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Abstract. In this paper, a problem on Rayleigh surface wave in an isotropic micropolar elastic solid 
half-space with impedance boundary conditions is investigated. It is assumed that the normal force 
traction, shear force traction and shear couple traction vary linearly with the normal displacement 
component, tangential displacement component and microrotation component multiplied by the 
frequency, where the impedance corresponds to the constants of proportionality. The linear governing 
equations of an isotropic micropolar elastic medium are solved for general surface wave solutions. The 
appropriate particular solutions satisfying the radiation conditions in a half-space of medium are 
applied at the free surface of the half-space with impedance boundary conditions. The secular 
equation for Rayleigh surface wave under impedance boundary conditions is derived in the explicit 
form. In the absence of impedance and microrotation, the secular equation reduces to classical secular 
equation for Rayleigh wave in an isotropic elastic half-space with traction free boundary conditions. 
The non-dimensional speed of propagation of Rayleigh wave is computed for an aluminium-epoxy 
composite as an example of a micropolar elastic solid and is shown graphically against non-
dimensional material constant, frequency and impedance parameters. 
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1   Introduction 

Eringen [1,2] developed the linear theory of micropolar elasticity. This theory has its possible 
applications in investigating deformation properties of solids, for which the purely elastic theory is 
inadequate. In particular, this theory is believed to be useful in investigation of materials consisting of 
bar-like molecules having microrotational effects and which support body and surface couples. Wood, 
fibres and corpuscles are some examples of such materials.  

Surface waves are very useful in the fields of earthquake, geophysics and geodynamics. Due to slower 
attenuation of energy than that of body waves, the Rayleigh waves cause destruction to the structure.  
Rayleigh waves can travel along the surface of relatively thicker solid materials penetrating to a depth 
of one wave length. These waves are very sensitive to surface defects. Rayleigh waves are widely used 
for material characterization and to investigate the mechanical and structural properties of the objects. 
Lord Rayleigh [3] was the first to study the surface waves for an isotropic elastic solid. The study on 
surface waves in micropolar elasticity has been carried out by many researchers. Some of significant 
works are cited herein. For example, De and Sengupta [4] studied the surface waves in micropolar elastic 
media.  Das and Sengupta [5] studied the surface waves in micropolar thermoelasticity under the 
influence of gravity. Nowinski [6] studied the surface waves in an elastic micropolar and microstretch 
medium with nonlocal cohesion. Kumar and Singh [7] studied the Rayleigh wave in micropolar 
thermoelasticity with stretch. Sharma et al. [8] studied the propagation of Rayleigh surface waves in 
microstretch thermoelastic continua under inviscid fluid loadings. Kumar et al [9] studied the Rayleigh 
waves in isotropic microstretch thermoelastic diffusion solid half space. Recently Singh et al. [10] studied 
the Rayleigh wave in a transversely isotropic microstretch elastic solid half-space.   

Impedance boundary conditions are a linear combination of the unknown functions and their 
derivatives prescribed on the boundary. Impedance boundary conditions are commonly used in various 
fields of physics like acoustics and electromagnetism. Rayleigh waves with impedance boundary 
conditions are significant in many fields of science and technology. However, few problems on Rayleigh 
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wave with impedance boundary conditions are studied yet in literature. For example, Malischewsky [11] 
studied the Rayleigh waves with Tiersten’s impedance boundary conditions and obtained a secular 
equation. Godoy et al. [12] studied the existence and uniqueness of Rayleigh waves with impedance 
boundary conditions. Vinh and Hue [13] investigated the propagation of Rayleigh waves in an 
orthotropic and monoclinic half-space with impedance boundary conditions. Recently, Singh [14] studied 
the Rayleigh wave in an isotropic generalized thermoelastic solid half-space with impedance boundary.  

The present paper is motivated by the linear theory of micropolar elasticity formulated by Eringen [1]. 
The general surface wave solutions of the linear governing equations for an isotropic micropolar elastic 
body are obtained. The particular solutions which satisfy the radiation conditions in the half-space are 
obtained. These particular solutions satisfy the impedance boundary conditions and a secular equation 
of the Rayleigh surface wave in the half-space is obtained. The non-dimensional speed of the Rayleigh 
wave is computed and shown graphically against the frequency, non-dimensional parameter and 
impedance parameters for an aluminium-epoxy composite.  

