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381-407], (corrections in Borngasser [1933, Uber hypergeometrische funkionen zweier Ve-
randerlichen, Dissertation, Darmstadt], defined and investigated ten second order hyperge-
ometric series of two variables). In the course of further investigation of Horn’s series,
we noticed the existence of hypergeometric double series H; analogous to Horn’s double
series Hy. The principal object of this paper is to present a natural further step toward the
mathematical properties and presentations concerning the analogous hypergeometric double
series H; Indeed, motivated by the important role of the Horn’s functions in several di-
verse fields of physics and the contributions toward the unification and generalization of the
hyper-geometric functions, we establish a system of partial differential equations, integral
representations, expansions, analytic continuation, transformation formulas and generating
relations. Also, we discuss the links for the various results, which are presented in this
paper, with known results.
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1. Introduction

The various interpretations of Gauss hypergeometric function

2F (a,b;c;x) = i %%7

m=0

(1.1)

with parameters a, b, ¢ € Cand ¢ ¢ Z <0, where the Pochhammer symbol (a),, is
defined by (a),, =T (a+m)/T'(a) =a(a+1)...(a+m—1) form>1, (a)p=1 and I': Gamma
function, have challenged mathematicians to generalize this function. The series (1.1) is
easily seen to be convergent when |x| < 1. The great successes of hypergeometric series
theory in one variable has stimulated the development of a corresponding theory in two
and more variables (cf. [1], [2], [3], [5], [6], [7], [10], [11], [14]). The class of Horn’s
double Gaussian second order hypergeometric series consists of ten complete series (cf.
(8], [9], [17]: G1,G2,G3,Hy,...,Hy. In the course of further investigation of Horn’s series,
we noticed the existence of double series analogous to the Horn’s double series H, of
the form:

> by), (b

Z (a)Zm( 1)n( Z)nfmxmyn. (1.2)
o (c),m!'n!
The series (1.2) is analogous to and modified form of the Horn’s double series H, [[17],
p. 24(10)]:

Hyla,b,e, f;c;x,y] = i (“)m—"(fc)m(e)n(f)nﬁz’:_

m,n=0

(1.3)

In this paper, we will study some of the properties of the series (1.2) involving differential
equations, integral representations, expansions, generating functions and its relations
with other known classical functions and hypergeometric series. We shall denote series
(1.2) symbolically as

* - (a) m(bl)n(bz)n—m m.n

m,n=0

(1.4)

According to the Horn’s theory [13], it can be easily verified that the series (1.4) is the
second order hypergeometric series. Clearly, in view of the formula

A)am =2""(2) (3 + D)y m=0,1,2,..., (1.5)
from (1.3) and (1.4) we obtain:
H; (aabl,bZ;C;xay) =H [b27b17%7%+ %;C;y74x] : (16)

Analogous and symmetric functions from the set of different hypergeometric functions
of two or more variables have attracted the greatest attention because these kinds of
hypergeometric series have simple and elegant results.
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2. System of partial differential equations

According to the theory of multiple hypergeometric functions (see [2]), the system
of partial differential equations for Horn-type function Hj is readily seen to be given as:

bl—l—yi—xi—l 14—xi x = a—|—2xi+1 a—i—2xi u=>0
dy dx dx dx 0
9 I\ 9 a9 (21)
(r35) (13 )= (o3 (oo )| oo

where u = Hj (a,b,b>;c;x,y). Now by making use of some elementary calculations, we
find the following system of second-order partial differential equations:

x(14+4x) upe — yuyy — o — 1 -2 (2a+3)xjuy+a(a+1)u=0,

y (1 —y)uyy +xyury +[c — (b1 + b2+ 1) y|uy + bixuy — b bou = 0. (2.2)

[t is noted that the two equations of the system (2.2) are linearly dependent, because
the hypergeometric function Hj satisfies the system. Now, in order to find the linearly
independent solutions of the system (2.2), we consider u as in the form u = x"y'w
an unknown functions, and T and v are constants which are to be determined. So,
substituting u = x*y"w into the system (2.2), we obtain

x(1—|—4x)wxx—ywxy—[ﬁ2—l—2’c—l—v—(4a—l—6+81)x]wx—’c§wy

+—MHT(T—1)+a(a+1)+(4a+6)r}w:o )
i X 2.3
y(1=y)wyy+xywyy + [Y+2V — 2V — T+ B + Lo+ 1)y wy + (V + Br) xwy

