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For the ideal Fermi gas that fills a quantum well confined by two parallel planes, there are calculated the thermodynamic characteristics
in general form for arbitrary temperatures, namely: the thermodynamic potential, energy, entropy, equations of state, heat capacities and
compressibilities. The distance between planes is considered as an additional thermodynamic variable. Owing to the anisotropy, the
pressure of the Fermi gas along and transverse to the planes is different, so that the system is characterized by two equations of state and
a set of different heat capacities. Limiting cases of low and high temperatures are considered. The temperature dependencies of the
entropy and heat capacities at low temperatures remain linear, just as in the volume case, and their dependencies on the chemical
potential and density undergo jumps at the beginning of the filling of new discrete levels. It is shown that the behavior of thermodynamic
quantities with the distance between plates can be either oscillating or monotonic, depending on what quantity is assumed to be fixed: the
volume or surface density. For high temperatures the corrections to thermodynamic quantities are obtained, which are proportional to the
ratio of the thermal de Broglie wavelength to the distance between planes.
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TEPMOJUHAMIKA ®EPMI-TA3Y Y KBAHTOBIH SIMI
FO.M. IoayekroB, O.0. Copoka
Hayionanvnuii naykosuti yenmp “Xaprigcokuii ¢izuxo-mexuiunul incmumym”
61108, syn. Akademiuna, 1, Xapxie, Yrpaina

Jns ineansHOTO (hepMi-ra3y, IO 3aMOBHIOE KBAHTOBY SIMy OOMEXEHY JBOMa MapalelIbHUMH IUIOIMHAMHY, y 3arajJbHOMY BHUTJIAMI JUIS
JOBUIBHHMX TEMIlepaTyp OOYMCIIeHi TepPMOJIMHAMIUHI XapaKTEpPUCTHKH, a caMe: TepPMOAWMHAMIYHMII IMOTEHLiaJ, eHepris, eHTpOIis,
PIBHSIHHS CTaHy, TEIUIOEMHOCTI Ta CTHUCIMBOCTI. BifcTaHp MiX IUIOMIMHAMH PO3IVLIOAETHCS SIK JOJATKOBA TEPMOIMHAMIYHA 3MiHHA.
Yepes aHi30TpOMit0 THUCK (epMi-rasy y3IO0BXK i MEPNeHANKYISIPHO IUIOIMHAM BiMIHHHM, TaK 10 CUCTEMa XapaKTepU3yeEThCs BOMA
PIBHSHHAMH CTaHy i HA0OPOM Pi3HHUX TEIUIOEMKOCTEH. PO3IMIsAHYTI rpaHNYHI BUMAJKU HU3BKUX 1 BUCOKHX TeMmrepaTyp. TemmeparypHi
3aJIe)KHOCTI SHTPOMIi 1 TEIUIOEMKOCTEH NpH HHU3BKMX TEMIIEpaTypax 3alIUIIAlOThCs JHIHHUMH, SK 1 B 00'€eMHOMY BHMAAKy, a iX
3aJI)KHOCTI BiJl XIMiYHOTO MOTEHINIANY 1 TYCTHHH 3a3HAIOTh CTPUOKU MU TI0YATKy 3aIlOBHEHHS HOBOTO JHCKpeTHOro piBHi. [Tokazano,
o 3MiHa TEPMOAMHAMIUYHMX BEJIMYHMH 3 BIJCTAHHIO MDK IUIACTHHAMH MOXK€ MaTé ab0 OCIMIIALIHHMI, a00 MOHOTOHHHI XapakTep
3aJISKHO BiJ TOTO, 0 Hependavdaerscs (ikcoBannM, o0'eMHa abo IOBepXHEBa I'yCTMHA. B o0iacTi BHCOKHMX TemIlepaTyp 3HaiIeHi
MOTPABKH JI0 TEPMOJMHAMIYHUX BEJIMYUH, IPOMOPIIiHHI BiTHOIICHHIO TSIUIOBOT XBWII Jie Bpoiiiis 10 BiICTaHi MiXk TUIONIMHAMH.
KJIIOUOBI CJIOBA: ¢depmi-uacTuHKa, KBaHTOBA sIMa, TEPMOAMHAMIuHi (YHKIi, HU3bKOPO3MIpPHI CHCTEMH, DIBHSHHS CTaHy,
TEIUIOEMHICTh, CTHCIIUBICTh

TEPMOJMHAMMKA ®EPMU-TA3A B KBAHTOBOM SIME
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Hayuonanvholil nayunviii yenmp “Xapvkogckuti ousuko-mexnuyeckuil uncmumym’”’
61108, Axademuueckas, 1, Xapvros, Yxpauna

st npeansHOTO hepMu-Ta3a, 3aloMHSIONIEr0 KBAHTOBYIO SIMY OTPaHUYCHHYIO IBYMsI NTapauleIbHBIMH [UIOCKOCTSMH, B 00IIEM BUJIE
JUISL TIPOM3BOJIBHBIX TEMITEpaTyp BBIYUCICHBI TEPMOJAMHAMHYECKUE XapaKTEePUCTHKU, a HMEHHO: TEPMOANHAMHYECKUH MOTEHIIHAI,
OHEPIust, SHTPONUS, YPaBHEHUS COCTOAHUS, TEINIOEMKOCTH U COKUMAEMOCTH. Paccrosnue MEXAY IIOCKOCTAMH paCCMaTPUBACTCA KakK
JIOTIONIHUTENbHAS TePMOJMHAMUYECKas MepeMeHHas. B Ccuily aHM30TponmuM JaBieHHe (epMu-rasa BAOJb M HEPHEHIUKYISIPHO
IUIOCKOCTSIM PA3INYHO, TaK YTO CHCTEMa XapaKTepPH3yeTCs ABYMs yPaBHEHUSIMH COCTOSHMS M HAOOPOM pa3iIMYHBIX TETII0EMKOCTEH.
PaccmoTpeHs! IpenebHbIe CITydan HU3KUX M BBICOKUX TeMIieparyp. TemmepaTypHble 3aBHCHMOCTH SHTPOIHHA U TEIUIOEMKOCTEH MpH
HU3KHX TEMIIepaTypax OCTAalOTCS JHHEWHBIMU, KaK U B OOBEMHOM cCiIydae, a WX 3aBUCHMOCTH OT XMMHYECKOTO ITOTEHIHalTa U
IUIOTHOCTH HCIBITBIBAIOT CKA4KW IIpH Hadaje 3alojHEHHS HOBOTO IHCKPETHOTO YpoBHs. [loka3aHo, 4YTO H3MEHEHHE
TEPMOANHAMHYECKUX BEIMYMH C PACCTOSHHEM MEXAY IUIACTHHAMHU MOXKET MMETh JIMOO OCHMUIILMOHHBIH, JTNOO0 MOHOTOHHBIN
XapakTep B 3aBHCHMOCTH OT TOTO, 4TO IIpeAroaraercst pUKCUPOBaHHBIM, O0ObEMHAs MM IOBEPXHOCTHAs IUIOTHOCTb. B obmactu
BBICOKHUX TEMIIEpATYP Hal‘r’l}lel—[bl IOIPaBKU K TEPMOANMHAMUYECCKUM BEJIIMYNHAM, MPONOPIHOHAIIBHBIE OTHOIICHUIO TEIJIOBOM BOJIHBI
nie bpoitnis K paccTOSIHHIO MEXy IIIOCKOCTSIMH.

