ 2) ⊗ 𝑦   

											= >S<S
?
− >�<�

¡S?
− <�¡�

5
𝑦, >D<D

?
− >�<�

¡D?
− <�¡�

5
𝑦,   

																			 >�<�
?
− >D<D

¡�?
− <D¡D

5
𝑦, >�<�

?
− >S<S

¡�?
− <S¡S

5
𝑦 ,   (14) 

⊖ 𝐷⊗ 𝐾⊘ 𝑞 ⊕ (ℎ ⊕ 𝜋) ⊘ 𝑞 ⊖ (𝐷 ⊘ 𝑥) ⊗ 𝑤5 ⊘ 2 ⊘ 𝑦   

											= − >�¢�
¡SF

− (<�GH�)ED

5(¡S=(>�/?))F
, − >�¢�

¡DF
− (<�GH�)ED

5(¡D=(>�/?))F
,  

																				− >D¢D
¡�F

− (<DGHD)ED

5(¡�=(>D/?))F
, − >S¢S

¡�F
− (<SGHS)ED

5(¡�=(>S/?))F
,   (15) 

ℎ ⊗ 𝑤 = (ℎA𝑤, ℎ5𝑤, ℎ3𝑤, ℎu𝑤)   (16) 

Substituting equations (12)-(16) in equation (11), then the fuzzy total profit per unit time function 
is written as  

ℒ 𝑦, 𝑤 = (ℒA, ℒ5, ℒ3, ℒu)   (17) 

where 

ℒA = 𝐷A 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)S +
>S �=N�=o�=�(�GN �)

¡�
  

												+ >S<S
?
− >�<�

¡S?
− <�¡�

5
𝑦 − >�¢�

¡SF
− (<�GH�)ED

5 ¡S=
P�
Q F

+ ℎA𝑤,  

ℒ5 = 𝐷5 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)D +
>D �=N�=o�=�(�GN �)

¡�
  

												+ >D<D
?
− >�<�

¡D?
− <�¡�

5
𝑦 − >�¢�

¡DF
− <�GH� ED

5 ¡D=
P�
Q F

+ ℎ5𝑤,  

ℒ3 = 𝐷3 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)� +
>� �=ND=oD=�(�GN D)

¡D
  

													+ >�<�
?
− >D<D

¡�?
− <D¡D

5
𝑦 − >D¢D

¡�F
− <DGHD ED

5 ¡�=
PD
Q F

+ ℎ3𝑤,  

ℒu = 𝐷u 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)� +
>� �=NS=oS=�(�GN S)

¡S
  

													+ >�<�
?
− >S<S

¡�?
− <S¡S

5
𝑦 − >S¢S

¡�F
− <SGHS ED

5 ¡�=
PS
Q F

+ ℎu𝑤.  
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Now, we defuzzify the fuzzy number ℒ 𝑦, 𝑤  by using the GMIR method. We get  

𝐷𝐹 ℒ(𝑦, 𝑤) = A
�

𝐷A 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)S +
>S �=N�=o�=�(�GN �)

¡�
  

																																			+ >S<S
?
− >�<�

¡S?
− <�¡�

5
𝑦 − >�¢�

¡SF
− (<�GH�)ED

5 ¡S=
P�
Q F

+ ℎA𝑤   

																															+2 𝐷5 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)D +
>D �=N�=o�=�(�GN �)

¡�
  

																																			+ >D<D
?
− >�<�

¡D?
− <�¡�

5
𝑦 − >�¢�

¡DF
− <�GH� ED

5 ¡D=
P�
Q F

+ ℎ5𝑤   

																															+2 𝐷3 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)� +
>� �=ND=oD=�(�GN D)

¡D
  

																																				+ >�<�
?
− >D<D

¡�?
− <D¡D

5
𝑦 − >D¢D

¡�F
− <DGHD ED

5 ¡�=
PD
Q F

+ ℎ3𝑤   

																															+ 𝐷u 𝑠 − 𝑣 + 𝜃 𝑣 + 𝑐)� +
>� �=NS=oS=�(�GN S)