[v(v+y—1
# [T (e By o vy vt frr i w0
[t is noted that the system (2.3) is analogical to the system (2.2) and it is not dif-
ficult to see that the system satisfies the following solutions: for t =0, v =0, u; =
H; (a,B,7:8;x,y) and for t=0, v=1—7v, up =y"""H; (a,1 —y+ B1,1 — v+ B2;2 — 7;x,).

3. Integral representations

Integral representations for hypergeometric series are very useful. Change of vari-
ables in these integrals leads to equivalent integrals. This provides an effective and easy
method to derive certain mathematical properties for series H;. First, if we use the
integral relation:

(b1), _ I'(c) B -
(0), _F(bl)r(c_bl)B(b1+n,c bi) =

1

I'(c) bitn—1,1  gye—bi—1
F@”F@_bﬂzf el g)ehlge,

Re (c) > Re (b1) >0,
(3.1)
where B(a,b) is Beta function (see e.g. [[8], pp. 9-11], [16] and [[18], p. 26 and p. 86,
Problem 1]) defined by

Bla b) = { FLe1 (1= dr, (R(a) > 0, R(b) > 0),

T(a)T(b -
T, (a,b € C\Z5),

(3.2)
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the definition (1.4) and the identity

(="
—m = . 33
(@)= =y (33)
Then we get the following integral representation for H3
2I7(c)

H; (avblva;C;xay) =

['(b1)T (c—by)
1

« et 1) s (; Ll bz;—4x(1—y€2)>d§, (34)
0
Re (¢) > Re (b)) >0, by £0,41,42, ... .

Next, if in (3.4) we employ the result [§]

I'(c—
Re (¢) > Re(a) >0,

1
Flabiciz) = i [ne 1= m e 1z
0

then formula (3.4) can be rewritten in the more elegant form:
I'(c) I'(1—b,)

Hj (a,b1,b;c;x,y) = C(b)T(c—b)T($)T(1—br—%)

11
< [ [En I g ) (= yE) e (138 dgdn,
0 0
Re (¢) >Re (b)) >0, Re (1—by) >Re () > 0. .
3.5
Again, since
(bl)n _ F(C) n.c— _ F(C) 1—n—c
@, TEOTe—b)" ) = T e br)
1
x/ (1 &P — gyt (11 &) h1 (1 —g)h-14] ge | (3.6)
0
Re (C) > Re (b]) >0,
we find that
H5 (a,by,by;c;x,y)
1—c 1 —by+m
2 rc_bl O/Hébl (1 — )i 1d52 (@) (b2) m(l_y(1;§)>
21 T(e 1 )b 1— —m o y(1-&) “hatm
C_b10/1+§ bl gy 1d§Z (1— : > ,
Re (¢) > Re (by) >0, )
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which in view of (3.3) , the result (1.5) and after a little simplification, gives us the
integral formula

21—0—}72—01—* (C)

H;( (aablabZ;C;xay) - F(bl)F(C—bl)

1 a

1
XO/(1+€)b‘1(1—€)Cb‘1(2—y—y§)”22F1 (§,§+5;1—b2;z<xy+xy5—2x>) dé

21+b2*cl—* (C)
I‘(bl)l“(c—bl)

1
1
x/ I+ =) 2—y+yE) ™ (§,5+§;1—bz;2(xy—xyé—bc))dé,
0

Re( )>Re(b1)>0 bz;ﬁo +1,£2,.