KJIFOYEBBIE CJIOBA: depmu-yacTuna, KBaHTOBas sMa, TEPMOIMHAMHUYECKHE (DYyHKIMH, HU3KOpa3MEpHBIE CHCTEMBI, YpaBHEHHE
COCTOSIHUSI, TEINIOEMKOCTbh, CKIMaeMOCTb

The model of the ideal Fermi gas is the basis for understanding the properties of electron and other many-fermion
systems. In many cases it is also possible to describe with reasonable accuracy the behavior of systems of interacting
fermi-particles within the approximation of an ideal gas of quasiparticles whose dispersion law differs from the
dispersion law of free particles. It is essential that thermodynamic characteristics of the ideal Fermi gas at arbitrary
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temperatures in the volume case can be expressed through the special Fermi functions and, therefore, it is possible to
obtain and verify all relations of the phenomenological thermodynamics on the basis of the quantum microscopic
model.

In recent time, much attention has been paid to investigation of low-dimensional systems, in particular to
properties of the two-dimensional Fermi gas in quantum wells, because apart from purely scientific interest the study of
such objects is rather promising for the solid-state electronics [1-5]. Thermodynamics relations for the Fermi gas in the
confined geometry have been studied much less than in the volume case [6] and require further investigation. A detailed
understanding of the properties of such systems must serve as a basis for the study of low-dimensional systems of
interacting particles.

It is usual to consider that strongly correlated Fermi systems, to which also two-dimensional Fermi liquids are
attributed, in many respects essentially differ from the usual Fermi systems and often show “non-Fermi-liquid”
behavior [7]. At that the properties of quasi-two-dimensional and quasi-one-dimensional systems are compared with the
theory of bulk Fermi liquid [8,9]. However, as seen even on the example of the quasi-two-dimensional system of
noninteracting particles which is considered in detail in the present work, its properties can substantially differ,
especially at low temperatures, from the properties of the bulk system owing to the quantum size effect. Therefore, the
theory of Fermi liquid itself in conditions of the confined geometry must, generally speaking, be formulated differently
than in the volume case. Note that the Migdal’s theory of finite Fermi systems [10] does not essentially differ in this
respect from the Fermi liquid theory of uniform systems.

The consideration of low-dimensional models of interacting Fermi particles leads to a conclusion about, in many
cases, unique properties of such systems [11,12]. It should be kept in mind, however, that real systems are always three-
dimensional and their low dimensionality manifests itself only in the boundedness of motion of particles in one, two or
three coordinates. In considering statistical properties of the three-dimensional many-particle systems one usually
passes to the thermodynamic limit, setting in final formulas the volume and number of particles to infinity at a fixed
density. It is of general theoretical interest to study the statistical properties of many-particle systems occupying a
volume, one or two dimensions of which remain fixed, and the thermodynamic limiting transition is carried out only
over remaining coordinates. In this case the coordinates, over which the thermodynamic limiting transition is not
performed, should be considered as additional thermodynamic variables. The model of the ideal Fermi gas allows to
build the thermodynamics of such systems on the basis of the statistical treatment.

The idea of taking account of the spatial quantization when calculating the electron heat capacity of small particles
was for the first time used by Fréhlich [13]. Thermodynamic properties of the Fermi gas at low temperatures in the
confined geometry within the quasiclassical approach were considered in the works of I.M. Lifshits and A.M. Kosevich
[14,15]. Since the fermions possess a quasidiscrete spectrum in the confined geometry, in a similar way as it takes place
for electrons in the magnetic field [6], the authors of these works showed that the thermodynamic potential contains
under such conditions a component that oscillates with varying the chemical potential. However, as seen from the
results of the given work, the presence of the oscillating component in the thermodynamic potential does not yet
guarantee that the full thermodynamic potential and thermodynamic quantities are oscillating.

It should be noted that in experiments the quantum oscillation phenomena in thin metallic, semimetallic,
semiconducting films and nanostructures were observed for the kinetic coefficients such as the conductivity, the
mobility, the Hall coefficient and others [2,5], but not for the thermodynamic quantities.

The aim of the proposed work is obtaining general thermodynamic relations for the Fermi gas in conditions of the
confined geometry on the basis of a microscopic treatment. In the work there are derived exact formulas for the
thermodynamic potential, energy, entropy, pressures, heat capacities and compressibilities which allow to analyze the
equilibrium properties of the Fermi system at arbitrary temperatures and geometric dimensions. Any thermodynamic
quantity proves to be expressed through some standard functions and their derivatives that depend only on the
dimensionless temperature and the dimensionless chemical potential. It is shown that, owing to the anisotropy of the
system under consideration, the pressure of the Fermi gas along and transverse to planes is different, so that the system
is characterized by two equations of state and a set of different heat capacities. The cases of low and high temperatures
are studied. At low temperatures the dependencies of the entropy and heat capacities on temperature remain linear, just
as in the volume case, and their dependencies on the chemical potential and density undergo jumps at the beginning of
the filling of new discrete levels. It is shown that the behavior of thermodynamic quantities with the distance between
plates can be qualitatively different, depending on what quantity is assumed to be fixed: the volume or surface density.
Thus, at a fixed surface density the chemical potential and pressure vary monotonically with the thickness and at a fixed
volume density these dependencies have an oscillating character. In the area of high temperatures the corrections to
thermodynamic quantities are obtained, proportional to the ratio of the thermal de Broglie wavelength to the distance
between planes.

FERMI GAS IN A VOLUME
Before proceeding to consideration of the Fermi gas of particles with mass m in conditions of the confined
geometry, here we give the basic formulas for the three-dimensional Fermi gas enclosed in the rectangular
parallelepiped of volume V' =L L L_, lengths of all sides of which are large. In the case when L, >> 27k, (k is a
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wave vector), the wave functions of particles have the form of plane waves ¢, (r) =V "™ and the energy of particles

g =1k / 2m . Generally, in books authors restrict themselves to considering the two limiting cases: either the case of

high temperatures in which a description of motion of gas particles based on the laws of the classical mechanics is valid,
or the case of very low temperatures when the Fermi gas is degenerate [6]. Meanwhile, all thermodynamic functions of
the Fermi gas at arbitrary temperature can be exactly expressed through the special functions

0, ()=t~ 2 m
) [(s)ye™ +1

where s is an integer or half-integer positive number, F(s) is the gamma function. For calculation of the bulk

properties of the Fermi gas it is sufficient to know the functions (1) with half-integer indices s=1/2,3/2,5/2.