¡S
  

																																				+ >�<�
?
− >S<S

¡�?
− <S¡S

5
𝑦 − >S¢S

¡�F
− <SGHS ED

5 ¡�=
PS
Q F

+ ℎu𝑤 .   (18)      

          We consider 𝐷𝐹(ℒ 𝑦, 𝑤 ) as the estimate of the total profit per unit time in fuzzy sense. Our 
objective is to maximize the total profit per unit time in fuzzy sense. Because 𝐷𝐹(ℒ 𝑦, 𝑤 ) is con-
cave (see the Appendix B), the optimal order size 𝑦∗ and the maximum backorder quantity 𝑤∗ are 
obtained by differentiating 𝐷𝐹(ℒ 𝑦, 𝑤 ) with respect to 𝑦 and then with respect to 𝑤, and setting 
the partial derivatives equal to zero, i.e. 

𝜕𝐷𝐹 ℒ 𝑦, 𝑤

𝜕𝑦
=
1
6
𝐷AℎA
𝑥

−
𝐷AℎA
𝑞u𝑥

+
𝐷uℎu
𝑥

−
𝐷uℎu
𝑞A𝑥

−
ℎA𝑞A
2

−
ℎu𝑞u
2

 

 

+
2
6
𝐷5ℎ5
𝑥

−
𝐷5ℎ5
𝑞3𝑥

+
𝐷3ℎ3
𝑥

−
𝐷3ℎ3
𝑞5𝑥

−
ℎ5𝑞5
2

−
ℎ3𝑞3
2

 

+
1
6

(ℎA + 𝜋A)

2 𝑞u −
𝐷A
𝑥

+
2(ℎ5 + 𝜋5)

2 𝑞3 −
𝐷5
𝑥

+
2(ℎ3 + 𝜋3)

2 𝑞5 −
𝐷3
𝑥

+
(ℎu + 𝜋u)

2 𝑞A −
𝐷u
𝑥

𝑤5 

																																+ >S¢S
¡�

+ 5>D¢D
¡�

+ 5>�¢�
¡D

+ >�¢�
¡S

A
FD
= 0   (19) 

and 

𝜕𝐷𝐹 ℒ 𝑦, 𝑤

𝜕𝑤
=
1
6
ℎA + 2ℎ5 + 2ℎ3 + ℎu  

																															− A
�

(<SGHS)

¡�=
PS
Q

+ 5(<DGHD)

¡�=
PD
Q

+ 5(<�GH�)

¡D=
P�
Q

+ (<�GH�)

¡S=
P�
Q

E
F
= 0   (20) 

This yields to 

𝑦∗ = Y

= ¥G5¦ = RSUDRDUDR�UR� D
D§

   (21) 
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𝑤∗ = <SG5<DG5<�G<�
¨

𝑦∗   (22) 
where 

𝐵 = >S¢S
¡�

+ 5>D¢D
¡�

+ 5>�¢�
¡D

+ >�¢�
¡S

   (23) 

 
𝐹 = >S<S

?
− >S<S

¡�?
+ >�<�

?
− >�<�

¡S?
− <S¡S

5
− <�¡�

5
   (24) 

 

𝑀 = >D<D
?
− >D<D

¡�?
+ >�<�

?
− >�<�

¡D?
− <D¡D

5
− <�¡�

5
   (25) 

 

𝐻 = (<SGHS)

¡�=
PS
Q

+ 5(<DGHD)

¡�=
PD
Q

+ 5(<�GH�)

¡D=
P�
Q

+ (<�GH�)

¡S=
P�
Q

.  (26) 

 
The optimum total profit per unit time 𝐷𝐹(ℒ 𝑦, 𝑤 )  is obtained by direct substitution of equa-

tions (21) and (22) into Equation (18). 