(3.8)
Similarly, if we use the expression
(B), __ T() s
&), TETE p° PP
1
Bley) = (1+4)° [£710 -8 (14+28) " 7de, 3
0
Re(x) >0,Re (y) > 0,4 > —1,
one can show that
H; (a,b1,by; cix,y) = 1ifb]/fh L1 - gy h (14 28)P
a a _ (3.10)
<(1=0g +A (- E ah (e RIS Y g

Re (¢) >Re (b1) >0, A > —1, by #0,£1,£2, ...
Moreover, by using the following well-known integral representation for Beta function
(see, for example [[18], p. 86, Problem 1]):

b
(b—c)*(a—c)

_ ) - X— —X—
Bl == a/(b—@y (R A
Re (x) >0, Re (y) >0, c<a<b,
it is not difficult to show that
B
¥ . o I'(c)(B— Y)bl(a 7)< b c—bi—1 b—1
H2 (a,bl,bz,c,x,y)—r(bl) (c—bl)(ﬁ OCL by— 1! ﬁ é (é OC)
<(E-PUB—a) (- —yB-V(E—a) (3.12)

a l+ta CaB-a)E-n-—yB-1(E—a)
on (55— S TR )
Re (¢) >Re(b)) >0, y<a<f, by#0;+1,£2,...
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Further, in view of [[16], p. 26, Equation 49]):

B(x,y) = 2/2 (sinzé)x_% (coszé)y_%dé, Re x>0, Re y >0, (3.13)
0
we obtain
2 I
Hj (a,by,by;c;x,y) = c—b1 / sin’ zé)c_bl_j
0
x (1 —ysin®¢) d‘g’ Z m[x(l—ysm ﬁ)yn,

e(b1)>(), Re (C—bl) 0,

which after a little simplification, gives us the result

B

ZF(C) .2 blfl 2 C*blfl
Hj (a,by,by;c;x,y) = : :
5 (a,b1,b2;c;x,y) F(bl)F(c—bl)O/(SIH E)" ?(cos*E)
g l—l—a (3.14)
x(l—ysinzé) 5F (2 T —by;— 4x(1—ys1n2§)>d§,
e (b)) >0, Re (c—b1) >0, by #£0,+£1,+2,...£0,+£1,+2, ...
Similarly, if we consider the relations
L' (b1)T (c—b1) (b1),
:B(b1+n,c—b1)
I'(c) (©),
Z _1 _p 1
b1+n 2 szigf) bi+n 2( Zg)c bi—5
=2(142) e dg,
0 (1+ Asin*€) (3.15)
Re (by+n) >0, Re(c—by) >0, A > —1,
3 penbitn—1 c—b—%
o [ PO o)
; (cos?& + lsinzﬁ)HC (3.16)
Re (b +n) >0, Re (c—by) >0, A >0,
and
%
:2a2b1+2nﬁ2c 2b /S 2b1+2n71(pcos2672b171(p[a2sin2(p_|_ﬁzcosz(p] —n—cd(p’ (3 17)
) }
Re (¢) > Re (b)) >0, >0, B >0,
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we can easily derive the following integral representations

kg
2

LEUrA) f (sin6)"  (cos2) 1
FEOTe=bg (14 Asin2€) ™

H; (a,by,by;c;x,y) =

x[14Asin%E —y(1+A)sin2€] (3.18)
L 2g )
o F (a l+a by _4x1+7Ls1n§ y‘(lz-l-l)sm é)d@,
27 2 1+ Asin“&

Re (bl) > 0, Re(c—bl) >0, A>—1,

2T (c) AP

Hj (a,by,b;c;x,y) = T(b0)T (c—b1)

(cos2& —|—7Lsm £)° ¢ (3.19)

o F, (a l—i-a cos2E + Asin’é —ylsin2§> dE.

% 2£\01— 2 28 )02
x/ sin 5 oS 5) (coszcﬁ +Asin2§ —ylSinzé)ibz
0

LS B A
272 g cos2& 4 Asin’E

Re (bl) >0, Re (C—bl) >0, A >0,

and

2a2b1ﬁ2c 2b1r

Hik(aablabz;C;xmy) F(bl)F(C—bl

T
2
/szb1 Lpcos2e 2011

X [oczsinz(erﬁzcosz(p}bz_c [(1—y) a?sin*@ + B2cos” o] 2 (3.20)
al a (1—y) Oczsinzq)—i—ﬁzcosz(p)