The thermodynamic potential Q , energy £, entropy S, particle number density » and pressure p of the Fermi gas

of particles with the spin 1/2 in a volume, expressed through the functions (1), are given by the formulas:

2TV 3TV 2V s
020, (), E-2Ten0. s3] 0n 0.0
2
N 2 2T
n:?:Fq)yz(t)s p:FCDS/Z(t)'
Here ¢ = u/T , u is the chemical potential. The thermal de Broglie wavelength enters into the formulas (2):
1/2
27’
A= . 3
2] o)

In a bulk gas in addition to the thermal wavelength of a particle (3) there exists one more characteristic length / ="

which defines an average distance between particles. The ratio of these lengths
A 1/3
qy = 7 =An" = |:2(D3/2 (t)] “4)

characterizes the extent of proximity of the gas to the degenerate state, so to say the measure of its “quantumness”.
Depending on the density of number of particles and temperature the quantum mechanical properties of the gas will
manifest themselves to a greater or lesser extent. If g, is small, the system can be well described by the classical
mechanics. With decreasing temperature at a fixed density the thermal wavelength increases and, therefore, the
“quantumness” of the gas increases in this case, and besides, as we see, the parameter ¢, depends on the single
parameter ¢ .

Here we also give the formulas for the heat capacities at a constant volume and a constant pressure:

>
G = ELI:G)S/Z (l‘)_g = (_t)j|,

2 A° 50, (1)
@, (1), (1 ©
c =££3<1)5,2(t){ 12 () s _g}.
r 2 A (133,2 (l‘) 5

It should be noted that the heat capacities per one particle C, /N and C, / N also depend on the single parameter ¢ .

The properties of Fermi systems in the presence of the discrete levels in magnetic field were studied with the help of the
functions (1) in work [16].

THERMODYNAMICS OF THE FERMI GAS IN A RECTANGULAR QUANTUM WELL
The model of the ideal Fermi gas is the basis for studying the bulk properties of the Fermi systems for particles of
different nature. In the two-dimensional case an analogous role is played by the ideal Fermi gas contained between two
parallel planes, therefore a detailed study of such the system is also of general physical interest. In particular, it is
important to obtain exact formulas for thermodynamic quantities of the Fermi gas contained between two parallel
planes z=L/2, z=-L/2 and to make analysis of its thermodynamic properties. It is assumed everywhere that the spin

of the Fermi particle is equal to 1/2. The lengths L , L, are as before considered to be macroscopic, where 4=L L is
the area in the (x, y) plane, but no restrictions are imposed on the length of the third side L, = L and it can be small,
that corresponds to transition to the quasi-two-dimensional case. The total volume occupied by the Fermi gas V' = AL .
The case when L, >>L, L, >> L is of the most interest and the main attention will be paid to it. Note that in work [15]
this case was not considered in detail. Let us assume that the potential barrier at the points z=1L/2 and z=-L/2 is

infinite, so that the wave function of a particle turns into zero at boundaries. In this case solutions of the Schrodinger
equation have the form
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go,(:,z (x,0,2)= fﬁe’“ cos(2n +1)%, (n=0,1,2,...),
o) (x,p,2) = ,/ﬁe’“ siHZn%, (n=12,..).

The first of these functions is even and the second is odd with respect to the transformation z — —z . Here k = (kx,ky)

(6)

and r = (x, y) are two-dimensional vectors. The energy of a particle:
272
k
£, =+ e, %
2m
n=12,... and k* = kf + kf . For odd n the levels correspond to even wave functions, and for even n — to odd wave
functions. The energy
222
°h
3 ®)
2mL
is conditioned by localization of a quantum particle between planes and increases with decreasing the distance L
between them. This characteristic energy of a problem (we assume the particle is an electron), expressed in Rydbergs,

can be written in the form &, =7r2/ [’, where L=L/a, is the distance in the Bohr radiuses. Considering that
1Ry =13.6 eV =15.8-10" K , we obtain: 1) at L=10> — & =156 K;2)at L=10° — & =1.56K ;3)at L=10" —
g =0.016K;4) at L=10° - &, =1.6-10°K . Thus, quantum effects connected with the presence of the energy (8),

as it had to be expected, must manifest themselves essentially at low temperatures and small distances between planes.
The distribution function in this case has the form

-1
S =lexp(e, —p)/T+1]". ©)
After integration over momenta with the function (9), the thermodynamical potential
Q=-2TY In| 1+¢ /"
Zin| ] (10)
will be determined by the formula
2TA
a=-2w, (cn) (11)

Instead of the parameter ¢ = ,u/T , that was used in formulas for the volume case, it is convenient to introduce the
dimensionless chemical potential 7 = x/¢, and the dimensionless temperature 7 =7/, , then ¢ =n/r. We define the
function

l{g(r,n)zgcbs [r*l(n—nz)} (12)

The details of calculation of such functions are given in Appendix. The thermodynamic potential (11) is a function of
the temperature, chemical potential, area and distance between plates: Q =Q (T S, A, L) . In contrast to the volume case

when Q is proportional to the volume V', in this case it is proportional to the area 4 and depends in a complicated
manner on the distance L. This circumstance is conditioned by the evident anisotropy of the system under
consideration, since here the motions in the (x, y) plane and in the direction of the z axis are qualitatively different. In
statistical mechanics it is customary to pass in the final formulas to the thermodynamic limit ¥V — o, N —> o at
n=N/V =const. In the present case it is more accurate to write down the thermodynamic limit somewhat differently,
namely
A—>o,N >0 at n,=N/A=const. (13)
It is thereby stressed that the transition to infinite volume occurs only owing to increasing the area, at a fixed distance L.
The differential of the thermodynamic potential (11) has the form
dQ= —%[2\1’2 +7 oF, ]dT—%kP]dﬂ+9dA - 413T [T %, +7 oY, jdL. (14)
A A A AL\ oOr on

It was taken into account that 0¥,/on=7¢"¥ and de, =-(2¢,/L)dL. Since §=-(oor),,, and
N =—(60/ou)

T

from (14) there follow expressions for the entropy and number of particles:

24 oY
S:F(Z\PZ-FT 2), (15)

T,4,L°

or
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24
N = F‘{’l. (16)
The volume and surface densities of number of particles are defined by obvious relations: n=N/AL, n,=N/A. The

same formulas for the entropy and number of particles can be derived, of course, straight by means of the distribution
function (9). The energy is determined by the formula:

2AT oY
E= e (‘P2+g‘{’1+r 812) (17)

Naturally, the relation holds Q=FE—-TS — uN .

