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Abstract

In the paper we present an algorithmic approach for gas storage valuation. The gas price term
structure is described by Andersen’s commodity model in Carmona-Ludkovski framework. We first
derive Hamilton-Jacobi-Bellman equation for this case, and then switch to algorithmic approach
to find the optimal solution under Bellman condition.
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1. Introduction

The present paper continues the investigations begun in Kechejian, Ohanyan, 2015,
Kechejian, Ohanyan, Bardakhchyan, 2016a and Kechejian, Ohanyan, Bardakhchyan, 2016b,
dealing with pricing of derivative products based on futures price term structure described
according Andersen's model (Andersen, 2008).

Gas storage valuation methods are generally modelled as maximal expected value of
optimally controlled value process (Kechejian, Ohanyan, 2012).

2. Results

As in Carmona, Ludkovski, 2006 we approach the optimal gas storage management as
a switching process, described by three states or equivalently by three value of control; u(t) €
{—1;0,1}, where 1 is the state when we withdraw some gas from the storage, -1 when we inject gas
into the storage, and o when nothing is done, hence capacity changes are described by the sign of
control u.

Here we stay the formulations of Carmona and Ludkovski, with some subtle modifications.
We denote the capacity of storage by C(u(t),t), the gas spot price by G(t), direct costs by
K(u(t),t,C(u, 1)), and we also allow for fuel and commodity charges when injecting or withdrawing
gas. We have the following description of instantaneous income process (u(t), t, C(u, t), S(t)).

Y(-1,t,C,8) = -G(Ob_1(t) —K(-1,C(¥)); and dc(t) = a_,(t)dt
¥(0,¢,C,S) = —K(0,C(1)); and dC(t) = ap(t)dt

¥(1,¢,C,S) =SE)b_41(t) —K(1,C©®)); and dc(t) = a,(t)dt
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Hence the general formulation of the control problem is:

J'Te_r(v_t)lp(u(v)’ v, C(u’ 17),5(17)) dv | G(t) =49, C( , t) = C]
t

Compare this with original formulation in Carmona, Ludkovski, 2006. Here r is discount
rate, and U is a set of all adapted processes.

Hamilton-Jacobi-Bellman (HJB) equation for Anderson spot prices models

We assume that the commodity future process is described by Andersen’s model (Andersen,
2008). The general model is described by stochastic differential equation (SDE) constituting
a Markov process.

V(t, s, c,u) =supE;
uev

dF (£, T)
T o1 (t, T)AW,(t) + 0, (t, T)dW, (1),
where
0,(t, T) = ePDh e *T=0 4 eaDp - g,(t,T) = ePDh, e *T-1)

and W, (t) and W, (t) are independent Wiener processes (Karatzas, Shreve, 1998; Miltersen,
2003; Pham, 2010).

Note that a and b differ from a, and b,, in their definition.

To derive the spot price process, we use lemma 2 in (Andersen, 2008), and get the following.

OF (0, ¢ 1 1
dG(t) = ©8 44 (Z (h% + h3)e2alt)+2d(®) 4 Ehgoezfl(ﬂ) dt

ot
h? + h? + h3
| y2za@®)+2d@®) (1 ’ 1 1 2 _2a(t)+2d(t)
<e (a'(®) +d' (D) T —

h3 (1—e 2k) 4+

+ eZa(t)+d(t)(2a/(t) + d,(t)) hlz};;oo (1 _ e—kt) + eZa(t)+d(t) h]_;loo e—kt dt

+ J.(a'(t) +d'(t) — k)dt + hlea(t)+d(t)dW1(t) n hzea(t)+d(t)dWZ(t)
_ GeZa(tHd(t)(Za’(t) +d'(t)) hihe (1—e) + %eza(t)+d(t)h1hwe_kt> dt

k
+ I,a' (t)dt + e*Oh o dW, (t),
where d(t) = a(t) + b(t), J; and I, have the following form:

t t
Jp = ed®O+d®O) -kt <f hye**dw, (u) +f hzekudWZ(u)>; I = e Oh W, (t),
0 0

or in differential form
dJ; = J:(a'(t) + b'(t) — k)dt + hydW;(t) + h,dW,(t)
dl, = I,a' (t)dt + e*DhdW, (t)
Next we bypass the Monte Carlo method of Carmona, Ludkovski, 2006 and use numerical
methods for deterministic PDE rather than SDE.
We Like to use HJB equation in our case (see Kechejian, Ohanyan, 2015), however to do it we
should have an SDE for spot prices in the form,

dG(t) = u(t, G)dt + o(t, G())dW (¢).
Where o(t,S(t)) is in matrix form.
However we note that in order to bring our SDE to the desirable form, we are to be able to
express J, = f(t,G(t)), and I, = h(t, G(D)).
Using Ito formula for function f(t, x) we have

9 9
dJy = y(t) - dt + (hye®O+4® 4 p ea®) %dWl(t) + h,ea®+d(®) % AW, (t)

Equating the coefficients of above SDE with the ones in the original SDE of J,, we get the
following system

(hlea(t)+d(t) + hmea(t))% =h,

of
h a(t)+d(t) 2L _ h
2€ E 2
This system has no solution, or in other words there is no function for which J, = f (t, S (t)).
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The same can be stated for I, = h(t S (t)) i.e. there is no such h(t, x).

And at last there are no function d(t, x), and [(¢, x), for which J; = d(¢,I(t)), or I; = L(t,](t))

So we come to an impasse while using two-dimensional HJB equation (for G and C).
We should rather use four-dimensional HJB equations for V(t, g,c,j, i, u).

Restating the four SDE-s in a matrix form we have the following

dG; u(t, S, L)) h,e®®+d®) 4 ealt) hyea(D+a(®)
dl | _ I.a'(t) dt + e?®p 0 (dW1 (t))
dje Je(a'(®) +b'(t) — k) hy h, dW,(t)/"
dCe ay (t) 0 0
where
OF (0, 1)

+ (1 (h% + h%)eZa(t)+2d(t) -I-lhz eZa(t))
2 2%

2 2 2 2
hi + hj (1 _ e—2kt) + hi + hj e2a(t)+2d(t) o2kt
2

t,S,1,]) =
[J.(,S, !]) at

_ <eZa(t)+2d(t)(a’(t) +d'(1))

hih hih
2a(t)+d(t) ’ / 1'% _ -kt 2a(t)+d(t) “17°© _kt
+e (Za (t)+d(t))—2k (1 e )+e > e )
+]t1(a'(t) +d'(©) — k) - .
_ (EeZa(t)+d(t)(2al(t) + d,(t)) 1k oo (1 _ e—kt) + Ee2a(t)+d(t)hlhooe—kt) + Ita’(t)

For simplicity we write u(t, S, I,]) in the following form:
,Ll(t, S, [r]) = p(t, hl! hz, hoo! k! a(t), d(t)' a'(t), d,(t)) + ]t(a,(t) + d,(t) - k) + Ita,(t)
=p+J(@@®+d' @) —k)+1a @)
Also we have used dC(t) = a,, (t)dt We get the following form for HJB equation

ov av
sup [u(t)g(t)b - K (c(t)) + — + —(p(t) +j@)@'@®)+d () —k)+i(t)a (t)) + —l(t)a ()

ueu
+ a__j(t)(a’(t) +d'(t)— k) + a—Vau(t)

2
4o <a vV ((h ea(t)+d(t) +h ea(t)) + hZ 2a(t)+2d(t)) + %_VeZa(t)hz d 112/ (h% + h%)

2

(’)(’)hhe

+

aO+d® (2 + hZ) + he,e®®) + 2 %hlhwe“(”>

— rV] =0,

where we have used
Y t,c,5) = u(®)g(Oby — Ky(c(®)

Here we note, that the main differential equation also contains term a,, (t).

As the profit is linear to injection/withdrawal rates it is always optimal to inject/withdraw at
maximum allowable rate.