X~ F —+ =1 —by; —4x do,
2 1(2 y Tl a2sin?@ + B2cos2@ ¢

Re (¢) >Re (b)) >0, a >0, >0, bp #0,£1,£2,...

respectively.
Finally, in view of the well-known integral representation for Gamma function [8]:

I'(z) = /Ooo e ' ldr, Re(z) >0, (3.21)
we have B
(a),,, = F(ﬁéj’") == (1a) / e S EXI14E Re(ar) > 0. (3.22)
0

Thus for the Horn-type function H}, we can show that

[o5)

1
Hj (a,by,by;cix,y) = o) /eé‘g“m (b2,b1;c;y,x6%) d&,Re(a) > 0, (3.23)
0
where
o VB mn
Hy(y.B:05x,y) = ZLOWX A
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is Horn confluent series [[8], section 5.7.1]. Similarly, by considering the Horn confluent
series

Hs(a:Bixy) = Y, Mo n

0 (B),,m'n!

we can easily derive the following integral representation

H; (a,by,by;cix,y) = //e"ﬁe‘”é“‘lnbl‘le (bascsym,xE?) dEdn, (3.24)
o 0 ’

Re (a) > 0,Re (b1) > 0.

4. Expansion, analytic continuation and transformation formulas

First, in [4] the authors introduced the following inverse pair of symbolic operators:

°°c—a-—5xl~ — wC—ai_axi
Hx(a,c):i_zo( (251(1—‘ ) 5 Hx<a,c):i:ZOE1_a)_(8x)i3!7 (41)

where 6, = x(9 Then

o —b e byt
H; (a,bl,bz;c;xy :Z C 1 ) 1>lyz Z (a)Zm( 2 l)n,mxmyn7

= el m!n!
by using (3.3) and (1.5), gives us the expansion formula:
H; (a,by,ba;c;x,y)
e e=b)ba) Yy '  (aatl (4.2)
=(1-) l;) CrIE CE Y L Ui A it

On other hand, we have

1 _
(1-3) %F (j SH5il- bz;—4x(1—y)) = A (c.bi) Hj (a1, by cx.y)
Therefore, from the second operator in (4.1), we get
aa 1
1— F — by —4x(1 —
(1-y)" 21(2 2+2 bo; —4x )’)> )
- C—b]) (bl) (bz)l Ipy* . . .
H b1, b 5 X)) -
; l—bl)() y 2(a7 15 2—|—lC—|—lxy)
Secondly, starting from the series
= (2c—2b b
H; (2¢ —2ba,by,bascix,y) = Y (2e = 2b2)n 2)_mxmzl"l (b1,b2 —m;cyy), (4.4)

|
=0 m:

taking to account that the Gaussian hypergeometric function ,F; has the relation [[8],
p. 108-109]

. _F(C)F(b_a) —a X . _
Flabies) = F s g (0 9 [ae—ba—b+ (10| -
I'(c)T'(a—b) B . . B .

m(l—x) b2F1 [b,c—a,b—a—f—l,(l—x) 1],|arg(1—x)|<7r7
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and by employing (3.3) and (1.5), we obtain by means the routine calculations

H5 (2¢ —2by,by,by;c3x,y)
_LOTba=b) oo 5 (c—bz)m+n(%+c—bz)m<b1>n(_4x)m( ! )

T (b)T(c—by) wity  (I=by+b1),, mn! 1—y

T'(c)T (b — b)) by o (3+e=b2), (c=b1),(b2), m m( 1 \"

SN T LU Yy ¢ p vy A (i5)
(4.6)

Now, if we consider the definitions of the Appell’s function F; and the Horn function G,
then from relation (4.6) (See [8]), we infer the following

Hj (2¢ —2by,b1,ba; c;x,y)
_I(c)T'(ba—by)

1 1
(1 —y)—b1F1 (c—b2;§+c—b2,b1;1 —b2+b1;_4x,1_)
-y

T L(b)T(c—by) (4.7)
['(c) (b —by) _b 1 1
1— Gy =+c—by,c—b1,by,by —by;4x (1 —y),—— | .
Alternatively, starting from (4.4), employing the relation
I'(c)I'(c—a—»b
2F1 (a,b;c;x) = FEE)—LE;F(CCZ—b;X_azFI [a,a—c—l— l;a+b—c+ l;l—x_l]
C()T(a+b—c) , . —a—b - 4.8
T (a) T () X1 =x) R [e—al—a;c—a—b+ 151 —x1], (4.8)
|argx| <,

and following the method of the derivation of equation (4.6), we can establish the analytic
continuation formula:

F(C) F(C — bl — bz) —b

T(c—b)T(c—ba)

H3 (2¢ = 2b3,by,ba; c3x,y) =

1 1—
x Hy (C—bl—bz;i-l-c—bz,bl,l-{—bl—C;l—bz;—4x, y>+
y

L)L (bi+by—c) 4 ¢
L'(b1)T (b2)

(4.9)
(1—y) e

1
X Fj <c—b2,c—b1,c—b2+%,1—b1;1—b1—b2+c;—4x(1—y),1——),
y

where F3 is Appell’s double series defined by

Fg(al,b1,a2,b2;c;x,y): Z (al)m(bl)n(QZ)m(bZ)nxmyn.

ol () pymm!in!

Next, if in (3.4) let @ =2 —2b, and by using the identity

1+4x (1 —yE) = 1 +4x —dxyé = (1+4x) (1_ 4xyE )

1+4x
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we get
I'(c)
H; (2—2by,by,by;cix,y) =
2( 2,V1,02 y) F(bl)r(c—bl)
1 RS (4.10)
— 2
“(+ag” feao g aoyg (1o 22 ) T
-X

0

Now, if we use (3.2) then we will obtain a transformation relation in the form

2p-3 3—-2b 4x
H; (2—2by, by byciny) = (14+4x) 2 F (bl;bz, 5 2;C;y,1+ﬁx>~ (4.11)

Further, if we start from (4.2), use (1.1) and simplify, we obtain

> (c—b1)(b2);(a)y; y : ;
H: (a,by,by;c;x,y) = (1 —y) 2 = ( ) —x(1—=y))/
which on making use the identity (1-b—1i); = (_(1173?(1?)", gives us
i—j
H; (a,by1,by;c;x,y) = (1 _y)—blHék (a,c—bl,bz;c;x(l —y),)%) ) (4.12)

5. Generating relations via operational identities

The principle of the operational techniques provides a powerful and flexible means to
deal with hypergeometric functions of one, two and multiple variables. In fact, an appro-
priate combination of methods, relevant to operational calculus and to special functions,
can be a very useful tool to establish and treat operational identities for hypergeometric
functions. In this regard, the following two formulas are the well-known consequences
of the derivative operator D, and the integral operator D! [15]:

Dn o r (X+1 o—n S ]
X I(a(7n+)1) ’ ( ) )
A—n (04 I'a+1 o+n

where o € C\{—1,-2,...},n € NU{0}. Based on the operational relations (5.1) and (5.2),
we first prove the following Lemma.
Lemma 1. Let Re(a) > 0, Re(b;) > 0, Re(by) >0, Re(c) > 0and, Re(e) > 0, then

Hj (a,b1,ba;c3x,y) {xa_lylh—ltc—l}

o T (5.3)
= (1 —yt’lD,’IDyy) "% exp [xD%xzD;ly*I] {x“ilybrlt“l},

H; (aabl,bz;c;x,y) {xe_lbe—ltbz—l}
D x D A (5.4)
=2Fi (3.5 + presdxDx DY) xoF (b1 byses Dy ' Dir) {xe‘lybz—ltbz_l}.
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Prooi. Denote, for convenience, the right-hand side of assertion (5.3) by I. Then as a
consequence of the binomial theorem and the exponential function e¥, it is easily seen
that:

I = Z Z (fvlr)vs yst—sxr (l’jt—stc—l) (l’j)%rxa-i-Zr—l) (l’j;—ryb2+s—r—1> ) (55)
Upon using (5.1), (5.2) and considering the definition (1.4), we are led finally to the
left-hand side of the assertion (5.3). The proof of the operational representation (5.4)
runs parallel to that of (5.3) then we skip the details.