PRESSURES
In a bulk system the pressure is connected with the thermodynamical potential by the known formula p=-Q/V .
In the considered case the system is anisotropic, since the character of motion of particles in the directions parallel and
perpendicular to planes is different, and, therefore, the usual formula for the pressure is invalid. The force exerted by the
gas on the wall perpendicular to the z axis is different from the force exerted on the side walls perpendicular to the x
and y axes. These forces can be calculated in the same way as in the volume case [6]. The pressures in directions

parallel to the (x, y) plane and on the planes perpendicular to the z axis are given by the formulas

_ _1(5_Ej _ _l[%)
=), T A\ ), (18)
Since
OFE oQ OF oQ
= == ) - == ) (19)
04 S,N,L 04 T,u,L oL S.N, 4 oL T.u,A
it is then more convenient to calculate the pressures (18) using the formulas
_ _1(3_Qj _ _l(é_QJ
w=\aa),,, T alan),,, (20)
The differential of the thermodynamic potential (14) can be represented in the form
dQ=-8dT — Ndpu— p,Ld4A— p, AdL. 21
Considering the form of the thermodynamic potential (11), we obtain the formulas determining the pressures through
the functions (12):
2T AT ( 0¥, n
= —\P , = T 2 +—\P . 22
Py AL Pu A2L( or 7 ]j (22)

The quantity —p, L is an analog of the surface tension in the theory of surfaces [6]. The energy (17) is connected with

the pressures (22) by the relation
1
E:AL(p+EpL), (23)
which in the volume limit p, = p, = p turns into the known relation pV = (2/ 3) E for the Fermi gas [6].
REDUCED FORM OF THERMODYNAMIC QUANTITIES

It is convenient to introduce dimensionless quantities, which we will call “reduced” and designate them by a tilde on top,
for the entropy, energy, pressures, volume and surface densities:

- 2r = 2mL . 2mDl . 2mD
SEas P pwalh RSt RS
3 i (24)
.2 . 2L
n57 s AE_nA

The reduced quantities are functions of only two independent dimensionless variables — the temperature z and
chemical potential 7 :

. W .7 4
[ PINNCL PN [ S EN AL £ [ T gy
or 2 T or

(25)
. . n oY
p||:7\P2’ pl:TZ ?‘PI‘FT 61-2 .
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The use of the reduces quantities is convenient owing to the fact that they do not contain explicitly geometric
dimensions of the system.

HEAT CAPACITIES
An important directly observable thermodynamic quantity is the heat capacity. In the geometry under
consideration heat capacities can be defined under various conditions different from that which take place in the volume

case. In order to determine heat capacities, it is necessary to calculate the quantity C =T (dS/ dr ) . For this purpose, it

is convenient to express the differential of the entropy through the reduced quantities:

ds =74 _S i, +dS z4|(0S_§ o, dn+| S-S0 4p| (26)
200\ n, on n, On or n, Ot

In the volume case at a fixed number of particles, which is assumed here, the equation of state is: p = p(7T,V). If the

chemical potential is used as an independent variable, then the equation of state is defined parametrically by the equations
p=pT,V,u) and N =N(T,V,u). To obtain the heat capacity as a function of only temperature, one constraint should

be imposed between the pressure and the volume. In the simplest case, it its possible to fix either the volume or the
pressure, thus determining the heat capacities C;, and C, .

Under given conditions, owing to anisotropy of the system, there are two equations of state (22) for two pressures
p,=p,T,4,L,p) and p, = p (T,4,L,u), which at a fixed number of particles should be considered together with the

equation (16) N = N(T, A, L, i) . To obtain the heat capacity as a function of only temperature, two additional constraints
should be set between the pressures p,p, and the dimensions of the system 4,L, namely F(p,p, ,4,L)=0 and
F,(p;>p,,4,L)=0. In the simplest case, two of four quantities p,,p, ,4,L can be fixed. Then the heat capacity as a
function of temperature can be considered under fixation of one of the following pairs of quantities: (4,L), (p,p,),
(4,p), (4,p,), (L,p), (L,p,). Fixation of the first of pairs (4,L) corresponds to the volume case of the heat
capacity at a constant volume, and of the second (p,, p, ) — at a constant pressure.

With account of the fixation of a number of particles, we have

dL dA
dn, = 2— .
i, = [ : Aj @7)
Also it should be taken into account that
dr 1 2cdL ’
dT ¢, L dT (28)
2
Finally, we obtain formulas for the reduced heat capacities C = gyl C under different conditions for arbitrary temperatures:
T
~ oS os (on,/or
Cp=71 ___( NA/_) ) (29)
ot on(on,/on)
S Son\, o @) (S S\, @ B
. on i, on )\t or P 1o 7, or "an on
C, =t ! ! (30)
5P P2 (B B, |
Yoy “ton 5 \on or or on
& _ (oS San,) (a5 S am, (/o) o
A or @i, or ) \on @, on )(ap,/on)|
_dp (oS Son,) . (oS S ai oS o, oS o
nl\ An\\i_iA_‘_piiA_iA
~ on or n, Ot or\on n, on on ot Ot on (32)
=7 .
" i %——ﬁ %4.1- o, %_al%
“on 2" on on ér ot on

The heat capacities éLpi and C 4y, are determined by the formulas (31),(32) with account of the replacement p, — p, .
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COMPRESSIBILITIES
Another directly observable quantities are compressibilities. We define “parallel” and “perpendicular”

compressibilities by the relations
L GpH L’ Y on op, A'

Compressibilities can be calculated under condition of constant temperature (isothermal) and constant entropy (adiabatic).
For compressibilities in isothermal conditions, defined by the relations (33), we obtain:

_ _an__ (9i/on) A
Nir = aml’ Yir Zﬁ(aﬁu/aly)’ (34)
; =7r3h2}/ - (on/on)
T amp (5~ aﬁijaﬁ ( 6;5)611 ' (35)
4 -p ~t— |——|h-17— |—
2 or )on or ) on

The adiabaticity condition consists in the invariance of the entropy per one particle (and therefore of the total
entropy in the system with a fixed number of particles). In the volume case in adiabatic processes the parameter
t=u/T is constant. It is easy to verify, using the formulas (2), that this condition leads to the known equations of the
adiabat: n/T*? =C,, p/n”* =C,, p/T*” =C,, where C, are constants.