When the demand, defective rate, and costs 𝐷, 𝑞 = 1 − 𝑝, 𝑘, ℎ, 𝑐, 𝑑, 𝜋	and	𝑐)	  are real num-
bers, that is  

𝑘 = 𝑘A = 𝑘5 = 𝑘3 = 𝑘u, ℎ = ℎA = ℎ5 = ℎ3 = ℎu, 𝑐 = 𝑐A = 𝑐5 = 𝑐3 = 𝑐u, 𝑑 = 𝑑A = 𝑑5 =
𝑑3 = 𝑑u, 𝜋 = 𝜋A = 𝜋5 = 𝜋3 = 𝜋u, 𝑐) = 𝑐)S = 𝑐)D = 𝑐)� = 𝑐)�, 𝐷 = 𝐷A = 𝐷5 = 𝐷3 = 𝐷u, 𝑞 =
𝑞A = 𝑞5 = 𝑞3 = 𝑞u, then the crisp model with defective items and shortages is presented. So, the 
following reduced forms of equations (21) and (22) are obtained: 

𝑦N∗ =
5J>

< A=B DGDOPQ GR STO STOTP/Q
RUV

 

  

𝑤N∗ =
< A=B=>/?

<GH
𝑦N∗  

If we assume that the demand, defective rate, and costs are triangular fuzzy numbers as  

𝑘 = 𝑘A, 𝑘, 𝑘5 , 𝐷 = 𝐷A, 𝐷, 𝐷5 , 𝑐 = 𝑐A, 𝑐, 𝑐5 , 𝑞 = 𝑞A, 𝑞, 𝑞5 , 𝑐) = 𝑐)S, 𝑐), 𝑐)D , ℎ =
ℎA, ℎ, ℎ5 , 𝜋 = 𝜋A, 𝜋, 𝜋5 , 𝑑 = (𝑑A, 𝑑, 𝑑5), then the equations (21) and (22) can be reduced the 

following equations:   

𝑦∗ =
PS«S
¬D

G�«P¬ GPD«D¬S

= PSRS
Q =PSRS¬DQ

GPDRDQ =PDRD¬SQ
=RS¬SD =RD¬DD G5 DPR

Q =DPR¬Q =
DR¬
D = RSU�RURD D

D (RSUVS)

¬DT
PS
Q

U�(RUV)

¬TPQ
U(RDUVD)

¬ST
PD
Q

   (27) 

𝑤∗ = <SGu<G<D
(RSUVS)

¬DT
PS
Q
G�(RUV)

¬TPQ
G(RDUVD)

¬ST
PD
Q

𝑦∗   (28) 
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5. Numerical examples 

To illustrate the behaviour of the fuzzy model, the following numerical examples are applied, 
and we compare the results between the fuzzy case and the crisp case.  

Consider an inventory model with crisp parameters having the following values (from Eroglu 
and Ozdemir [12]: 𝐷 = 15,000	units/year, 𝑘 = $400/cycle, ℎ = $4/unit,  𝜋 = $6/unit,  𝑥 =
60,000/units/year, 𝑐 = $35/unit,  𝑑 = $1/unit, 𝑐) = $2/unit,  𝑠 = $60/unit, 𝑣 = $25/unit, 
the portion of scrap items 𝜃 = %20, but instead of assuming that the defective rate is uniformly 
distributed with mean 0.05, we consider that the defective rate is around 𝑝 = 0.05 (i.e., the good-
quality rate is 𝑞 = 1 − 𝑝 = 0.95). 

The optimal order size 𝑦N∗, the optimal backorder quantity 𝑤N∗, the optimum total profit per unit 
time ℒ(𝑦N∗, 𝑤N∗) of crisp model can be derived from equations (2)-(4), respectively. Then, we get  
𝑦N∗ = 2129.59 units, 𝑤N∗ = 596.28 units and 𝐺 𝑦N∗, 𝑤N∗ = $341,121.20. 

