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1. Introduction

In this work, we discuss the existence and uniqueness of solutions for the following
fractional g—differential hybrid equations :

Do (ﬁ) — fta@®).teJ=[01],0<q<1,

(1)
z(0)=0, z(1) -6 =0,

where Dy denote the Caputo fractional derivative, with 1 < a < 2,0 € R, f € C(J xR, R),
g € C(JxR,R—{0}). In recent years, boundary value problems of fractional ¢— dif-
ferential equations involving a variety of boundary conditions have been investigated by
several researchers, see for example [ 1, 9, 14, 15, 17]. By using fixed point theory, many
researchers have established existence results for some g—differential equations. For more
details, we refer the reader to [ 14, 16, 20, 22, 23| and the references therein. Fractio-
nal hybrid differential equations have recently been studied by several researchers. For
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some earlier work on the topic, we refer to [ 3, 5, 6, 7, 8, 12|, whereas some recent
work on the existence theory of fractional hybrid differential equations can be found in
[ 10, 11, 13, 19, 21]. Recently, many researchers have studied the existence of solutions
for some fractional (¢—fractional) hybrid difference equations. For some recent work on
fractional differential equations, we refer to [ 1, 17, 20, 23] and the references therein.

The rest of this paper is organized as follows : In section 2, basic definitions and nota-
tions are given. Section 3 is devoted to establish an existence and uniqueness result for
the g—fractional hybrid problem (1). The first main result is based on Leray Schauder
alternative and the second on Banach contraction principle. In section 4, an illustrative
examples are discussed.

2. Preliminaries

We give some necessary definitions and mathematical preliminaries of fractional g—calculus.
More details, one can consult | 2, 4, 18].
For a real parameter ¢ € (0,1), a g—real number denoted by [a], is defined by

o]y = ==L

c R.
1—q’a

The g—analogue of the power function (a — b)" with n € N is

n—1

(a—b)(o)zl, (a—b)(n):H(a—bqj), n e N* a,beR.

J=0

More generally, if g 6 R, then
B 5 a — bq'
( =a H a — bqﬁ+z

It is easy to see that [a(y — 2)]¥) = a?(y — 2)®). And note that if b = 0 then a'®) = a’.
The g—gamma function is defined by

(1—q)""
Fq('U) :W, UGR\{O,_17_27...}, 0<q< 1,

and satisfies I', (v + 1) = [v], Iy (v) .
The g—derivative of a function f is defined by

D) 0) =TI o0, (0, 0) =ty (D) ),

and the g—derivatives of higher order by
DYf=f, Dif=Dy(Di'f), neN.

The g—integral of a function f defined in the interval [0, b] is given by

(1) () =/Oxf(t)dqtZx(l—q)Zf(rvq”)qT ref0.b).

If a € [0,b] and f is defined in the interval [0, ], its ¢g—integral from a to b is defined by

/f dt_/f dt—/f ) dgt.
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Similarly as done for derivatives, an operator I;' can be defined as

Lf (@)= f(), I7f (@) = I, (I3 f) (), n €N".

The fundamental theorem of calculus applies to these operators D, and I, i.e.,

quqf (l‘) =f (I)v
Definition 1 [ 2/. Let o > 0 and f be a function defined on [0,T]. The fractional
q—integral of the Riemann-Liouville type is given by IDf (t) = f (t) and

I6f (t) = /Ot (t—qs) ™V f(t)dgt, >0, t€[0,T].

L'y (@)

Definition 2 [ 4]. The Caputo fractional q— derivative of order o > 0 is defined by
Df (1) = 7Dy f (1), a >0,

where m s the smallest integer greater than or equal to c.

For more details on g—integral and fractional ¢—integral, we refer the reader to | 18].