Now, we will explore the formal properties of the operational identities (5.3) and (5.4)
to derive some generating functions for H;. First of all, in the identity (5.3) put b =
—m, m € NU{0}, multiply throughout by #”/m! and then sum to get the generating
relation

A ble-1) © u™
{Xa tyP e 1} Y. H; (a,—m,by;cix,y) )
"0 : (5.6)

=exp[(1 —yt_lﬁt_lﬁyy) u] X exp [xﬁ%xzﬁy_ly_l] {x“_lybz_ltc_l} .

In the same manner, from the operational identity in (5.3) one can derive the following
generating function

{xa_lyb2_1tc_l} Z H; (a,—m,by;c;x,y) u™
m=0 (5.7)

= (1 —LH—yt_lDt_lDyyu)fl X exp [xﬁ%xzﬁy_ly_l} {x“_lyb2_1tc_]}.

Further, to obtain more generating functions our starting point will be some of the
bilinear generating functions presented in [[18], Chapter 5]. First, let us consider the
bilinear generating function [[18], p. 308 (ii)]

n

r=0

= %x’%Fz (—n,1=B—n,y;1—a—n,8;%).

If in (5.4), we put a=—2rand by = —n—+r, {r,n} € NU{0}, multiply throughout by

(5.8)

( ’: ) (—1)", take the sum of both sides and then compare the resulting equation with

the generating function (5.8), we obtain

n
)3 ( ; ) (—=1)"H; (=2r,r —n,by;cix,y)
r=0
(L= p) (5.9)
= ﬁ(—‘ﬁ)"ﬁz (-n,l%,b%" + %;e—n+%,c;_7y> :
—02)n

Similarly, by considering the following bilinear generating functions [[18], p. 299(5.3)
(1D]

Y BBy (p —n, 0 B3x) 2F1 (A +1,7;853) V"

0 (5.10)
— (1=v) " Far (v, 0, 0,4,p,4:8, B, B; 1, x, 2% ) .
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and [[18], p. 294(5.3) (1)]

s Fy (A + 06 B1x) oFi (—n, 72 8:3) V' = (1= v) P B (A e, 72 B, 83 12, — 25 ).

s

r=0

(5.11)
we can establish the results
= (A
Y Bt (p -t nbycivy) v
r=0 :
— (1=v)*FD) (L(p—n+1),2,1p, by cydx, v 2y (5.12)
where (see[[17], p. 77, Series (11d)])
(3) Lo m+n( )n+p< 3) (b)pfmfn xmy"zp
Fl]d (a17a27a37baca 7x7y7 Zp (C)P m'n‘pp (513)
and - (3
Z ')”HE‘ (2A +2n,—n,by;c;x,y) V"
r=0 n. (514)
= (1—v) " Hy (by, A A+ b 722, 12,
where N ’ .
H] (a,b,c;e;x,y) — Z (a)mfn ( )m+n (C)n ATy (515)

o (€),, m!n!’

is the Horn series defined in [[17], p. 24, (9)], respectively. Finally, it is important to
note that the operational representations (5.3) and (5.4) can, in turn, be used to state
other needed properties of hypergeometric series Hj. For instance, if we let

A “1A=1A
M= (1—yt= D/ 'Dyy)
then from relation (5.3), we can state that

[1—-M]" x exp [xﬁ)zcxzf)y_ly_]} {x“_lybz_ltc_]}

-y (_’;l)s (1 —yflﬁflﬁyY)s X eXp [xﬁjchZﬁy—ly—l} {xaflybzfltcfl}
s=0 3°
which in view of (5.3), gives us the result

[1 —M}n X exp [xﬁ)%xzﬁ;lyfl} {xaflybrltcfl}

— i" ( ) 1)°Hj (a,—s,by;c;x,y.) (5.16)

On other hand, we have
[1 —M}n X exp [xlA))zcleA)yfly*I} {xaflybrltcfl}
=[1-(1 —yt_llA)t_llA)yy)]n X exXp [xlA))%leA)y_]y_l} {x“_]ybz_ltc_l}
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= (yt_IDt_IDyy)n X exXp [xﬁ)%xzﬁy_ly_l] {x“_lybz_ltc_l}

b xmynt—n

- '
= m!