2   Governing Equations and Solution 

A homogeneous, isotropic, micropolar elastic solid occupying the half–space is considered in an 
undisturbed state. The rectangular Cartesian coordinates are introduced, having the origin on the 
surface = 0z  and the z -axis is chosen in the direction of increasing depth. A two-dimensional problem 
in − −x z plane is being discussed with the wave front parallel to the y -axis. Following Eringen [1], the 
constitutive and the field equations for an isotropic micropolar elastic medium in the absence of body 
forces and couples are 
 ( ) ( )σ λ δ µ κ ε φ= + + + −, , , , ,ij r r ij i j j i j i ijr ru u u u   (1) 

 αφ δ βφ γφ= + +, , , ,ij r r ij i j j im   (2) 

 ( ) ( ) ( )λ µ µ κ κ φ ρ+ ∇ ∇ + + ∇ + ∇ × =
�� � ���2. ,u u u   (3) 

 ( ) ( ) ( )α β γ φ γ φ κ κ φ ρ φ+ + ∇ ∇ − ∇ × ∇ × + ∇ × − =
� � � �� ��. 2 ,u j   (4) 

where λ µ κ α β γ, , , , ,  are material constants, ρ  is the density, j  is the microinertia, �u is the dis-
placement vector, φ

�
 is the microrotation vector, σ ij  are the components of force stress and ijm  are 

the components of couple stress. The superposed dots denote the time derivatives. 
For the two-dimensional problem, let  

 ( )=
�

1 3,0,u u u  and ( )φ φ=
�

20, ,0 ,  (5) 
where the displacement components 1u  and 3u  are written in terms of the potential functions 

( ), ,q x y t  and ( )ψ , ,x y t  as 

 ψ ψ∂ ∂ ∂ ∂
= − = +

∂ ∂ ∂ ∂1 3, ,q qu u
x z z x

  (6) 

With the help of equations (5) and (6), the equations (3) and (4) reduce to 
 ( )λ µ κ ρ+ + ∇ = ��22 ,q q   (7) 

 ( )µ κ ψ κφ ρψ+ ∇ − = ��2
2 ,   (8) 

 γ φ κ ψ κ φ ρ φ∇ + ∇ − = ��2 2
2 2 22 ,j   (9) 

where the equations (8) and (9) are coupled in φ and ψ.
 

The general solution of equation (7) is obtained as 
 ( )−−= +1 1

1 2 )( ,z z x ctikm mq Ae Ae e   (10) 

where  
ρ

λ µ κ
= − −

+ +

2
2 2
1 ( 1).

2
cm k  
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The general solutions of equations (8) and (9) are obtained as 
 ( )φ −−−= + + +3 32 2

2 1 2 3 4 )( ,x ctz zz z ikm mm mB e B e B e B e e   (11) 

 ( )χψ χ χ χ −−− += + +3 32 2
2 1 3 2 2 3 3 4 ) ,( z xz z cz tikm mm mB B B Be e e e e   (12) 

where 
κ κγ

γ γ

+ + −
+ = − =

2 2
2 2 2 2 2 4
2 3 2 3[ ], [ ],

R RP N NP
k km m k m m k  

κ ρ κρ γ
µ κ µ κ

= − − = − =
+ +

2
2

2

2 , 1, .cN jc P R
k  

κρ γ

χ

κ

  
  − + −

    = − =
 
 −
 
 

2
2

2 2

2

2

2 1

, ( 2, 3).
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j
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jc
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The particular solutions in half-space( > 0z ), which satisfy the radiation conditions → 0q , φ →2 0 , 
ψ → 0  as → −∞z  are  

 ( )−−= 1
1 ,z x ctikmq Ae e   (13) 

 ( )φ −− −= +3 4
2 1 2 )( ,z z x ctikm mB e B e e   (14) 

 ( )ψ χ χ −−−= + 32
2 1 3 2 ) .( x ctzz ikmmB Be e e   (15) 

3   Boundary Conditions 

Following Tiersten [15] and Malischewsky [12], the impedance boundary conditions at surface = 0z  are  
 ω ω ωσ φσ + = + = + =3 3 1 1 2 20, 0, 0,zz zx yzZ u Z u m Z   (16) 
where ω = k , c is circular frequency of wave, k is wave number, c is phase velocity; Z1, Z2, Z3 are 
impedance real valued parameters, and 