In the considered case the adiabaticity condition has the form:

S 1 oY
—=—/|2¥, +7—2 |=0O(r,n7) = const. 36
N‘Pl(zarj(n) (36)

Together with the equation for the number of particles (16) the equation (36) determines relationships between the
density, temperature and pressures in adiabatic processes. The adiabatic compressibilities are given by the formulas:

(e}

o o0 on
. 0npor Ot on
e Jeew edm ] 7
on ot Ot On
©0n_ 00 o
- on ot Ot 0n
Fio = . - . —- (38)
J5, (0o o an) (00, 0.
2P\ onor oron) "\og or or op

Certainly, at zero temperature the isothermal and adiabatic compressibilities coincide.

ANALYSIS OF FUNCTIONS ¥, (z,77) AND ¥, (z.7)
As shown above, all thermodynamic quantities are expressed through the functions W, (7,7), ¥, (7,7) and their

derivatives. In this section we study the properties of these functions. The details of calculations are given in Appendix.
Note that when studying oscillations in the Fermi gas with quantized levels, usually the Poisson formula is used for the
extraction of an oscillating part [6,14,15]. But a detailed analysis undertaken by the authors shows that it is more
convenient to calculate the standard functions (12), by which thermodynamic quantities are expressed, without use of
the Poisson formula. This, in particular, is connected with the fact that the possibility of extraction of an oscillating part
in some function does not at all mean that the total function is oscillating, and the contribution of non-oscillating part

should be analyzed as well. As a simples example let us consider the function f (x,a)=(a/2)x’ +sin2x. Despite this

function contains an oscillating term, its behavior depends on the value of its non-oscillating part, that is, the value of
the parameter « . The form of this function and its derivative at some values of a is shown in Fig. 1. At a =0.1 both
the function and its derivative oscillate (curves /). At a =2 the function itself already proves to be monotonically
increasing, while its derivative remains oscillating (curves 2). And at a =4 both the function and its derivative
monotonically increase (curves 3). As it will be seen, a similar situation takes place as well for the functions considered
in the present work. Also it should be noted that for establishing correct thermodynamic relations, the total
thermodynamic potential should be considered, with account of contributions of both oscillating and non-oscillating
parts.

At fixed particle number density and at high temperatures, the same as in the volume case, the chemical potential is
negative. With decreasing temperature it increases and at some temperature 7; turns into zero (17 = 0) , becoming further

positive. There is one more characteristic temperature 7,, at which u=¢, (n7=1). The dependencies of the
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dimensionless chemical potential 77 on the dimensionless temperature z are shown in Fig. 2. The characteristic
temperatures 7, =7, /¢, and 7, =T, /¢, are determined from the equations:

szzro‘Pl(rO,O), szer‘Pl(z'L,l). (39)
40 25 C
(@) 3 '
fox,a) Jo,a
2 20
30
15
20+
10
10 + 5
0 . 0
o 1 2 3 . 4 ' 6

Fig. 1. Graphs of the functions f' (x,a), f '(x,a) for some values of the parameter a .
(a) The function f(x,a)= %xz +sin2x for the values of the parameter a: (1) 0.1; (2) 2.0; (3) 4.0.

(b) The derivative f’(x,a) =ax+2cos2x for the same values of the parameter a: (1) 0.1; (2) 2.0; (3) 4.0.

The region where p<g, (p<1) will be for convenience called the high temperature region, and the region
u>¢g, (n>1) — the low temperature region. The functions ¥ (7,77) are calculated differently in these regions. At

1 <1 they can be calculated by the formula

In
l& (_1 ]+I€T l 1 n
\Ps (T’U)ZEZ+€3 (O’EJ_ECDS (_j’ (40)

c K2z’ : .
where 6, (v,x)=1+2> e " cos27vx is the theta-function.
k=1

n

N W B~ 00O N

5
T
Fig. 2. The dependencies of the chemical potential on temperature 77(2') at different values of the reduced density:
(Ha,=021,17,=030,7,=081; (2)7a,=3.0, 7, =2.84,7,=3.35, (3)71,=10.0, 7, =6.43, 7, =6.95.
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More interesting is the case 7 >1, which is realized at low temperatures. Then the considered functions can be
represented in the form

¥, (2.7) =T () + ¥ (), @40
¥, (v.1) =5 ¥4 (1) + ¥ (2.1). (42)

Here the functions

#1()= [ 1= (s ) el 1) )
1) =L {1 sl ) o=l )l ) 3L 30 )-1) @)

determine the state of the system at zero temperature. For brevity here and in the following it is used the designation
X, = \/; , X,>1 at that, and [xo] designates the whole part of a number x, . Graphs of the functions (43), (44) and

their derivatives are shown in Fig. 3a and 3b. The function ¥; (77) is continuous and monotonically increasing, and its

derivative at the specific points x, =[x, ] undergoes jumps A(d‘{"(n)/dn)h = 1/[x0]2 (Fig. 3a). At 7>>1 it has the

asymptote V| ()= 2\/; /3 . The function ¥ (7) is also continuous and monotonically increasing, with the asymptote

v, (;7) ~ 8\/; / 15 at 77> 1. The derivative of the function ¥} (77) is an oscillating function with a varying amplitude
(Fig. 3b).
3.5

@) ] ) i
30
25+ 20}k
20¢ 15}
1.5F
L 1.0F
1.0+
. 2
2 0.5 H
a5 |-
00 n 1 1 1 n 1 N 00 1 1 " 1 " 1 N 1 "
1 2 3 12 4 5 6 1 2 3 12 4 5 6

n 7

Fig. 3. Graphs of the functions W} (77), W, (7) and their derivatives.
(a) The functions ¥} (17) (1) and d'¥|(n)/d\Jn (2); (b) The functions ¥} (77) (1) and d¥}(n)/d[n (2).

The functions

Vi(en) =0, [ (5] -n) [+ 0, " (n=([x]+1) )|+ T2 (). (5)

" T 2 _ 2 - 2 U €X
¥ (en) =" 5] -, [z’ ‘([xo] —n)}+<1>2 [r '(ﬂ—([x0]+1) )}+‘{’2 (.7) (46)
describe the temperature dependencies of thermodynamic quantities at low temperatures. The form of the exponentially
small at 7 <1 functions ‘T’:"" (1,77) is given in Appendix (the formula (11)). The dependencies of the functions (45),
(46) and their derivatives on the chemical potential are shown in Fig. 4a and 4b. The function ¥/ (7,77) has an

oscillating character and its derivative undergoes jumps at x, = [xo] (Fig. 4a). The function V) (r,n) is monotonically

increasing and its derivative has oscillations (Fig. 4b). The dependencies of the total functions (41), (42) and their
derivatives on the chemical potential are shown in Fig. 5a and 5b.
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8 14
7 (a) 13 _(b)
6l I
12

>t il 2
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1 ] 8 -
AL V 6L 4
2r 2 5[
St 4l
4L 5
5E r
6L 2+
7k 1+
-8 [ 1 1 " 1 0 1 " 1 1 1 I

0 1 2 qp 3 4 5 0 1 2 p3 4 5

n

Fig. 4. Graphs of the functions W{(7,7), W5(7,7) and their derivatives at 7 =0.5.
(a) The functions W{(z,7) (1) and d‘“Pi’(T,T])/d\/; (2); (b) The functions W5 (7,7) (1) and d¥) (r,n)/d\/; .