The optimal solution of the fuzzy model can be calculated in four cases by the GMIR method as 
follows: 

Case 1. When the parameters 𝑘, ℎ, 𝑐, 𝑑, 𝜋, 𝑐), 𝐷	and	𝑞 are trapezoidal fuzzy numbers as  

𝑘 = 300,350,450,500 , ℎ = 2,3.5,4.5,6 , 𝑐 = 25,30,40,45 , 𝑑 = 0.25,0.5,1.5,1.75 , 
𝜋 = 4,5.5,6.5,8 , 𝑐) = 1,1.5,2.5,3 , 𝐷 = 12000,14000,17000,18000 , 

𝑞 = 0.93,0.94,0.96,0.99 , then we have 𝐷𝐹 ℒ 𝑦, 𝑤 = $368,711.9,	 𝑦∗ = 2149.85 units 

and 𝑤∗ = 585.72 units. 

Case 2. When the parameters 𝐷 and  𝑞 are trapezoidal fuzzy numbers defined as above, we have 

𝐷𝐹 ℒ 𝑦, 𝑤 = $348,821.3, 𝑦∗ = 2143.07 units and 𝑤∗ = 594.53 units. 

Case 3. When the parameters 𝑘, ℎ, 𝑐, 𝑑, 𝜋, 𝑐), 𝐷	and	𝑞	are triangular fuzzy numbers as  

𝑘 = 300,400,500 , ℎ = 2,4,6 , 𝑐 = 25,35,45 , 𝑑 = 0.25,1,1.75 , 𝜋 = 4,6,8 , 		 

𝑐) = 1,2,3 , 𝐷 = 12000,15000,18000 , 𝑞 = 0.93,0.95,0.99 , then we have 

𝐷𝐹 ℒ 𝑦, 𝑤 = $354,685.70, 𝑦∗ = 2125.60 units and 𝑤∗ = 586.64 units. 

Case 4. When the parameters 𝐷 and 𝑞 are triangular fuzzy numbers defined in the Case 3, then 

we have 𝐷𝐹 ℒ 𝑦, 𝑤 = $341,394.5, 𝑦∗ = 2124.42 units and 𝑤∗ = 595.12 units. 

Now, a sensitivity analysis is carried out to determine the effect of changes in the values of 𝑠, 𝑣, 𝑥 
and 𝜃 on the optimal solution and the results are shown in the following Tables 1-4. 

In Tables 1-4, we set some values of the parameters 	𝑠, 𝑣, 𝑥, 𝜃 . For each of these parameters, 
the variations in the values are arranged arbitrary. Besides, you can see the variations in the optimal 

values of the 𝑦∗ and 𝑤∗, and the total profit per unit time 𝐷𝐹 ℒ 𝑦, 𝑤  between the second and 

fourth columns of these tables.  

From Table 1, we can notice that when the unit selling price of good-quality items 𝑠 increases, 

the fuzzy total profit  𝐷𝐹 ℒ 𝑦, 𝑤  increases gradually.  
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Table 1. Variation of 𝐬 effects on optimal solutions. 

𝑠 𝑤∗ 𝑦∗ 𝐷𝐹 ℒ 𝑦,𝑤  
50 585.72 2149.85 215,378.6 
55 585.72 2149.85 225,378.6 
60 585.72 2149.85 235,378.6 
65 585.72 2149.85 245,378.6 
70 
75 

585.72 
585.72 

2149.85 
2149.85 

255,378.6 
265,378.6 

Similarly, from Table- 2, when the unit selling price of imperfect-quality items 𝑣 increases, the 
fuzzy total profit  𝐷𝐹 ℒ 𝑦, 𝑤  increases slightly.  

