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Using a reduced isotropic crystal model the relationship between the fourth-order elastic moduli of an isotropic medium and the
independent components of the fourth-order elastic moduli tensor of real crystals of various crystal systems is found. To calculate the
coefficients of these relations, computer algebra systems Redberry and Mathematica for working with high order tensors in the
symbolic and explicit form were used, in light of the overly complex computation. In an isotropic medium, there are four
independent fourth order elastic moduli. This is due to the presence of four invariants for an eighth-rank tensor in the three-
dimensional space, that has symmetries over the pairs of indices. As an example, the moduli of elasticity of an isotropic medium
corresponding to certain crystals of cubic system are given (LiF, NaCl, MgO, CaF,). From the obtained results it can be seen that the
reduced isotropic crystal model can be most effectively applied to high-symmetry crystal systems.
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MOJEJIb 3BBEAEHOT'O I30TPOITHOT'O KPUCTAJIA BIJHOCHO
MOIAYJIB NPYKHOCTI UHETBEPTOI'O IIOPAAKY
O. BypJaaenko, B. Xoaycos, A. HaymoBeunb
Xapxiecvruil HayionanvHul yHieepcumem im. B.H. Kapasina
ni. Ceoboou, 4, m. Xapkis, 61022, Vrpaina

VY cTaTTi 32 TOMOMOTOI0 MOJENI 3BEIEHOT0 i30TPOITHOTO KpHCTalla 3HaWAEHMI 3B'I30K MOJYINIB NMpPY>KHOCTI 9€TBEPTOTO MOPSAKY
130TPOITHOTO CEepEeIOBHINA 3 HE3aJIEKHUMH KOMIIOHEHTAaMH TEH30pa MOAYJIB MPYXKHOCTI YETBEPTOrO MOPSIKY peaabHUX KPHCTANTIB
pi3HMX cuHTOHMH. [[JIs po3paxyHKy KoedillieHTiB, [0 3a/1af0Th IIi 3B'I3KM , BUKOPUCTOBYBAINCS CUCTEMH KOMIT'IOTEPHOI anredpu 1mo
poboTi 3 TeH30paMH BHIIMX MOPSIKIB B CHMBOJBHOMY 1 siBHOMY BHrisiai Redberry i Mathematica, 3Bakaroun Ha 3HauHY
IPOMI3/IKICTh OOUHCIICHB. B 130TPONHOMY CepenoBHIll € HOTHPH HE3AIEKHUX MOJYJIB IPYKHOCTI yeTBepToro nopsa. Lle nos's3aHo
3 HasBHICTIO YOTHPHOX iHBApiaHTIB y TEH30pa BOCEMOIO PaHTy B TPUBHUMIPHOMY NPOCTOpI, SKUH Ma€ CUMETpii MO mapam iHAEKCiB.
Sk mpukiTag HaBeAEHO MOIYJI MPYXKHOCTI 130TPOMTHOTO CEPENOBHUINA, IO BIANOBiAAaE ACAKAM KpucTaidaMm KyOiuHoi cuHroHii (LiF,
NaCl, MgO, CaF,). 3 orpuMaHHX pe3yibTaTiB BHIHO, IO MOJETHh 3BEIEHOTO i30TPOIHOrO KpHCTalla MOXKe OyTH HaWOUIBII
e()eKTHBHO 3aCTOCOBaHA ISl KPUCTANIIB CHHTOHHUI BHCOKMX CHMETPiH.
KJIIOYOBI CJIOBA: Moxyiti py>HOCTI 9€TBEPTOTO MOPSIKY, KyOidHa CHHIOHIsI, 130TPOIHMIT KpHCTalI, B3a€EMO/Iist (JOHOHIB

MOJEJIb MPUBEAEHHOI'O U30TPOITHOI'O KPUCTAJIJIA OTHOCHUTEJIBHO
MOJYJIEN YIPYTOCTH YETBEPTOI' O IIOPS KA
A. Bypaaenko, B. Xoaycos, A. HaymoBen
Xapvroeckuii Hayuonanvhwiil ynusepcumem um. B.H. Kapasuna