(bt—ntc— 1 ) <Dl;—myb2+n—m— 1> (D)Zcmxa—ﬁ—Zm— 1 )

which in view of the formulas (5.1) and (5.2)and considering the definition of Gaussian
hypergeomtric function ,Fj, we get

1 —M}n X exp [xﬁ)%xzﬁ;lyfl} {x“ilybrltcfl}

n
b
_ Y02y pp (4,94 11— by—n;—4x), n=0,1,2,... (5.17)

(€),

Hence from (5.16) and (5.17), we obtain the following interesting summation formula:
C n Sy

Z ( ) (_1) H, (a7 _sabZ;C;x7y)

R (44 + L1 —by—m;—4x), {n=0,1,2,...}. (5.18)
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HEKOTOPBIE CBOMCTBA
TUINEPTEOMETPHUYECKOI'O P4IA TOPHA
BTOPOI'O IIOPIIKA

A. Xacanos!, M.T.B. Caan?, A. Prickan’

1 WUuctutyT marematuku, r. TamkeHt, ya. Mupso ¥nyréeka, 8, 700170, Y36ekucran

2 Ormen MaTeMaTHKH, ATeHCKHUil yHuBepcuTeT, T. Anen, Koxpmakccap, 6014, Newmen

3 WHCTUTYT MaTeMaTHKH, GU3HKU H KoMIbioTepHbX HayK, KasHITY nmenu Abasi, Anmars,
ya. Tone 6u, 86, 0500012, Kasaxcran

E-mail: anvarhasanov@yahoo.com

B pa6otax Topu [1931, Hypergeometrische Funktionen zweier Veranderlichen, Math. Ann.,
105 (1), 381-407], (ucmpaBsienusi B KHure bBopuraccepa [1933, Uber hypergeometrische
funkionen zweier Veranderlichen, ducceprauusi, Japmiutanr|) Obliu onpeneseHbl U HCCIeI0BaHbI
JlecsTb I'MIepreoMeTpUUECKUX PSIOB [ABYX MepeMeHHBIX BToporo nopsiaka. Mccrenys psimbl
['opHa, MBIl 3aMeTHJIN CyIIECTBOBAHHE TUIIEPTEOMETPHUYECKHX ABOHHBIX PsifoB H5, aHAJOTHUHBIX
nBorHoMy psny ['opHa H,. OcHoBHas LeJ/ib HAacTOsLeH CTaTbu 9TO NMPeNCTaBUTh JajbHeHIue
IIaTH MCCJIe0BAHNS MaTeMaTHYeCKUX CBOUCTB U MPeNCTaBJeHUH, OTHOCUTEbHO aHAJOTHUHBIX
TUTePreoMeTPUYeCKUX ABOHHBIX psinoB Hy. [lefiCTBUTENBHO, BOOAYILIEBIEHHbIE Ba2KHOH POJIBIO
(hyHKIHH [opHa B HECKOJIBKUX Pa3HOOOPA3HBIX 00/1aCcTSIX (PU3UKH U BKJIALAOM B YHHU(DHUKALKIO

1 000011eHHe THIIEPreoMeTPUUECKUX (DYHKIUH, MBI COCTABJ/IsIEM CUCTEMY YpaBHEHUH B UACTHBIX
TMIPOU3BOJHBIX, HHTErPaJibHble NPeICTaBAeHUS, (DOPMYJ PasoKeHHUs], aHATUTHYECKOE TTPOLOJIKEHHE,
(opmysibl peobpa3oBaHusi. A TakKe 0OCYXKIAIOTCS CBSI3U Pe3y/bTATOB, MPeNCTaBJEHHBIE B
3TOH CTaTbe C yKe M3BECTHBIMH.

Karouesvie crosa: eunepeeomempuueckan @ynkuus laycca, dsolinvie pader Xopha,
YpasBHeHUs 6 4ACMmHbLX NPOU3BOOHbLX, UHMezpabHbie npedcmasierus, npeobpasosanue,
npouseodaujue GyHKyuL

(© XacanoB A., Caax M.T.B., Prickan A., 2018
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