Lemma 3 [ J/]. Let o, > 0 and [ be a function defined in [0,T]. Then the following
formulas hold :

LIGIEE() = I

2. DIISf(t) = f(t).
Lemma 4 [ }]. Let o > 0 and o be a positive integer. Then the following equality holds :
D} f(0).

o—1

;D7 f(t) = DII;f(t) = ) &

J=0

toz—a-l—j

glatj—o+1)

Lemma 5 [ 4/]. Let « € R"\N and a < t, then the following is valid :

n—1 ;
t -
12D3f () = F() =3 oD (0).
a1 §=0 Fq (j + 1) /
Lemma 6 Let g € C((J,R—{0}) and p € C (J,R). Then, the solution of the equation
x (t) )
epe (Y ) _ ), ted 0<g<1, 1<a<?2, p
()~ 0 )
subject to the boundary conditions
z(0) =0, z(1) -6 =0, (3)

given by :

t
(t —gs)*Y

t(t) = g(ta(t)) / e (s (4)

_e)@ D
+1 0—/%@(3)%8
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Proof. Applying the operator I{* on the equation Df (%) = ¢ (t) and using (3), we
get

z(t) =gtz () (Ige(t) +co+art), (5)

where cg, ¢; are arbitrary constants.
Using the condition (3), we can write ¢g = 0 and
C1 :9—[;@(1)

Substituting the value of ¢y and ¢; in (5), we obtain the desired quantity in Lemma 6.
3. Main Results

We denote by X = C(J,R) the Banach space of all continuous functions from [0, 1] — R
endowed with a topology of uniform convergence with the norm defined by :
]l = sup{l=(t)] : t € J}.

In view of Lemma 6, we define the operator O : X — X,
t

_ge)@ D
0c(t) = glto) | [ %f(s,w(s))dqs (6)

(1 — gg)@D
+t 6’—/%]“(5@(3))%3

We impose the following hypotheses :
(H;) : There exists nonnegative constant k, such that for all t € J and = € R, we have :

|f (tz) = f ()l <kle—yl.

(Hy) : There exists nonnegative constant N such that for each t € J and =z € R,
g (t,z)| < N.
(H3) : There exist real constants p > 0 and o > 0 such that, ¥ € 2 € R we have
|f (@t z)| < p+olaf.

In our first result, we discuss the existence of solutions for the problem (1) by means of
Leray-Schauder alternative [ 11].

Lemma 7 (Leray-Schauder alternative). Let F' : E — E be a completely continuous
operator (i.e.,a map that restricted to any bounded set in E is compact). Let
O(F)={ue€ E:u=A\F(u) for some(0 <\ <1}.

Then either the set © (F) is unbounded, or F' has at least one fixed point.

Theorem 8 Let f : J x R — R be continuous functions satisfying the conditions (Hz)
and (H3). In addition it is assumed that
2No < Ty (a+1), (7)

Then the problem (1) has at least one solution on J.

52



M. HOUAS et al. / Med. J. Model. Simul. 11 (2019) 049-057

Proof. In the first step, we show that the operator O : X — X is completely continuous.
By continuity of the functions f, g, it follows that the operator T" is continuous.
Let © C X be bounded. Then, there exist positive constants L such that
|f (t,z (1) < L,Vx € Q.

Then for any = € O, we have

which implies that

0@ <N | ong +9].

From the above inequalitie, it follows that the operator O is uniformly bounded.
Next, we show that O is equicontinuous. Let t{,t, € J with t; < t5. Then we have

|0 (2) (t2) = O (2) (t1)]

t1

NL . .
roay ) [0 = = s
1 0
NM, [ NL
1My B (afl)] _
/ dys + |ty — t] [ NO + — =
Fq(a)/[(z 7) q8+|2 1|{ +Fq(a+1)}
t1
NL NL
1, — ;] )ty —t [N@%——}
sl R A oy

we can obtain which is independent of x and tends to zero as t5 — t; — 0. This implies
that the operator O is equicontinuous. Thus, by the above findings, the operator O is
completely continuous.
Finally, it will be verified that the set © = {z € X,z = X\O (z),0 < A < 1} is bounded.
Let x € O, then, z = MO (x) . For each t € J, we can write
z(t) = A0 (x)(t).