 Table 2. Variation of 𝐯 effects on optimal solutions. 
𝑣 𝑤∗ 𝑦∗ 𝐷𝐹 ℒ 𝑦,𝑤  

15 
18 

585.72 
585.72 

2149.85 
2149.85 

362,294.7 
364,219.8 

20 585.72 2149.85 365,503.3 
25 585.72 2149.85 368,711.9 
26 
27 

585.72 
585.72 

2149.85 
2149.85 

369,353.6 
369,995.3 

Table 3 shows that when the screening rate 𝑥 increases, the optimal order size 𝑦∗ and the 

backorder quantity increases remarkably, but the fuzzy total profit  𝐷𝐹 ℒ 𝑦, 𝑤  decreases gradu-

ally. 

Table 3. Variation of 𝐱 effects on optimal solutions. 

𝑥 𝑤∗ 𝑦∗ 𝐷𝐹 ℒ 𝑦,𝑤  
40000 447.40 2052.25 368,418.4 
50000 528.99 2109.33 368,593.4 
55000 559.68 2131.17 368,657.8 
60000 585.72 2149.85 368,711.9 
65000 
75000 

608.10 
644.60 

2166.02 
2192.61 

368,758.0 
368,832.2 

Table 4 points out that when the percentage of scrap items increases, the fuzzy total profit  

𝐷𝐹 ℒ 𝑦, 𝑤  decreases slightly, but the optimal order size and the optimal backorder quantity do 

not change. 

Table 4. Variation of 𝜽 effects on optimal solutions. 

𝜃 𝑤∗ 𝑦∗ 𝐷𝐹 ℒ 𝑦,𝑤  

.14 585.72 2149.85 369,814.0 

.15 585.72 2149.85 369,630.3 

.18 585.72 2149.85 369,079.3 

.20 

.22 

.24 

585.72 
585.72 
585.72 

2149.85 
2149.85 
2149.85 

368,711.9 
368,344.5 
367,977.1 

From the results we can also see that when the triangular fuzzy numbers are used instead of 

trapezoidal fuzzy numbers,  𝐷𝐹 ℒ 𝑦, 𝑤  is more sensitive. 
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If we plot the fuzzy total profit per unit time function 𝐷𝐹ℒ 𝑦, 𝑤  with some values of 𝑦 and 𝑤 
i.e. 𝑦 = 1600 to 2500 with equal interval 𝑤 = 450 to 600, then we have strictly concave graph of 
total profit function 𝐷𝐹ℒ 𝑦, 𝑤 	given below. 

 
Figure 1. Plot of Fuzzy Total Profit  𝑫𝑭𝓛 𝒚,𝒘  vs. y and w 

 
6. Summary and conclusions   

In most of the inventory models, system parameters are described as crisp values or having 
crisp statistical distributions to reflect uncertainty. Because of resolving the uncertainty which has 
a significant importance for the decision makers, several researhes have proposed different inven-
tory problems in fuzzy sets environment. In this paper, a fuzzy model for an inventory problem 
with defective items and shortages is developed. In the model, the demand, defective rate, order-
ing cost, unit cost, disposal cost,  holding cost, backordering cost and screening cost are consid-
ered as triangular and trapezoidal fuzzy numbers. The fuzzy model are defuzzified by the GMIR 
method to find the estimate of the total profit per unit in the fuzzy sense. Numerical examples are 
provided for developed model, and effects of changes of selling price of good and imperfect qual-
ity items, percentage of scrap items and screening rate in optimal policy are studied.  

From the results of numerical examples, the percentage of scrap items and screening rate 
should be reduced as much as possible by decision makers to increase the total profit. The results 
of the examples applied this model also show that when the triangular fuzzy numbers are used 
instead of trapezoidal fuzzy numbers, the sensitiveness in the total profit and the values of optimal 
order size and optimal backorder quantity is comparatively less due to the fuzziness in the com-
ponents.  