Algorithmic approach

Here we attempt to explicitly solve the stated problem in several steps (layers).
To accomplish the latter, we propose the following algorithm. First divide the whole decision space
into subclasses with no switching, 1 switching , 2 switching etc. strategies.

T
V=E ( j e "y (Gs, c‘s(u))ds>
0
u€{-1,0,1},
lpuS(Gs: Cs(u)) = uGsbu(Cs) - K, (Cs)
No switching strategy The only possible case with no change is of form (0,0)

T T T
V=E <j e "y, (Gs, C_'S(u))ds> =E (—j e‘rSKO(C_S)ds> = —f e "SKy(Cs)ds
0 ° 0 0
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One switch strategy The only feasible strategy is (-1,1). Here -1 means we are buying gas
(injection), 1 means withdrawal.

For each such strategy the maximal V is obtained when we change our u at the most
profitable time.

Let’s denote it by t*. V then becomes

V=E <ft e "5 (=Gsbin(Cs) — K_1(Cs))ds + f
0

t*

T
675 (Gubone (C) — m(c‘;))ds)

To obtain t*, we should solve the following equation
av
ot le=¢» =0

which becomes
E (e (=Gebin(Co) = K-1(Ce))) = E (€7 (Gerboue (Co) — Ky (Ce))) = 0

K; (Et*) - K—l(c_‘t*) = (bout(Et*) - bin(ft*))E(Gt*)
From the above we get B B
_ Ki(Cpr) = K_41(Cy)

E(Gy) = _ L
‘ bout(Et*) - bin(Ct*) 3-1)
We also have a boundary conditions, for C,:
EO = ET = 01

since

C, = jtu(s)au(Es) ds.

0
We can rewrite the condition in the following manner

T t* T
T = fo u(s)ay (e ds = fo in(C5)ds = | apue(C5) ds = 0

*

Then the boundary conditions can be written as

t* T
a;n (C5) ds =f Aoyt (Cs) ds
-fO in\ts . out( s) 3_2)

If there is such t*, then we have found the optimal switching time.

The existence of a solution is shown in Carmona, Ludkovski, 2006, for k switching options
where > 1. So in general for 1 switching the existence of such solution may not be assured.

However, if we impose some additional conditions on the function K(C(t)), C(t), bu and au,
we can guarantee its existence.

Moreover, if the system (3.1) and (3.2) are incompatible, then this will imply that our
maximum is on the boundary, which contradicts (3.2). So this implicitly imply that (0,0) is better
than (-1,1).

The uniqueness is also obvious as a, (C) > 0, whenever C > 0, regardless of u. So in (3.2) the
left part is increasing, and the right part is decreasing in ¢*.

E(G,+) is constant, as G, is martingale (see Andersen, 2008), hence if % i
decreasing in t*, (3.1) will also have unique solution.

What remains to show is the coincidence of unique solutions of (3.1) and (3.2).

The latter can’t be shown without an explicit form of K, and relation of b,,(*) and a,, ().

In the case of two switching all possible variants are (0,-1,1) ; (-1,0,1) and (-1,1,0).

Let’s look for example to the first one - (0,-1,1).

t1+ts

&
V=E < f e 5 (—Ko(Cy))ds + f e ™" (=Gsbin(Cs) — K_1(Cy))ds
0

*

T
+ f e_rS(Gsbout(C_‘s) - Kl (Cs))ds>
t

1+t
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From which we have

av
Eh:t; = “le=e; =0
that is
—E (e—”i[(o(c_‘t;)) +E (e—r(t{+t§) (—Gt1+t§bin(5ti+t§) - K—l(ét;"'t;)))
-E (e'”I (—Gt;bin(ét{) - K—l(fti)))
—E (e_r(tiﬁg) (Gti+t;b0ut(5ti+t§) - Kl(c_‘ti“;))) =0
and
E (e—r(ti+t§) (_Gti+t§bin(€ti+t§) - K_1(C_ti+t2))) —E (e—r(t{+t§) (GtIHEbout((‘:ﬂ”;) — K (5f1+f3)))

=0
We can conclude that

—E (e 5Ky (Crr)) — (e—”i (=Ge;bin(Ce;) - K_l(C_t;))> =0
So, the final form will be