( )
σ λ λ µ κ

σ µ µ κ κφ

φ
β

= + + +

= + + −

∂
=

∂

1,1 3,3

3,1 1,3 2

2

( 2 ) ,

,

.

zz

zx

yz

u u

u u

m
z

 

The particular solutions (13) to (15) satisfy the impedance boundary conditions (16) at z = 0 and we 
obtain the following desired secular equation of Rayleigh wave 

 

2 2
* * *3 1 1 2 2
2 3 2 12 2 2

22
* * *3 32 1 1
2 3 3 12?

*3 2
2 2

2 1
  

2 1
  

2

β λ χ
µ µ µ µ

β λ χ
µ µ µ µ

βχ

λ µ κ µ κ κ

λ µ

µ µ

κ µ κ κ

µ κ

      + + +
− − + + − + −     

      
     + + +

− − + + − + +    
      

  +
− 

 

m m m m mXZ XZ XZ
k k kk k k

m mm m mXZ XZ XZ
k k kk k k

m mXZ
k

* *1
3 1

* * *32 1
3 2 3 1

2

2 2 0,

µ
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µ κ
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µ µ µ

κ µ κ

  +
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   + +
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k k

mm mXZ XZ XZ
k k k

  (17) 

where  
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 ρ
µ ρµ ρµ ρµ

= = = =
2

* * * 31 2
1 2 3, , , .

ZZ ZcX Z Z Z  

4   Particular Cases 

(i). In absence of impedance parameters, the secular equation (17) reduces to  

 

κ κ κχ χ χ χλ λ µ λ κ λ

µ κχ χ

κ
µ µ µ µ

µ

     + + + +
 − + + − + + +                

 +
− = 

 

22 2
3 31 2 2

2 2 3 32?
 

   
2

31 2
2 3

2            
     

2( ) 0

m mm m m
k kk k k k k

mm m
k k k

  (18) 

which is the secular equation for a Rayleigh wave in an isotropic micropolar elastic solid half-space with 
traction free boundary. 
(ii). In absence of microrotation, the secular equation (17) reduces to  

 µλ
µ

λ
µ

      +
− + − − + − − − =                 

2 2
* * * *1 1 2 2 1 2
3 1 1 32?   

2     1 2 2 0,
   
m m m m m m

XZ XZ XZ XZ
k k k kk k

  (19) 

which is the secular equation of Rayleigh wave in an isotropic elastic solid half-space with impedance 
boundary conditions. If we put =*

3 0Z  in equation (19), then the resulting secular equation fairly 
agrees with those obtained by Godoy et al. [12]  
(iii). In absence of impedance parameters and microrotation, the frequency equation (17) reduces to 

 ρ ρ ρ
µ µ µ

     
− = − −          +     

22 2 2

2 4 1 1
2

c c c   (20) 

which is the same as obtained by Lord Rayleigh [3].  

5   Numerical Results and Discussion 

Following Gauthier [16], the physical constants of aluminium-epoxy composite as an example of an 
isotropic micropolar solid are  

λ µ κ
γ ρ

= × = × = ×

= × = = =

11 2 11 2 11 2

11 2 3 2

7.59 10 / , 1.89 10 / , 0.0149 10 / ,
0.268 10 , 0.0196 , 2.19 / , 0.1.

dyne cm dyne cm dyne cm
dyne j cm gm cm jk

 

For above physical constants, the non-dimensional speed ρ µ2 /c of the Rayleigh wave is computed 
from equation (17) for a particular range of non-dimensional material constant (κ µ/ ), the frequency 
(ω ) and impedance parameters *