00 1 ' 2 ‘ 3 ' s ' 5 1 ' 2 ' 3 ' 4 ' 5
1/2 12
n n
Fig. 5. Graphs of the functions (7/77)‘1’1 (7,77) R 2(7/77)2 Y, (1,77) and their derivatives at 7 =0.1.
(a) The functions (z/7)¥,(z,n) (I) and d[(r/n)‘{ll(r,n)]/d\/; 2);

v
(b) The functions 2(r/77)2 ¥,(z,n) (I) and d[Z(z’/n)z ‘Pz(r,n)}/d\/; 2.

Although, as it was noted, the function ‘P;’(r,n) has an oscillation form, the total function ‘¥, (7,77) proves to be

monotonically increasing (Fig. 5a, curve /). Also monotonically increasing is the function ‘¥, (r,r]) (Fig. 5b, curve I). The
derivatives of both of these functions have an oscillating character at not large values of the chemical potential (Fig. 5, curves 2).
Thus, the functions ¥, (z,77), W, (7,7) themselves through which the thermodynamic quantities are expressed
are not oscillating, in particular there are absent oscillations of the thermodynamic potential (11) on the chemical
potential 7. However, as we will see, dependencies of some quantities on the chemical potential that include the

derivatives of these functions, such as for example compressibilities, can have a nonmonotonic character.

THERMODYNAMIC QUANTITIES AT LOW TEMPERATURES
The most interesting region where quantum effects can manifest themselves on the macroscopic level is the region
of low temperatures. Let us consider the behavior of the observable characteristics at low temperatures, such that r < 1.
In this limit, with account of the main exponential corrections



14

EEJP Vol.3 No.4 2016 Yu.M. Poluektov, A.A. Soroka

¥, (z,17) = g‘l’{ (n7)+ exp[z"l ([xo ]2 —7])} + exp[r’l (77 —([x0]+1)2 )},

¥, (z.7) = %‘P; (77)+%2[x0]—exp[1'] ([xo]2 —77)]+ exp[r'] (77 —([x0]+ 1)2 )}

For the reduced entropy, we obtain in this approximation:

a a

2 a el
S’:%[xo]r—(h'—al)ef +(2r-a,)er.

47

(43)

49)

Here and below for brevity the designations are used g, E[x0]2 -1, a, En—([x0]+l)2. The dependencies of the

entropy on temperature and density are shown in Figs. 6, 7. The dependence on temperature proves to be linear as in the
volume case, but its slope changes by jumps as the energetic levels are being filled up (Fig. 6). The correction to the

linear law, in contrast to the volume case where it is proportional to 7° , in this case is exponentially small.

50
A
4

oL

3

30| 2

20+

10+

0 : 1 " .
0 1 2 3 4
T

Fig. 6. The temperature dependencies of the reduced entropy § (r;xo) at a fixed value of the chemical potential x, = \/E :

() x, =11 (2)x,=3.0; (3)x,=5.5.

With varying the chemical potential or the density at low temperatures the entropy undergoes jumps, which are

becoming more indistinct as temperature increases and entirely disappear at rather high temperatures (Fig. 7).

16 | b
S/ 34
Fual _
121 V

10

'

60 80 100

0 " 1 " 1
0 20 40

ny
Fig. 7. The dependencies of the quantity S (ﬁ A;z’) / 7 on the reduced density at fixed temperature:
(=001 (2)7=0.1; 3)7=05; (4)7=2.0.
The value of the entropy jump per unit of area depends only on temperature and is determined by the formula
AS  zm
A 3

(50)
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Pay attention that this quantity does not explicitly depend on the distance L , though certainly this parameter enters into
the condition of applicability of the formula (50) T < 7°h’ / 2mL’ . The entropy jumps are accompanied by the
absorption of heat AQ=TAS. For electrons the heat absorbed at the jump of the entropy per unit of area
AQ/A=1.6107T" erg / (em*K*) (temperature in Kelvins). For *He atoms this quantity is by three orders greater.

The density at low temperatures has only the exponentially small, depending on temperature, correction

ﬁzﬁAzn‘I’l’(n)+r[eT+eTJ. (51)

Neglecting the exponential corrections, the chemical potential in the expression for the entropy (49) and in other
thermodynamic quantities can be taken with a good accuracy at zero temperature. In this approximation the chemical
potential is connected with the reduced densities by the relation

. 1

=i, :[xo]{ﬂ—g([x0]+l)(2[x0]+l)}. (52)
The density monotonically increases with increasing the chemical potential, undergoing breaks (discontinuities in the
derivative) at the specific points x, =[x, ]. In the limit of rather high density when x, >1, we can set [x,]~ x, and

from (52) there follows the usual formula that relates the density of the bulk Fermi gas with the chemical potential at

zero temperature: n =(2m,u)3/2 / 37’1’ . The thermodynamical potential in this limit also acquires the usual form
Q:—AL(4\/§/157r2)<m3/2y5/2/h3). The condition x,>1 is equivalent to the condition N'° > (A/L2 )1/3. In the

volume case A=~ L’ it is equivalent to the condition N'” > 1, which is always true in a system of large number of
particles. The exact formulas should be used under fulfilment of the condition N ~ 4/I?.

If thermodynamic quantities are taken in the reduced form (24), and the dimensionless chemical potential 7 and
the dimensionless temperature 7 are used as independent variables, then as it was shown the geometrical dimensions
fall out of the thermodynamic relations, in particular the distance between plates L falls out (or the thickness of a film,
from experimentalist's point of view). Meanwhile, exactly the dependencies of the observable quantities on the
thickness of a film are of interest in experiment. To obtain such dependencies, the relations derived above should be
presented in the dimensional form. At that, the form of dependence of the thermodynamic quantities on the thickness of
a film will essentially depend on what quantity is being fixed when studying such dependencies: the total density » or
the surface density n,.Let us show it on the example of dependence of the chemical potential on the thickness of a film.