Then

< (p+ + N6,
ol < gy 0+ o)

which imply that
2Np 2No

< n
l=Il < T, (a+1)  T,(a+1)

||| + N6.
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Consequently,
2Np — NOT, (a+ 1)
]l < :

I',(a+1)—2No ’

This shows that the set © is bounded. Hence, by Lemma 7, the operator O has at least
one fixed point. Hence, problem (1) has at least one solution. The proof is complete.

Now, we are in a position to present the existence and uniqueness of solutions for the
problem (1). This result is based on Banach’s contraction mapping principle.

Theorem 9 Let f : J X R — R be continuous functions satisfying the conditions (H)
and (Hg)

If
ONk < T, (a+1), 8)

then the problem (1) has a unique solution on J.

Proof. Define sup,; |f (t,0)] = M < oo, such that
NMT, (o + 1) + 2N6

=TT, (a+1) - 2Nk

We first show that T'B, C B,; where B, = {x € X : ||z|| <r}. For x € B,, we find the
following estimates based on the assumptions (H;), we observe that

[f@Gae@) < [f(z @) = &0 +[f(E0)] (9)
< klz||+ M < kr+ M.

Hence, we get

! e

Oz (t)] < |g(t,=(1))] /%If(sax@ﬂdqs

_ge)@ D
, |e|+/%if<s,x<s>>|dqs

Using (9), we can write

2Nkr +2NM
< N§
I0)l < No+ S
Consequently,
10 (@) <

which implies that T'B, C B,.
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Next, for x,y € X and, for each t € J, we have :

10() -0 W)l
F it — gg)@D
< Noxsup /ﬁTﬁl——v@w@»—f@w@»Mw

teJ ¢ (@)

1
(1-— qs (a=1)
vt | [EFE— 1 () = F s () e
0
Thanks to (H;), we can write

10 (z) =0 )]

t

(a—1)
t—qgs
< Noxsupd | [EID ke = s
q

(1—gs)“
L /—kllx—des
[y () !

This implies that
2Nk
O(x)—0 < ————|lr —y].
I0(@) =0 W < gy b =

% < 1, it follows that O is a contraction. So Banach’s fixed
point theorem applies and hence the operator O has a unique fixed point. This, implies

that the problem (1) has a unique solution on J. This completes the proof.

In view of condition

4. Example

Example 10 Consider the following q— fractional hybrid boundary value problem

5 x(t et _ .
qu (%\cosa(z(zf)\—i-l) = 25412 + 3_156 ot sin (t), t e [0, 1] , @ = %,

(10)
z(0)=0, x(1)—3=0.
For this example, we h(twe a = % q= %, 0= % and for x € R, t € [0,1], we have
_ € —5t

and
g(t,x(t)) = % lcosx ()| + 1.

Moreover for any x € R, and any t € [0,1], we have

1 1
s < 5+ alal,

3
gt < 5
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We can take, p = %, o= %, N = % and 2No = 0.085 < T'; (o + 1) = 1.2593.
It is clear that the conditions of Theorem 8 hold. Then the problem (10) has at least

one solution on [0, 1].

Example 11 Let us consider the following q— fractional hybrid boundary value problem

3 " i
Dj (v ) = artan'a (8) +cos (¢), t€[0.1], g =3,

(11)
z(0)=0, z(1)—2=0.

Herea:%, q:%, 92% and for x € R, t € [0,1], we have

ftx(t) = % tan~" z (t) + cos (e')
L.
g(t,z(t) = 3 |sinz (t)] + 2.
Note that . 7
and N K
—— =0.6325 < 1.
Ly(a+1)

Thus all the conditions of Theorem 9 are satisfied and, consequently, there exists a unique
solution for the problem (11).

5. Conclusion

In this paper, a new intelligent method for fault detection in PV module is introduced.
The case of partial shading effect is studied. The main advantage of the developed ANNBM
is that doesn’t require a complex system for the estimation of the photovoltaic module
output power, neither a mathematical model, it can also detect any power decreasing
carried out by a large types of failures that can be happened in the PV panel. This new
strategy can be easily implemented in a numeric calculator using FPGA, and could also
be integrated as a function for PV applications in a numeric instrument that will be our
subject in the future works.
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