nn. Ce0600vl, 4, 2. Xapvkos, 61022, Vkpauna
B cratbe ¢ ucnonb3oBaHMEM MOJEIM NPHUBEJCHHOIO HU30TPOIIHOTO KPUCTAla HalJieHa CBA3b MOIYJEH yNpyroctu 4eTBEpTOro
HOpPSIIKA M30TPOIHONM cpelbl C HE3aBUCHMMBIMU KOMIIOHEHTaMH TEH30pa MOAYJIEHl YHNpyrocTH YeTBEpPTOro IMOps/KAa PealbHBIX
KPUCTAJUIOB Pa3iIM4HbIX CMHroHHMit. [ pacuera Ko3()(GUUMEHTOB 3aJaONIMX 3TU CBSA3U HUCHOJIB30BAIUCH CUCTEMbl KOMIBIOTEPHON
anreOpel Mo paboTe C TEH30paMu BBICIIMX IMOPSAKOB B CHMBOJIBHOM M siBHOM Buie Redberry m Mathematica, BBULy KpaifHeit
TPOMO3IKOCTH BBIYUCICHHN. B M30TpOmMHON cpeme MMeeTCsl YeThIpe He3aBHCHMBIX MOJYJS yNPYTroCTH YEeTBEPTOro Hopsaka. ITo
CBSI3aHO C HAJMYMEM YETHIPEX HHBAPHAHTOB y TEH30pa BOCBMOT'O PaHTa B TPEXMEPHOM IIPOCTPAHCTBE, 00TaAAIOMETO CHMMETPHSIMI
II0 IapaM UHJAEKCOB. B kauecTBe mpumepa IpUBEICHBI MOAYJIU YIPYTOCTU H30TPOIHOH Cpelbl COOTBETCTBYIOLICH HEKOTOPBHIM
kpuctaimiam kyouueckoi cuaronun (LiF, NaCl, MgO, CaF,). VI3 nomy4eHHBIX pe3yibTaTOB BHIHO, YTO MOJENbH IPHBEICHHOTO
H30TPOITHOTO KpUcTaJuIa Hanbosee 2 heKTHBHO paboTaeT Wi KpUCTAIUIOB CHHTOHMH BHICOKHX CHMMETPHI.
KJIOUEBBIE CJIOBA: wMoamynu ynpyrocTd 4YeTBEpPTOrO IOpsiaKa, KyOWdeckas CHHIOHMs, W3OTPOIHBIM KpHUCTALI,
B3aHMoO/IeHiCTBHE ()OHOHOB

There exist some physical phenomena in crystals that cannot be described without taking into account the
interaction of phonons with each other. In particular, the thermal expansion of a solids, the kinetic phenomena of
thermal conductivity, the viscosity etc. can be related to such cases. If one takes into consideration these interactions for
real crystals, significant difficulties occur.

As low-frequency phonon oscillations play the main role in the abovementioned phenomena in a solid, it is
possible to use the macroscopic theory of elasticity. In this model, a crystal is replaced by the continuous medium
possessing the symmetry of the crystal lattice [1].
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The purpose of this paper is to calculate the fourth order elastic coefficients of an isotropic medium, that
corresponds most closely to a real crystal, in relation to its elastic properties. These coefficients are needed to
explanation of nonlinear phenomena in solids.

JUSTIFICATION FOR THE MODEL
The free energy is represented as an expansion in terms of a small strain tensor as follows:

1 1 1
F = E) + 5 //i’[jkluijukl + g ﬂ‘{jklmnu{[uklumn + ﬁ ﬂ'g’/’klmnpqu{[uklumnupq >
1 . . .
where y, = E(Viuk +V, u, + Viulvkul) - strain tensor, /Iijkl , ﬂ’[jklmn , /%-klmnpq are the tensors of elastic moduli of

the 4th, 6th and 8th rank, respectively.

If solid is considered as an isotropic medium, the thermodynamic and kinetic coefficients are calculated most
simply. Some attempts to reduce the real crystal to an isotropic medium were first done within the Debye model and,
then, was developed in the theory of elasticity [2]. For this sake, the second order elastic moduli A and p and the third
order elastic moduli A, B and C were used. A model of an isotropic crystal with elastic properties closest to the real one
was suggested in the work [3]. According to the paper [4], we will call this model a reduced isotropic crystal model
(RICM) with respect to the elastic moduli. Also, a procedure of calculating of the elastic moduli of the reduced isotropic
crystal through the elastic moduli of the real crystal was described there. It turns out that RICM corresponds most of all
to a real crystal not only with respect to the elastic waves that propagate in it, but also to any elastic properties in
general. The use of this model for the second and third order elastic moduli for calculation of the Debye’s temperature
and for calculation of phonon viscosity and thermal conductivity yields a result which is in a good agreement with the
experiment [4].