The formula (52) can be written in the form

2p 2=l af] o) (53)

V4 V4
As we see, the dependence of the distance L on the parameter x, will be different depending on what is fixed — the

volume or the surface density. The chemical potential is expressed through L and the parameter x, by the formula

o /S
= X 54
a oml?° (54)

The formulas (53) and (54) define parametrically (parameter x,) the dependence of the chemical potential on the

thickness of a film at fixed n or n,. It is easy to check that at a fixed surface density (d uf dL)n <0 and, therefore,
the chemical potential monotonically decreases with increasing L . At a fixed volume density the derivative (d u/dL )n

turns into zero at the minimum points determined by the equation x,” —(1/2)([x,]+1)(2[x,]+1)=0. The distance
between planes at the minimum points of the chemical potential is determined by the formula
2n 1

?me =§[x0]([xo]+1)(2[x0]+1). (55)

At the points x, =[x,]>2 the sign of the derivative (ds/dL) changes by a jump. These points correspond to the local
maximums of the chemical potential, so that
2n 1

7L§m =g[x0]([x0]—l)(4[x0]+l). (56)

Thus, the dependence of the chemical potential on L at a fixed volume density has an oscillating character. The
dependencies u = ,u(L) at fixed surface (curve /) and volume (curve 2) densities are shown in Fig. 8.
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Fig. 8. The dependencies of the chemical potential on the distance between planes:

) = ﬁ(ZA) at a fixed surface density 7, , here 7= (m/ﬁhznA)y, L,=(2n,/7)"L;

Q) = ﬁ(]j) at a fixed volume density n , here 7 = (2/7r4)”3 (m/h2n2’3)y, L= (271/7:)”3 L.

The pressures at low temperatures are determined by the formulas:

2 2 2 4 el
p :%qﬂz (77)+71[—2[x0]z'2 +%[_er +er J,

o= D) Bl ¢ (e )

(57

(58

As seen, the parallel pressure, in addition to the exponential temperature correction, also contains the power correction
proportional to the square of temperature, and the perpendicular pressure contains only the exponential temperature
correction. The dependencies of the reduced energy and pressures on the reduced density at zero temperature are shown in
Fig. 9. Both the energy and the pressures monotonically increase with increasing the chemical potential or the density. At the

points where the filling of discrete levels begins the dependence p, = p, (ﬁ y ) undergoes breaks. In the limit x, >>1 at zero

temperature the both pressures p, p, prove to be equal to the pressure of the bulk degenerate Fermi gas.

3000 |

2000 +

1000 +

0 1 1 1 1 1 1
0 50 100 150 __ 200 250 300

ny

Fig. 9. The dependencies of the reduced energy and pressures on the reduced density at zero temperature:

(D E(i,); 2 p,(,); 3) by (i)

There are of interest the dependencies of the perpendicular pressure on the distance between planes, presented in Fig. 10.
The pressure at fixed n, decreases with increasing L (curve /). At one point, corresponding to x, = 2, this curve undergoes
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a break: the derivative dp, /dL on the left at this point is negative and on the right it equals to zero. At a fixed n the
dependence p, = p, (L) has an oscillating form (curve 2). The extremum points of this function can be found in the same
way as for the dependence ,u(L) at fixed n and are given by the expressions:

2n 1

7Lfmn =g[x0]([xo]—1)(4[xo]+l),

2 L =)= sl 1),

On the basis of the performed analysis, seemingly, a general conclusion can be made that the oscillating dependencies
of thermodynamic quantities on the width L take place for the case of the fixed total density and they are absent when
the surface density is fixed.

(59

1.0

Py

0.8}

02+

I 6
L,.L
Fig. 10. The dependencies of the perpendicular pressure on the distance between planes:
() p,=p, (ZA) at a fixed surface density 7, , here p, E(2m/7z'3712)(7r/2n/4)5/2 p., L,=(2n,/x)" L;

00—

@ p =D, (E) at a fixed volume density n , here p, = (2m/7z3hz)(72'/2n)5/3 p, L= (Zn/ﬂ')mL.

He we give also the formulas, following from the general relations (34) — (38), for the compressibilities at zero
temperature:
N [x, ] 1
7/H = ; =

{77\1’1(77)}2 [xo]{xé —é([x0]+l)(2[xo]+l)}2 |

3 [%] ~ 1

B T L T T 3 FtT I N e o NS

(60)

3 9

The dependencies of compressibilities on the volume density at zero temperature are shown in Fig. 11. As seen, at
some values of density, at which the filling of levels begins, the compressibilities undergo jumps. On approaching to the
point that corresponds to x, =2 from the side of large densities, the perpendicular compressibility tends to infinity. The

nature of this divergence is similar to the nature of the break at this point in the dependence of the perpendicular
pressure p, =p, (L) (Fig. 10, curve 7). In the limit x, >1 we have y, =y, = 3”3/”4/3 m/han/3 . The quantity

u = l/mny” = (7[4/3/3”3) hznm/m2 determines in this case the square of the speed of sound in the bulk Fermi gas.

In conclusion of this section, we proceed to the analysis of the low temperature behavior of heat capacities. For the
first time, the calculation of the electron heat capacity for particles of small size with account of the discreteness of the
energy levels was made by Frohlich [13]. He showed that, in contrast to the bulk Fermi gas which has the linear
temperature dependence of the heat capacity, in the case of small in all coordinates particles the heat capacity decreases
exponentially with decreasing temperature. In the case considered in the present paper, in addition to the discrete levels
there is possible a free motion of particles along planes, that leads to the maintenance of the linear law in the
temperature dependence in given conditions.
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Fig. 11. The dependencies of compressibilities on the reduced density at zero temperature: (1) 7, = 7,(7): (2) 7, =7, (7).

In the main approximation all introduced above heat capacities (29) — (32), as it had to be expected, prove to be

identical and proportional to temperature

2
v

C~ ?[xo] T. (62)
Under fulfilment of the condition x, > 1 the formula (62), naturally, turns into the expression for the low temperature

heat capacity of the bulk Fermi gas C :(7z/3)2/3 (mT / hz)n” LA . The heat capacity as a function of the chemical

potential and density undergoes jumps at the points, in which the filling of new discrete levels begins (Fig. 12). The
account for the corrections to the formula (62) smoothes out the steps. The value of the jump of the heat capacity is the

same as that of the entropy (50): AC/A = 7rmT/3»h2 .
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Fig. 12. The dependence of the ratio of the reduced heat capacity to the dimensionless temperature

2
C/z’ = %[xo] at 7 <1 on the chemical potential 77'/2.

For the heat capacities C AL,C~‘ ,C‘Lm ,C 4p, the corrections to the linear law (62) have the exponential character,

Apy
and for two heat capacities these corrections are proportional to 7° :
N e S A e
"l 15 7" W[ ]¥s+wiws 2% )

(63)
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2 2 2
~ V4 V4 T
Cop =S ln]oy el —=r- (64)
2 3 3 ( 77\{, [ )2
The differences between the heat capacities ép” oy C~LpH and other heat capacities are proportional to 7°.