E (Ko(Ce;)) = E (Gezbin(Cey) + K_a(Cep)) = 0
3.3)

E (—Gt;+t§bin(6t;+t;) - K—1(5t1+t;)) - (Gt§+t§bout(ft;+t§) - K; (5t§+t;)) =0

And the second equation will become
tt _ ti+t; T _
f aog(Cs)ds + f ai;n(Cs)ds — f aout(Cs)ds =0
0 ¢ :

ti+t;

Comparing the second equation of (3.3) and (3.1) one can see that they constitute the same

time (or times) for second switching.
General Case: Finally let’s consider the general case.

For n switches we have the following formula for V

V= E<ZJ‘Z%{+1O“(uGb (C,) - K (T,) ds> Zf

(Gsbu, (Cs) = Ky (Cs) ) ds

Zk oti
n Z;:—l()tl B _
_ Z j (i (C5)E(Gy) — Koy (Cs) ) ds
= 2ot |
Zk Otl _ 1t Z;ctloti —
_ GOZulf b i(Cs)ds—Zf' Ky, (Cs)ds,
Zk 0 t i=0 Z;(:Oti

=0
where we used the martingale property of G, (Ross, Pekoz Erol, 2007)
Here ¥7_1t; =T, to = 0 and u; = u(t;), which is in general non-differentiable function at

exactly n points.
However, if we have specified the vector (ug, u4, ..., u,), than we can easily differentiate V, to
maximize with respect to (¢4, t,, ..., t,) under the conditions of positivity (¢t; > 0).

For last switching time the following necessary condition for optimality should be

GO ( unbu (EZLL:O tk) + un_lbun_l (EZ‘;(]-:O tk)) + (Kun (EZ}Z':O tk) - Kun—1 (CZ‘Z':o tk)) = 0
Let’s look back for the optimality of t,,_;, for which we get the following necessary condition

Go ( unbun (Ezgzo tk) t un—lbun_l (Czk otk ) un—lbun_1 (Czk ot ) + un—zbun_z (Czk ot ))
+ (Kun (EZ;::() tk) - Kun—l (CZ;;O tk) + Kun 1 (Czk h tk) Kun_z (Czn—o t )) =0

From which subtracting the previous one we get
Go <_un_1bun—1 (CZQQS tk) tun—2by, , (CZk ot )> * (K”"—l (CZk ot ) Ko (622;3 tk)) =0
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Finally all necessary conditions can be described by the following system, m =1, ...,n

Go (_umbum (Em{n:o tk) + um—lbum_1 (Ezrknzo tk)) + (Kum (EZZL:O tk) — Ky, , (Ez;cn:o tk)) =0; 3.4)

If this system is incompatible, then one can infer that no n switching solution exists.
Also another condition should be satisfied is that C, = C; = 0, or

LG Z;':-:lo L -
Zf ' aui(CS)ds =0
i=0 "Zi=o i

In conclusion the algorithm should contain the following steps. First one should construct all
feasible n-vectors for values of u. For each n-step the decision vector,

e must start either with o, or with -1,

e must end either with o or with 1,

¢ no consecutive elements of the vector can be the same

¢ 1 cannot occur before the first occurrence of -1.

¢ Cannot have -1 after than last occurrence of 1.

After constructing all possible combinations satisfying above conditions, we can proceed to
solving (3.4) for each of these cases. For the n step switching case we need also perform the
procedure for case k < n, as there is no guarantee that the n —th step solution will result in more
value than any k-th step, for k < n.

For implementation of this algorithm, we must have either functional form for functions
K, (*),a, (") and b, (), or some estimated dependence upon u.

3. Conclusion

We propose a simple algorithmic approach to evaluate the optimal strategy and value of gas
storage. Though we haven’t yet analyzed properties of convergences of proposed algorithm, the
convergence itself is obvious as a consequence of Bellman principle (Shevre, 2008). At last without
some explicit form of functions used, one can’t proceed to numerical analysis. So at least some
explicit relation is necessary for K, a and b.
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