However, it is still necessary to take into account the fourth order elastic moduli (FOEM) in the reduced isotropic
crystal model for calculations of the Griinisen parameter of a real crystal and the influence of the phonons interaction on
the thermodynamic properties of crystals [S]. In the case of an isotropic medium the tensor of elastic moduli of the 8th
rank has 4 independent components D, E, F, G [6].

2
Using a minimization procedure for the expression AR 3O by D, E, F, G, one may obtain their

tklmnpqt iklmnpqt

connection with FOEM of a real crystal. Here A0

ikimnpge 18 the 8th rank tensor of elastic moduli of an isotropic medium,

the explicit form of which is given in [5]. It has four invariants [7]. The expansion into a series of the free energy of a
crystal includes a convolution of FOEM tensor with the product of four strain tensors. This convolution is expressed by

ﬂ[g{?;npqt invariants, that is why isotropic medium has four FOEC.
After the appropriate minimization procedure, we obtain the following expressions:
1
D= —(1 123 ﬂ’iikk[[pp -6l 82{;/{/{1,;,91 - 2296/1,‘;1(11,;,71« -167 l/likkﬂppz + 35221;“11,;,9[ );
56700
1
E= (_ 1 03;tﬁkkupp +43 8/1ffkk1pp/ + 376/1iik1/ppk +41 lﬂ’ikkilppl -1 Oozﬂ“ikkllppi )5
113400
1
F= 226800 (_287/1iikk11pp + 282/1iikk1pp1 +1 184/Iiikllppk +392’ikki/ppl - 978ﬂ~il{kuppf );
1
= m(_s 5 7ﬂ’iikkllpp + 8222’iikklppl + 104/1fik11ppk +24692’ikkilppl =25 98/Atikk11ppi );

There is a sum from 1 to 3 over the repeated indices.

We shall carry out calculations for crystal systems of the highest symmetries as they have lower degree of
anisotropy and are closer to an isotropic medium by their properties. Besides for crystals of these crystal systems,
experimentally measured values of FOEM exist, using which one can obtain the elastic moduli of the reduced isotropic
crystal. The expressions of coefficients D, E, F, G are given in Table. 1 (in Appendix). To receive values of D, E, F, G
from the table, it is necessary to multiply the coefficients in a row by the corresponding values of FOEM Cjyy,,, presented
in the matrix form and to sum them up. For example, for crystals of cubic crystal system, we obtain:

1
D= m(cllll + 3201112 + 36c|122 + 20401123 - 13201 144 _2401]66 -3 1201244 - 360]266 + 2406145(» + 6c4444 + 1204466 );
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1
E= E(Cllll +14c))1, +9¢,15, =3¢ 155 + 216,44 —=6€ 46 +48C154, — 48C 456 = 34000 — 0Caug6 );
1
F= 5(201111 +10¢,,1, =9¢ 15, = 24¢,13 + 6¢, 144 +6C, oo + T8C, 4 +36C 556 —6C 456 —15C44 _30c4466);

1

G= @(201111 - Scmz + 2701 122 4201123 + 9601 144 +24cl 166 + 6001244 - 540]266 -1 680145(, + 39c4444 + 7804466 )

Let us display the values of the second, third and fourth order elastic moduli, calculated on the basis of RICM
model for some crystals of the cubic crystal system in Table. 2 (in Appendix), using experimentally measured elastic
moduli given in works [8,9].

Our next task is to analyze the calculated coefficients. In the paper [10] it was shown that from 6561 components

of tensor /l(R )

lk,:mpqt much less ones are independent. Let us write out the number of independent components (FOEM) for

various crystal system: triclinic (1, 1): 126; tetragonal (4mm, 42m, 422, 4/m 2/m 2/m): 25; trigonal (3m, 32, 32/m): 28;
hexagonal (62m, 6mm, 622, 6/m2/m2/m): 19; cubic (43m, 432, 4/m 3 2/m): 11. The number of the independent
coefficients included in D, E, F, G of the reduced isotropic crystal for different crystal system are the following:
triclinic: 36, tetragonal: 19, trigonal: 19, hexagonal: 13, cubic: 11.

CONCLUSIONS

A simple comparison of the number FOEM tensor components of a real crystal with those included into
coefficients D, E, F, G shows that the model of the reduced isotropic crystal describes rather well the properties of a real
crystal, especially for a high symmetry crystal system.

If the values of FOEM are known for a real crystal, then it is possible to determine the values of coefficients D, E,
F, G for the model of a reduced isotropic crystal and the matrix elements of interaction of four phonons ®(1,2,3,4), as
well as to calculate to within a number the quantities that characterize various phenomena in crystals for which
nonlinear interactions of phonons are essential.
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