Appendix A 

 Let consider the following Hessian matrix (𝐻): 

𝐻 =

ÅDℒ(F,E)
ÅFD

ÅDℒ(F,E)
ÅFÅE

ÅDℒ(F,E)
ÅEÅF

ÅDℒ(F,E)
ÅED

.  
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If 𝑦	𝑤 × 𝐻 × 𝑦
𝑤 < 0,	for any  𝑦, 𝑤 ≠ 0, then the function of ℒ(𝑦, 𝑤) is strictly concave. The 

elements of Hessian matrix are 

ÅDℒ F,E
ÅFD

= − 5>J A/(A=B) G <GH A/(A=B=>/?) ED

F�
,  

In here, since the partial derivatives of  Åℒ F,E
ÅF

 and Åℒ F,E
ÅE

 are continuous for all 𝑤 and 𝑦 > 0, 

and the second order partial derivatives Å
Dℒ F,E
ÅFÅE

  and  Å
Dℒ F,E
ÅEÅF

 are continuous for all 𝑤 and 𝑦 > 0, 

then we have 

ÅDℒ(F,E)
ÅFÅE

= ÅDℒ(F,E)
ÅEÅF

= (<GH) A/(A=B=>/?) E
FD

,  

ÅDℒ(F,E)
ÅED = − (<GH) A/(A=B=>/?)

F
  

and  

𝑦	𝑤 × 𝐻 × 𝑦
𝑤 = − 5 A/(A=B) J>

F
< 0. 

Therefore, the function of ℒ(𝑦, 𝑤) is strictly concave, thus, 𝑦∗ and  𝑤∗ which make ℒ(𝑦, 𝑤) 
maksimum have single values. 

Appendix B 

Let consider the following Hessian matrix (𝐻): 

𝐻 =

ÅD>¥(ℒ F,E )
ÅFD

ÅD>¥(ℒ F,E )
ÅFÅE

ÅD>¥(ℒ F,E )
ÅEÅF

ÅD>¥(ℒ F,E )
ÅED

.  

If  𝑦	𝑤 × 𝐻 × 𝑦
𝑤 < 0,  for any 𝑦, 𝑤 ≠ 0, then the function of 𝐷𝐹(ℒ 𝑦, 𝑤 ) is strictly con-

cave. The elements of Hessian matrix are 

ÅD>¥ ℒ F,E

ÅFD
= − <SGHS

¡�=
PS
Q

+ 5 <DGHD
¡�=

PD
Q

+ 5 <�GH�
¡D=

P�
Q

+ <�GH�
¡S=

P�
Q

ED

5
  

																																								+ >S¢S
¡�

+ 5>D¢D
¡�

+ 5>�¢�
¡D

+ >�¢�
¡S

A
3F�
	,  

Similarly, since the partial derivatives of  Å>¥(ℒ F,E )
ÅF

 and 
Å>¥ ℒ F,E

ÅE
 are continuous for all 𝑤 

and 𝑦 > 0, and the second order partial derivatives Å
D>¥(ℒ F,E )
ÅFÅE

  and  Å
D>¥(ℒ F,E )
ÅEÅF

 are continuous 

for all 𝑤 and 𝑦 > 0, then we have 

 Å
D>¥(ℒ F,E )
ÅFÅE

= ÅD>¥(ℒ F,E )
ÅEÅF

= <SGHS
¡�=

PS
Q

+ 5 <DGHD
¡�=

PD
Q

+ 5 <�GH�
¡D=

P�
Q

+ <�GH�
¡S=

P�
Q

E
�FD
	.  

ÅD>¥(ℒ F,E )
ÅED = − <SGHS

¡�=
PS
Q

+ 5 <DGHD
¡�=

PD
Q

+ 5 <�GH�
¡D=

P�
Q

+ <�GH�
¡S=

P�
Q

A
�F

 , 

and 
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𝑦	𝑤 × 𝐻 × 𝑦
𝑤 = − >S¢S

¡�
+ 5>D¢D

¡�
+ 5>�¢�

¡D
+ >�¢�

¡S

A
3F
< 0.  

Since the function of 𝐷𝐹(ℒ 𝑦, 𝑤 ) is strictly concave, this function attains the maximum val-
ues only at the point (𝑦∗, 𝑤∗). 
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