1Z , *
2Z  and *

3 Z .  
The non-dimensional speed of the Rayleigh wave is plotted in Figure 1 against non-dimensional 

constant (κ µ/ ) varying from 0 to 0.1, when 10ω = Hz. The non-dimensional speed increases linearly 
with the increase in value of κ µ/ . The comparison of the solid line with other solid lines with center 
symbols in Figure 1 shows the effect of impedance and material constants on non-dimesional wave speed. 
The non-dimensional speed of the Rayleigh wave is plotted in Figure 2 against the frequency( ω ) 
varying from 2Hz to 20Hz. For lower range of frequency, the non-dimensional speed increases sharply, 
whereas it increases slowly for higher range of frequency. The comparison of the solid line with other 
solid lines with center symbols in Figure 2 shows the effect of impedance and frequency on non-
dimesional wave speed. 
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Figure 1. Variations of the non-dimensional speed ρ µ2 /c of the Rayleigh wave against the non-dimensional 
constant (κ µ/ ), when ω = 10 Hz.  
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Figure 2. Variation of the non-dimensional speed ρ µ2 /c of the Rayleigh wave against the frequency (ω ) 

The variation of the non-dimensional speed of the Rayleigh wave against the impedance parameter 
*

1Z  is shown graphically in Figure 3 when *
2Z = *

3 Z = 0.5. For ω =5, 10 and 15, it increases gradually 
as ( *

1Z ) varies from -2 to 1. The comparison of solid, small dashed and long dashed curves in Figure 3 
shows the effect of frequency and impedance on non-dimensional wave speed of Rayleigh wave. The 
variation of the non-dimensional speed of the Rayleigh wave against the impedance parameter ( *

2Z ) is 
shown graphically in Figure 4, when ω =10Hz. For range − ≤ <*

220 0Z , it decreases very slowly. There 
is a sudden fall in value of wave speed at *

2Z = 0. It increases very slowly for range < ≤*
20 20Z . The 

comparison of different curves in Figure 4 shows the effect of different impedance parameters on wave 
speed. The variation of the non-dimensional speed of the Rayleigh wave against the impedance 
parameter( *

3 Z ) is shown graphically in Figure 5, when ω =10 Hz. For the range − ≤ ≤*
3  2 1Z , it first 

decreases to its minimum value and then increases. The comparison of different curves in Figure 5 shows 
the effect of different impedance parameters on wave speed.  
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Figure 3. Variation of the non-dimensional speed ρ µ2 /c of the Rayleigh wave against the impedance 

parameter  ( *
1Z ) when *

2Z = *
3 Z = 0.5 
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Figure 4. Variation of the non-dimensional speed ρ µ2 /c of the Rayleigh wave against the impedance 

parameter  ( *
2Z ), when ω  = 10 Hz. 
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Figure 5. Variation of the non-dimensional speed ρ µ2 /c of the Rayleigh wave against the impedance 

parameter  ( *
3 Z ), when ω  = 10 Hz. 
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Figure 6. Effect of microrotation and impedance parameter *
1Z  on variation of the non-dimensional speed 

ρ µ2 /c  of the Rayleigh wave . 
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Figure 7. Effect of microrotation and impedance parameter *
3 Z   on variation of the non-dimensional speed 

ρ µ2 /c of the Rayleigh wave. 

From above discussion, it is observed that  
(i). For a fixed value of frequency, the non-dimensional wave speed of Rayleigh wave increases linearly 

with the increase in value of non-dimensional material constant.  
(ii). The non-dimensional wave speed increases with the increase in frequency. However this increase is 

significant in lower range of frequency. 
(iii). The non-dimensional wave speed increases due to the presence of microrotation in an elastic solid.  
(iv). The non-dimensional wave speed increases gradually in given range of impedance parameter *

1Z , 
whereas it oscillates in given ranges of impedance parameters *

2Z  and *
3 Z .  

6   Conclusion 

The governing equations of the linear, isotropic and homogeneous micropolar elastic medium are solved 
for general surface wave solutions. Particular solutions which satisfy the radiation conditions in half-
space are obtained. A secular equation of Rayleigh surface wave in a micropolar elastic solid half-space 
with impedance boundary conditions is derived. In absence of impedance and microrotation, the secular 
equation reduces to classical equation as obtained by Lord Rayleigh [3] for an isotropic elastic solid half-
space with traction free boundary conditions. The theoretical results are illustrated with the help of 
material aluminium-epoxy composite as an example of micropolar elastic solid. The non-dimensional 
speed of the Rayleigh wave is computed for a given range of the frequency, non-dimensional constant 
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(κ µ/ ) and impedance parameters. From theory and numerical analysis, it is observed that the non-
dimensional speed of the Rayleigh wave depends upon material parameters, frequency, microrotation 
and impedance parameters. 
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