THERMODYNAMIC QUANTITIES AT HIGH TEMPERATURES
Let us consider the area of high temperatures, where the de Broglie wavelength is much less than the average

distance between particles: A/l = An'? < 1. This condition is fulfilled if the parameter ¢ =7/7 is negative and large by

absolute value |[f|>>1. At high temperatures and macroscopic distances between planes, such that
A/ L= 2/ N7r <« 1, also the condition \/; >>1 holds. In this approximation, in the sum of the formula (40) it is
sufficient to account for the main term with / =1. Taking into account the relation 6, (O, q) = [2K ( m) / 7[]1/2 , we obtain

2K (m)

¥, (1,77):%{ ——1:| eg. (65)

T

Here K (m) is the full elliptic integral of the first kind, and g = g(m) = exp[-7K(1—m)/K(m)] is the Jacobi parameter

[17]. Considering the definition of the theta-function in (40), we find that the parameter m and the dimensionless
temperature are connected by the relation

1 K (1 - m)

—=r—0".

T K (m) (66)
For considered large values of 7, the parameter m is close to unity. Using expansions in the small parameter

.. 1. 16 B .
m, =1—-m and taking into account that K (m)zgln—, from (66) we have: m, =16¢ 7. For Jz >1, taking
m

1
account of the main terms, we obtain

¥, () =2 [ -1] " (67)

Taking account of only the first term in square brackets in (67) leads to the relations for the classical ideal gas, and accounting
for the second term in brackets gives the correction on the finite width L proportional to the ratio A/L. The thermodynamic

potential in the classical limit with account of such correction acquires the form

“
Q=—2T‘3L 1—A el. (68)
A 2L
From the formula for the number of particles
ﬁ
weB] L2 A .
ot )r ., A 2L
there follows the dependence of the chemical potential on the density and temperature:
u nA’) A
—=In +—.
(2 L

For the entropy we have the expression that generalizes the Sackur-Tetrode formula [6] to account for the quantum size
effect:

5/2
S:Nlnze—3—Ni. (71)
nA 4L
In the parallel pressure the linear with respect to A/L correction is absent, and it is present in the perpendicular
pressure:

A
D, =nT, P, =nT(l+Zj. (72)

Here is also the formula for the energy with account of such correction:

3 A

E_ENT(IJFE) (73)

Let us write down in the high temperature limit the expressions for all heat capacities, which were defined above, with
account of the quantum size correction:
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3 A
C N|=—+—|,
" (2 SLJ

5 A
CLp” = N(E+8—LJ,

5
PPy = EN’
5 3A
c, :N(Tg—J, (74)

5 A 5 3A
Cp. :N(E_E%_Lj’ Co, ZN(E—g—LJ-

As seen, in the volume limit C,, turns into the heat capacity at a constant volume of the classical ideal gas
C, = (3/ 2)N , and the other five heat capacities turn into the heat capacity of the classical gas at a constant pressure

C, =(5/2)N. It should be also noted that the heat capacity C

p, does not contain the linear in the parameter A/L

correction.

CONCLUSION

In the paper there have been derived the exact formulas for calculation of the thermodynamic functions of the ideal
Fermi gas in the quantum well formed by two parallel walls. It is shown that all thermodynamic quantities, written in
the dimensionless reduced form not containing the geometric dimensions, can be expressed through some standard
functions of the dimensionless temperature and the dimensionless chemical potential and their derivatives. These
functions themselves do not oscillate with varying the chemical potential or density, but the derivatives of these
functions have oscillations (Fig. 5). Through the introduced standard functions there are calculated the thermodynamic
potential, energy, density, entropy, equations of state, heat capacities and compressibilities of the Fermi gas at arbitrary
temperatures in the considered conditions of the confined geometry. It is shown that owing to the anisotropy the Fermi
gas in this case has two equations of state since the pressures perpendicular and parallel to planes are different, and also
is characterized by a set of several heat capacities. At low temperatures the entropy and all heat capacities depend on
temperature in the same linear way and undergo jumps at the beginning of the filling of new discrete energy levels. It is
shown that the character of dependence of thermodynamic quantities on the distance between planes essentially depends
on whether this dependence is considered at a fixed surface or at a fixed volume density. At a fixed surface density the
thermodynamic quantities vary monotonically with the distance between planes, and at a fixed volume density they
undergo oscillations. In the area of high temperatures the quantum corrections to thermodynamic quantities are
obtained, which are proportional to the ratio of the thermal de Broglie wavelength to the distance between planes.
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APPENDIX
CALCULATION OF FUNCTIONS ¥ (z,7)

First, let us consider the case when 77 <1. Using the formula at # <0 that is correct in this case

0 It
@, ()=2(-1)" (A1)
we obtain
1& (=) er ( ! ) 1 (n) A2
Y (r,7)==> —~—+——6,| 0,— |-=D_ |~ |, (A2)
() 22 A N x) 2 e

where 6, (v,x) =1+ 22 e M7 cos2zvx is the theta-function, so that
k=1

! z
0,10,— |=1+2> e 7. A3
(ome)% =
Note the useful relations:

do (t) e £ 7’
O, (t)=In(1+¢€"), = , D, (t)=—| 1+ |-D,(-1). A4
W=ifse), S0, 102 -0, a0

Somewhat more complex is the case 7 > 1, realized at low temperatures. We consider that for £ >0 and s >1:

[1+ 2. ()] +(=1)" @, (), (A5)
where

& (1) =1](2" 1) (1+1)
b= (s—1-1)1"" ’

I'(s) is the gamma function, £ (/) is the Riemann zeta function.

(A6)

The functions (12) can be written in the form

n)= nZ:‘@S [r" (7 —nz)J = iij(bs [r’l (n-n* )]+ "_[Z:‘jﬂd% [r’l (n —nz)], (A7)

where the designation is used x, = \/; =/#/¢, . In the first term the argument 7' (77 —nz) >0 and the formula (AS5)

can be used, and in the second term 7' (77 - nz) <0 and the expansion (A1) is valid, so that

¥ (nn

[x]

S ) ez 7 (n-m) ] () (A8)

where the function
ex s+1 = —
e (7,7) =( an [ (n*=n) ]+ X @, [c" (n-n")] (A9)
n=1 n:[xu]+1
contains the exponential terms, which are small for 7 <1 but, however, they can be considerable near the specific
points at 7 =n’. In (A9) the main contribution is given by the terms with n=[x,] and n=[x,]+1, and other terms

give the exponentially small contribution of higher order. Therefore, after having extracted the main contribution, the
formula (A9) can be written in the form

v (2,) =(-1)" @, [r* (ENG —77)}@5_ [f‘ (n—([x0]+1)2 )} P (2,), (A10)
where

[x]-

e (7,7)=(~1)"" an[ Y(n? 77)]+ i CDS[r" (n—nz)]. (Al1)

)1:[x0]+2
In the considered problem we need the functions at s =1 and s =2, which for 77 >1 can be represented in the
form (41), (42).
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